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Tema 0
MHOXECTBA U I[EI71CTBI/I$[ C HUMHA

[lousatue MHOMCECMBa B MaTeMaTUKe BBIBECHO M3 IMOHSTUS COBOKYITHOCTHU
HpPEMETOB, CBA3aHHBIX KAKMMHU-TO 00IMMH cBoiicTBaMu. [IpenmeTsl, coOpaHHbIe
BO MHOXXECTBO, SBISIIOTCS JJeMenmamyu JTaHHOTO MHOXECTBa. MHOMKECTBO
OJHO3HAYHO OIpEeJeNsieTcsl €ero »3jeMeHTaMu. MHoxecTBa 0003Ha4aroTCs
3arjiaBHBIMU OYKBamH.

Ilpumep. MHOXECTBO BCEX HATYpaIbHBIX urcesl 0003HauaeTcs OykBoi N.
3anuce

allx
O3HAYaeT, 4YTO MpEAMET &a SBJSETCS AJIEeMEHTOM MHokecTBa X (durtaercs: “a
sBIsieTCs dyeMeHToM X). OTpHUIlaHKe, TO €CTh IPEIMET a He SBISAETCS dIIEMEHTOM
MHOKecTBa X, 0003HaYaeTCsl 3aIChI0

atl X

MHOXEeCTBO 4acTo 3a7aeTcs B CIEAYIOIIEM BHUIE: SJIEMEHTHl MHOXECTBA

3aKJIIOYAOTCS BHYTPHU (PUTYPHBIX CKOOOK [1..[]

Ilpumep. OnHO U TOXKE MHOKECTBO MOKHO 33JaTh ITyTEM OIPEIEIEeHUS
A = [Inacusie 3Byku cnoB “ TEOPMA MHOXECTB ™ [
U IIyTEeM MEPEUYHCIICHHS €ro JIEMEHTOB
A= [JE,O,1, AL

Ilycmoe mnoxcecmeo. OnpenenenueM
[JHaTypasnbpHbIe YKcia X, yI0BIETBOPSIONIUE ypaBHeHHIO X+ 2=1 []
3a/1a€TCsl TaKO€ MHOXXECTBO, B KOTOPOM HET HHU OJHOrO »3JeMeHTa. Takue
MHOKECTBA HAa3bIBAIOTCA nycmuiMu W 0003HAYaAIOTCS 3HAKOM L. 3amnuch
A= 0O
03HAYaeT, YTO MHOKECTBO A SIBJISETCS MyCTHIM.

Heucmeusn c muoxcecmeamu

Obveounenuem NByX MHOXKECTB A u B Ha3bIBaeTCsi MHOXKECTBO, KaX bl JIEMEHT
X KOTOPOTO SIBJISIETCS AJIEMEHTOM JINO0 MHOKecTBa A, mnbo MHOkecTBa B,mmbo nx
ob0oux. O0benuHenue o0o3Hayaercs A U B . Takum o6pazom,

AlJB=x: xOAwm xO BO

llepeceuenuem nByX MHOXecTB A u B Ha3zbIBaeTCs MHOXKECTBO, KaX bl 3JIEMEHT
X KOTOPOTO MPUHAJICKUT KaKk MHOXKECTBY A, Tak 1 MHOoxecTBy B. Ilepeceuenue

obosnagaercst A[|B. Taxum o6pasom,
A(B=x:xOAunx0OBO



Pasnocmoio nByx MHOXecTB A u B Ha3pIBaeTCs MHOXKECTBO, KOKIBIA SJIEMEHT X
KOTOpPOTO TIPUHAJJICKUT MHOXKECTBY A M HE NPUHAMICKHUT MHOXKECTBY B.
Pasnocth o603Hauaercsa A\ B u untaercs “A munyc B”. Takum o0pazom,

A\B= [X: xOOAuxUOBO

3ameuanue. B orinuume OT OOBCAMHCHHS, IEPECEUCHUE W PA3HOCTh JBYX
MHOKECTB MOJKET OBITh ITYCTHIM MHOXKECTBOM, Jlake eciu MHoxkecTBa A u B He
SIBJISIFOTCS ITYCTBIMH.

Ceoiicmea 66edeHHbIX onepayuii
10 A AAf O A= A \A [

2.KoMMyTaTUBHOCTH orepanuii 00beUHEHUS U TIEPECEUCHHUS
AlJB=BJA ANB=BA

3. AccolMaTuBHOCTh Onepanuii 00bEANHEHUS U TIePEeCeUCHHUS

(AUB)UC=AU(BUC):  (ANB)NC=AN(BNC).

4. UneMnoTeHTHOCTD Onepanuii 00beTMHEHUS U IepECeUeHus
AlJA=A ANA=A.

5. AucTpuOyTUBHOCTH NIEPECEUEHUS OTHOCUTEIBHO O0BEIUHEHUS

AN(BUC)=(ANB)UANC)

U TUCTPUOYTUBHOCTD OOBEAMHEHHSI OTHOCUTEIBHO TIEPECECUCHHUSI

AU(BNC)=(aUB)N(AUC).

6. A\(A\B )=AB.
7. A\(BlJC)=(A\B)N(A\C), A\(BNC)=(A\B)J(A\C).

Jlokazamenvscmeo pasenctsa 6. [Tycts anement XLJA\( A\B). Torna XUA u XUA\B.
CrenosarensHo, XUA n XOB. Takum o6pasom, XO A (1) B.

[TycTe Teneps XL A ﬂ B. Torma XUA u XOB. Caenosarensuo, XLIA\B. Crano

obITh, XLIA\( A\B).
Jlokazamenvcmeo BTOporo pasenctBa 7. [Tycts X[ A\ (B ﬂC) Torma XUUAu

xO B(\C. Iycts, nanpumep, XOB. Toraa XJA\B. CienoBatelnsHo ,
xO(A\B)J(A\C).



[TycTh Temeph BHIOIHEHO ATO BKIOYeHne. Toraa, Hanpumep, XLA\B.
CnenosarensHo, XA u XOB. Crano 6sits, XU B()C. Hosromy, xOA\ (B ﬂC)

anaofcnenue. I[OKaSaTB BCC OCTAaBIIHECCA paBCHCTBA.

Tema 1

OTHOIIEHHUE ITOPAIKA
HA MHOXECTBE JEMCTBUTEJIBHBIX YNCEJI

Honoscumenvuvim oelicmeumebHbIM UUCA0M HA3BIBACTCS IIOCICA0BATSIBHOCTD
necatuaHbix udp 0, 1, 2, 3,4, 5,6, 7, 8, 9 ¢ 01HOM 3aMSITON MEXITY HUMMU:

A Ay g0 1,808y .8, ., (1)

HpI/I‘{éM CJIeBa OT 3aIISITOM CTOMT KOHEYHOE YHUCJIIO I_II/I(bp, OTJIUYHBIX OT 0.

Ompuyamenvusim 0eilicmeumenbHblmM YUC10M HA3bIBACTCA MOCIEI0BATEIIBHOCTD
(1) co 3HakoM “ —” mepen Hel:

~@, 8 48,800 B (2)
Hyném Ha3zbpIBaeTcsi MOCHEAOBATEIBLHOCTh, COCTOSIIAS W3 OJHUX HYJEH.
O6o3nauaercs 0.
Ywucna Buga 12,786999... u 12,787 cuntaroTcsi 0JJMHAKOBBIMU.
MHoO»XecTBO ACHCTBUTENBHBIX uMcesl oOo3HadyaeTcs OykBod R. 3amucek

all R osnauaer, uro @ — neiicTBUTENBHOE YHCIIO.
3Hak [ yuTaeTcs KaK npuHaodiesicum, coO0epIHCUmcs.

Mooynem Oeitcmeumenvhozo uucia A Ha3bIBACTCI CaMO YHCIO A, €CIH OHO
HYJIb WJIM TIOJIOKUTENbHOE. Ecii A sBJsieTcss OTPUIIATEIBHBIM YUCIIOM (2), TO €To

MoyJieM OyAeT moyiokuTebHoe uynucio (1). Moayns o603HavaeTcs ‘a‘ :

Ceoiicmea mooyns

1./a=0 < a=0.

27ah [alt) @ RJbOR.
3| 4 |4, 0a0R.

4. & |7 O adR.

3ameuanue. 3HaK < YUTAETCA KaK  mocoa u moJjvko moz2oa’’. 3Hak [Juynraercsa
KaK 110001, 6CAKUU.
Ynpaoicnenue. Jloxasate 5Tu CBOKICTBA MOAYJIS.

Omuouwienue nopﬂOKa Ha MmHodcecmee R. ]_—[J'ISI ABYX IIOJOXHUTCIBbHBIX
JICCTBUTECIILHBIX YMCET



a=a,a_,..a,,88..8,8,, 3
b=a_ ay.,..a,,8,3..8,0,,...,

y kotopeix 10 (N+1)-ro paspsga crosar oguHakosblie nudpsl, nomaraem a<b

TOIJIa U TOJBKO TOTHA, Korja a4 < bn+1. Ecmu b— monoxutensHOe ymcio, a

YUCII0 & — OTPHIATeIbHOE WM HOJb, TO Bcerma a<b. Ecom a m b —
OTpHIaTENIbHBIC YUCIIa, TO & <D Toraa M TOJBKO TOT/Ia, KOTIa |b| < |aj

Bammcer a<b uyumraercs “a Menble b 7. DKBUBaJIeHTHAs 3amuch bD>a
yurtaercd “b oospiie a”.

Ceoiicmea omuowienusn nopaoka
1. Ecom a<b ,b<c,moa<c.

2. Ecin a<b, 1o cymiecTByeT AeHCTBUTENLHOE YHCIIO C Takoe, 94To a <C<Db.
Ynpasicnenue. JIokazars 5t1 CBOMCTBA.
Hapsiny c¢ otHomenueM “MeHbIe” WM “O0Jblie” MCHOJIB3YIOT OTHOIIEHUE

a < b( menbme wu paBHo ) mu b = a ( 6osbIe WK paBHO ).

anaofcneuue. I[OKaSaTB CIICOAYHOIIC CBOMCTBaA MOOYJIA:

1. |sj b - b |sj b, 0 allR, b— m060e 1mosoXuTenpH0e YUCII0 UIH HOJIb.
2r|as b|+|aj |b]] @ R bOR.
3-|a/<p|-]a H) @ RO bOR.

Mnoxcecmea ¢ R. Hanbonee yacto OyJayT BCTpedaTbCsl CIEAYIOLUIME MHOMXKECTBA

JNICUCTBUTEIILHBIX YMCEII:

1. NnTepBan (a,b) — 3TO MHOXECTBO JCHCTBUTEIIBHBIX YHUCEN X, KAXKI0€ U3
KOTOPBIX yJIOBJIETBOPSET YCIOBHIO A < X <D. DT0 MOXKHO 3ammcaTh TaK

(abfF {xOR a<x<h}.
2. Orpesok [a,bF {XD R asxs k} :
3. TloayuHTEpBaIbI [a,b)= {XD R| asx< b} U (a,b]= {XEI R| a<x< b}.

3ameuanue. B nanvueiiimem OyaeM uCHonb30BaTh Takke 3anuch A [l R, kotopas
03HAYaeT, yTo A SBISETCS HEKOTOPBIM MHOXKECTBOM JIEUCTBUTEIBHBIX YHACE].

Onpeodenenue. MuoxectBo A[] R Ha3pIBaeTCs OrpaHUYEHHBIM CBEpXY (CHU3Y),
ecnm cymectByer Takoe umcio bR, uro as<b(b<a) mms msecex alA.

MHoxecTBO A Ha3bIBaeTCs OTpaHUYCHHBIM, €CJIM OHO OI'PaHHMYCHO KaK CBCPXY,
TaK U CHU3Y.



Ynpasicnenue. /Joxasars, uro MHOXkecTBO A [l R sABIISIETCS OrpaHUYEHHBIM TOTJA
U TOJBKO TOTJA, KOTJIa CYIIECTBYET MOJOXKHUTEIBHOE YHCIO D Takoe, 4To |aj <b

1A Beex uncen all A.

Onpeodenenue. Yucino C Ha3bIBaeTCs TOYHOM BEpXHEH (HMXKHEH) TpaHbIO
MHOECTBa A, €CJIM BBIIIOJIHEHBI CIEAYIOIINE YCIOBHS:
1. a<c(c=a) mmBeex uncen allA.

2. Jlns moGoro uncna b <c (c<b) maiinéres wncno all A Takoe, uto b <a(a<b).

Tounas BepxHss (HIOKHSS) TpaHb MHOXecTBa A o6o3Hadaetcs SUPA (inf A).
Ynpasicnenue. Jloxaszarp, uro y muoxxkectsa A = {0, 1/2, 2/3, 3/4, 4/5,... }
supA=1,inf A=0.

Teopema. Bcsixoe orpaHM4€HHOE CBEpXYy (CHHM3Y) MHOXKECTBO A MMEET TOYHYIO
BEPXHIOI (HUKHIOIO) TPaHb.

Jokazamenvcmeo. 11poBeéM €ro st TOUHOM BEPXHEW I'paHU. bylieM CUUTaTh,
YTO STO MHOXKECTBO HMEET MOJIOKUTENbHbIE yuciaa (3) U OHM OrpaHUYEHBI
cBepxy uuciom b (3). OTcrona morydum, 94To y BCeX 4HCeN a CjeBa OT KaKOr0-TO
(—k)-ro paszpsima crosit mymu. U3 Bcex umcen a (3) BO3bMEM Te, y KOTOPBIX B
(—k)-m paspsine crout camasi 6osblinas mudpa. Eciu takoe 4uciao 0HO, TO OHO H
OyneT TOYHOW BepxHeW rpaHbio. Ecnm Takumx ducen HECKOJbKO, TO Cpelau HUX
oepém Te, y koTopbix B (—K+1) paspsae crout camast Oosblmas mudpa U Tak
nanee. B pesynbprare mocTpoum 4mMCIIO, KOTOpoe OyAeT TOYHON BEpXHEH T'paHbIO
paccMaTpuBaEMOro MHOKECTBA .

Yucnosan ocy. YNcnoBoil OCbIO HA3bIBACTCS NPsiMasi, HA KOTOPOW OTMEYEHA TOYKA
HOJIb, YKAa3aHO IIOJIOKUTEIIbHOE HANpPABIEHUE M OTPE30K EIWHWUYHOWU JIJIMHBIL.
BcsikoMy NEWCTBUTENIBHOMY YHCIy & Ha YHCJIOBOW OCH COOTBETCTBYET TOYKA, U
Ha000poT ( cM. puc.).

Cnucok Kpamkux 0603navenuil. Yxe 10 MpeablIyleMy U3JI0KEHUI0 BUIHO, YTO
HEKOTOPBIC BHIPAKEHHUS BCTPEUYAIOTCS] B MATEMAaTHIECKUX TEKCTax 4acTo. s Hux
UCTIOJIB3YIOTCS CTICIIHAIbHBIC 0003HAUCHUS:

[1— cymecTByeT, HalaA&TCS
[] — nmro06oit
= — TOTJa U TOJbKO TOI'[a, KOraa
[l — cnenyer;
[] — mpuHAICKUT;
[J — conepxkutcs.




Tema 2

KOMIIVIEKCHBIE YN CJIA

IIpn paccmoTpeHnu psiga 3amad JEUCTBUTEIBHBIX YMCEN «HE xBaraeT». Ha-
npumep, ypaBHeHne x°+ 1 = 0 He UMeeT pelIeHHsi Ha MHOKECTBE JEHCTBUTEIb-
HBIX ynces. Bo3HHKaeT moTpeOHOCTh B pacIIMpPeHUH MOHATHS yucia. JleicTBu-
TEJIbHBIE YHMCJIA «3aIlOJHSAIOT» BCIO YHCIOBYIO OChb. 1lo3TOMY OCTaércs BO3MOXK-
HOCTb OTO’KJI€CTBUTH HOBBIE YMCJIA C TOUKAMHU INIOCKOCTH.

BBeaém Ha MIIOCKOCTH MpAMOYToibHYIO cuctemy koopauHat XOY. Kaxnas
TOYKA TUIOCKOCTH OJHO3HAYHO OINPEIEIAETCS CBOMMHU KOOPAUHATAMMU (X; y). Ha-

30BEM KOMNJIEKCHbIM YUCIOM Z TIapy JNCHCTBUTENBHBIX uncen (X;Y) (mopsimok

Ba’KEH) CO CIECAYIOIIVMHU OIIEPALUSIMU:
1. Cnoxenmne. Ecm Z = (Xi » Y ), =12, 1o

2. YMHOX€EHUE

2, +2, =(% + %, ¥, +

4 Z, = (X1X2 ~Y1iYa X Ys

Y,).

+X2Y1)-

(1)
(2)

Feomempuuecmu? CMbBIC]I onepauuu Cjiosxxcenus. Kamzxoe KOMIUIEKCHOEC YUCJIIO Z

OTOXACCTBUM C BCKTOPOM Ha IINIOCKOCTHU C KOOpAHWMHATaAMH (Xi ; yi ) CYMMEI OTHUX

BEKTOPOB OIPEAENACTCS MO IMPaBWIy Mapaule]lorpaMMa M MMEET KOOpPAMHATHI
(Xl TXo Y1 T Y2) (cm. puc.).

Yy 4

Y2

Y1

Lt 7

| 4
|

|

|

X2 X1

N
7

X

I'eomempuueckuit cmvicn onepayuu ymuodxycenusn. Beeaem Ha MI0CKOCTH TOJISP-
HYI0 CUCTEMY KoopAuHaT (cM. puc.). Toraa

Y 4

X=pcosp , y=psing,

Y

p=yx+y?

3)



CrnienoBartesnbHO,
XX, =V1Y, = PP, COS(p, +¢,) 4
XY, t XY = pyo,Sin@, +¢,) )
Taxum 06pazom, onepaiusi yMHOKEHUS (2) O3HAYAET, UTO HOAAPHbIE PAOUY-
Cbl P, IEPEMHOXKAIOTC, a YIJIBL ¢, CKJIaAbIBalOTCS.
PaccMOoTpuM KOMIUJIEKCHBIE YMCIA BUAA Z= (X;O). OnHu pacrnosararorcsi Ha
ocu OX. [Ins aAByx Takux yucen onepauuu (1) u (2)
2 +2,=(x +%,:0), 22, =(xx,0)
MPEBPALIAIOTCS B OOBIYHBIE OTEPAIUH CIOKEHUS U YMHOXKEHUS JEHCTBUTEIBHBIX

yucen. Kaxmoe NeHCTBUTEIBHOE YUCIO X MBI OTOXKAECTBIISIEM C KOMILJICKCHBIM
ucsom Buaa (x,0). B uacTHOCTH, eHmIa OTOXKAECTBISAETCS ¢ (L0) .
PaccmoTpum cenmanbHoe ucio i = (0:1). Toraa us (2) nomydum, 9to
iz it { 10)0i?+(10)=(00).
[Tockonpky koMIuiekcHbIe yncna (1; 0) u (0; 0) OTOXKIAECTBISIOTCA COOTBETCT-

BEHHO ¢ 1 U ¢ 0, TO IIpeabIayIIee PaBEHCTBO IPUMET BUJL
i?+1=0. 5

Cmanoapmnan 3anuce KomnjiekcnHozo 4ucaa. Vicnonn3ys onepauuu (1) u (2),
3aMuIIeM KOMIUIEKCHOE YUCIIO B BUJIE

z=(xy)=(x0)+(0:2) (y;0).
OTcro1a ¥ U3 OTOXKJICCTBIICHUS KOMILJICKCHBIX YHCe]l (x;O), (y;O) C JICHCTBUTEIILHBI-
MU yuciaaMu X, Y, oaydyum
Z=Xx+liy. (6)

Yucima X=Rez — neiictBuTenbHas, a Y = IMmz — MHMMas 4acTH KOMIIJIEKCHOTO
ynucna Z. Yucno i — mHumas eounuya.
Onepanyu CIOXKEHUS U YMHOXEHHSI KOMIUICKCHBIX YHCEJI, 3allUCaHHbIX B CTaH-
JTapTHOU opme, IPUMYT BUT

(3 Hyy) +(%, +iy,) =0 +35) +i(y +Y,);

(% HYD0 HY,) =X, +iXY, +iypX, +i%yy, =

= (% = Y1Y2) T1(XY, * YiX%,).

Mooynem KOMIIJIEKCHOTO 4ncia Z Ha3bIBAETCS
2 =x2+y?, z=x+iy. (7)

Ceoiicmea onepauuﬁ CJ/I0JICeHUA U YMHOIICEHUA. Onu 06J'IaI[aIOT BCEMHU OCHOB-
HbIMH CBOﬁCTBaMH, KaKnuMH O6Ha,[[aIOT 9TH OIICpaIuru C I[GI\/'ICTBI/ITGJIBHBIMI/I quciaa-
MMU.

1. z +z,=2,+2Z ( KOMMYTaTUBHOCTb).
2. (z; +z,) +z, =z +(z, + ;) ( ACCOLIMATUBHOCTb).
3. (zy+z2,)z, =2,2,+2,z, ( IUCTPUOYTUBHOCTB ).
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Bvtuumanue xomnnexkcnvlx yucen. Jta onepanus JJIsi KOMIUIEKCHBIX YHCell, 3a-
MUCAHHBIX B CTaHJAPTHOU (popme, MpUHUMAET CIEAYIOIIUIA BU:

(X1 +iy1) _(Xz +iy2) =(X1 _Xz) +i(y1 - yz)- (8)

/enenue KOMnIEKCHbIX yucen. Ota oncpanus MmMpou3BOAUTCA IO CIICAYIOLMICMY
IpaBuITy:
Xty _ (3 Hiy) 1Y) _ X% T VY L %Y T XY, ©)

X, iy, (% +iy,)(% —iy,)  XE+y? X2 +y2

Ecimm, Z=X+1Yy, to Z=X—1Y Ha3bBacTCA KOMNIEKCHO-CONPANCEHHBIM THC-
jaoM. BepHo paBeHCTBO

zZ=x"+y>. (10)

Tpuzonomempuueckan ¢popma komnaexcrozo yucaa. lloncraBum B (6) hopmys
(3). lHonyuum

z=p(cosp +ising), p=|7. (12)

N3 bopmyn (4) nonyuaum gpopmyny Myaepa:
2,2, = PP, (COS(@, +¢,) +isin(g, +¢,)). (12)

Ortcroaa noxyuum, 4to N-s1 creneds (N = 1,2,3...) kommiekcHoro yucia (11) nume-
€T BUJ

Z"=p"(cosng +isinng ). (13)

H36neuenue kopua N-il cmenenu u3 KOMNHJIEKCHO20 Yuciaa. PaccMoTpuM Bompoc
00 U3BJICUCHUH KOPHs N-0# cTerenu u3 uyncia (11). 9To o3Havaer, uto TpedyeTcs
HalTH TaKoe KOMIUIEKCHOE YHCIIO

w = R(cosy +isiny),
4TOOBI w'=z < R"(cosny +sinny ) =p (cos¢ +ising ).
OTC}O,Z[a IIOJIY4YHMM PaBCHCTBA
R'=p < R={p,
cosny =cos¢g, snny =sing < Y :E +%, k=01..,n-1
n n
Takum 00pa3om, KOPHU 33aIAF0TCS CICAYIONTUMU (HOPMYyJIaMu:

27K, . . 27k
W =ﬁ@tOS(;(hT)+Isn(%+7)§k=0,L...,n—l. (14)

Pewenue keaopammnozo ypaenenusn. PaccMOTpuM KBaJpaTHOE YpPaBHEHHE

az’ +bz+c=0.
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3nech a,b,Cc — kommaekcHbie ynciaa U a# 0. [logenum ypaBHEHHE Ha YUCIIO a.

[Tonyunm
2 —
e b b -dac
O 2aQ 4a
Otcro/1a Hax0IMM KOPHU ypaBHEHUS

b b? - 4ac
=4 [ —
42 =750 \ " 4a2 (15)

HYCTB a,b,c — I[CﬁCTBPITGJIBHBIG quciia U JUCKPUMHWHAHT

D =b* -4ac<0.
Torna u3 (15) nonyyum
_~b*JD 16
2 (16)

Tax kak COSTT=-1snm=0,10 D =|D|(cosmr+isinm).

U3 popmynsl (14) momyamnm, uto /D = ii\/ﬂ . IloacraBuB 3T 3HaYeHus B Hpopmy-

-bzi D
2a '

ay (16), momydnm ABa KOpHSA

Z,= (17)
Pa&vzo.ucenue MHO20UJICHOGB. PaCCMOTpI/IM ypaBHeHI/IC n'ﬁ CTCIICHU
a,z" +a,z"" +..+a ,z+a =0, (18)

rae @, — 3aJaHHbIC KOMIUICKCHBIC YUCIIa, IPUYEM a, # 0.

Ochnosnasn meopema anzeopwt (6e3 noxaszarenscTBa).Y paBuenue (18) gcecoa nme-
€T XOTsI ObI OIMH KOPEHb.
O603HaunM depe3 z, kKopeHb ypaBHeHus (18). Torma MoxkeM MpeCcTaBUTh

n n-1 - n-1 n-2
a,2" +a,2"" +..+a,_z+a, =(z-2)byz" " +b,z" % +..+b,_,z+b, ),
rae b -  kommiekcHele umcma, mpuyeM 0y =8;,. Muorounen
byz"* +b,z"? +...+b, _,z+b_, Taxxke uMeeT KOpeHb z,. [ToaTOMY,
bez"* +b,z"? +..+b _,z+b , =(z-z, )(coz“‘2 +c,z2" % +..+¢C, _,z+ cn_z).

[Iponomxkast 3Ty mpoueaypy Jajblie, TOJIyYUM CIEAYIONyo (GopMyly pasiioxe-
HUSI MHOTOYJICHA:

a,z" +a,z"" +..+a_,z+a, =a,(z-2)(z-2)%.(z-z,)". (19)
3nech Z (i = l2,...,m) — paznuunvle Komnaekchvle kopuu ypasaenus (18). Uucna K;

n-1

Ha3bIBAIOTCA KPAMHOCMAMU KOPHEH, IPUYEM UX CyMMa
m
Z k =n.
&

3ameuanue. 30eCh Mbl BBEIU COKPAILEHHYIO 3aMKUCh JI1 CyMMBI

m

231. =a, +a, +..+a,.

=]
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Tema 3
IMPAMAS HA TIVMIOCKOCTH

/Jlekapmoea cucmema Koopounam. BBeieM Ha TIIOCKOCTH NPSMOYTOJIbHYIO CHUC-
teMy koopauHaT XOV. Torga kaxzaas Todka A IJIOCKOCTH OJHO3HAYHO OIpeJe-
JIAETCS CBOMMHU KoOpAuHaTamu  (X,;y,). PaccMorpum nBe Touku A(X,;y,) H
B(Xs:Ys). Torma Bektop AB 3a1aeTCs CBOUMH KOOPAMHATAMH (X5 —X,) Vg — Y,)

(cM. puc.) y
Ya A

Ve B

Paccmosanue mesxcdy 08yma moukamu 3anaercs GopMyIoit

—_ 2 2
|AB| _\/(XB _XA) +(yB _yA) .
OKpysicnocmoio paouyca R ¢ yeHmpom 8 mouke A HA3bIBAETCS TEOMETPUIECKOE
MECTO TOUCK Ha IINIOCKOCTHU, OTCTOAIIINX OT TOUKH A Ha paCCTOHHl/Ie paanyca R.
VYpaBHEeHHE OKPYKHOCTH UMEET BUJ
2 2 _ o2
(x=x, ) +(y-y ) =R".
Kpyz paouyca R c yenmpom 6 mouke A 3a1aeTcsi ¢ TOMOIILI0 HEPAaBEHCTBA
2 2 2
(x=x, ) +(y-y ) <R
IIpamoii Ha TUIOCKOCTH HA3bIBAETCS MHOKECTBO TOYEK, KOOPAMHATHI (X,y) KOTO-
PBIX YIOBJIETBOPSIIOT YPABHEHHIO

ax +by +c=0. (1)
31ech a,b,c — 3amaHHbIe yKca, nmpuueM a’ +b”#0. Eciu b#0, To ypaBuenue (1)
MOYKHO pa3pelInTh OTHOCHTEILHO KOOPIUHATH Y

y:k>(+B1 k:—%, B:_%' (2)

ITycTh 3amaHbl ABE pasHble TOYKU A(X,,y,) H B(xs;ys). [loacraBum ux B
ypaBHeHue npsmoii (2). [Toxyuum
EYA =kx, + B,
e =k + 5.

ITycts x, # x;. Torma

yr V& k(s x5)O k:M,BWA—kXA-

Xa ~ Xg
I'eomempuueckuit cmoicn koIpguyuenma k. I3 pucynka
y
y=kx+ 3
o' /B B, X
k k

13



BUJHO, YTO
K=tgo . (3)
Takum obOpazom, k03hdUIMEHT k paBeH TaHTeHCY yria, KOTOPBIM oOpasyer mps-

mas ¢ ocero OX.
Ycnosue napannenvnocmu 08yx npamvix. PaccMOTpHM JIBE MPSIMBIE

= kx+ By,

W = k2 X+ BZ'
N3 dpopmynsr (3) morydnM ycioBuUs UX NapauIeIbHOCTH:

k=K, B#B, (4)
[TycTs npsiMbIe 3a7]aHBI YPABHEHUSIMHU

ax+by+c =0, (5)

ax+by+c, =
N3 bopmyn

k== p =% j=12

U 13 ycJIoBUS (4) MOMyYNM yCIIOBHE NApaUIeIbHOCTH MPSMBIX (5)

L. 6.6 (6)
b b, b b
Yeon merncoy npameimu. Ilycth npsimMble 3a1aHbl ypaBHeHUsAMU (2). Torna,

y

KaK BUIHO U3 PUCYHKaA,

_tga,—tga; _ k,—k
tgla, —a,)= = : 7
9la, -a,) Ltgatga, 1ekk (7)
[Tycth npsimbie 3amanbl ypaBHeHusmu (5). [loacraBum B popmyist (7) k= —%.
[Tomyunm
b ad e
—ah (8)

1%%%%Em”m

Ycnosue nepneudulgwlpnocmu 08yX npaAmbIX. YTOJI MEXIY NEPIEHIUKYIISIPHBIMU
apsiMbivu paBeH . U3 popmyit (7) u (8) moayduum yCIioBysI IEPIEHIUKYISAPHOCTH
2

1+kk, =0, 9
a, +bb, =0. (10)
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Ypaeuenue npamoit ¢ napamempuueckoit popme. Kax BuHO U3 puCyHKa,

y M(X, y)
B

0 / X

U1 Touky M, nexkarieit Ha mpsiMoii AB, BEpHO PaBEHCTBO

OM= OA tAB,tOR,
KOTOpOC B KOOpI[PIH&THOﬁ (bopMe MOXHO 3alIIucaTthb B CHC,IIYI'OH_ICM BUJIC.
%b( =Xa +t(XB - XA)’
Y =Y +t(Ys —Ya) (12)

T'eomempuueckuit cmoici Ko3pPUIUeHTOB a U b B ypaBHeHHH (1).

y ax+by+c=0

Bo3bpmem Touky M, jexarnyro Ha mpsimoii (1). PaccMoTpum mpsimyto

(-b)x +ay +(bx, —ay,, )=0. (12)
U3 popmyist (10) caemyer, 9To 3Ta npsAmas nepreHaukyspHa npsmoit (1). Touka
N(x, +a;y, +b) nexur na mpsmoii (12). B camom zerne,

(_b)(XM +a) +a(YM +b) + (bXM ~ayy ): 0.

Cnedosamenvto, ekmop MN ¢ Koopounamamu (a,b) nepnenouxynapern npsimoti (1).

Paccmoanue om mouku 00 npamoiui. PaccMOTpuM IpsAMYIO, 33JaHHYIO YpaBHe-
HueM (1). Beraucnum paccrosiare d OT Touku N 10 STOW TPSIMOTA.

y
ax+by+c=0

N(Xn,Yn)

M

15



3anuieM ypaBHEHUE MPSAMOM, NpOXOoasAIIel yepe3 ToOUuKy N U NepHeHAUKYIIPHON
UCXOIHOU mpsiMoM. Tak Kak BEKTOp ¢ KoopauHatamu (a,b) mepneHaukyspeH
npsimMoii (1), To ypaBHEHHE 3TOH MPSIMON UMEET BH]T

[X =X +1a,
=y, +tb.
Haitnem 3nHaduenue nmapamerpa t, npu KOTOpom noayuurcsa touka M . [loacraBum B
ypaBrenue (1) gopmyns (13). IMonyuum a(x, +ta) +b(y, +tb)+c=0. Orciona Ha-

(13)

XOJIUM
t — _aXN _byN -C
a’+b’
CienoBaTeibHO,
2
o ==l )+l -y, =Gaf o =2 BT 1)

=

d= |ax, +by, +¢ - (14)

Jai+b?

Paccmoanue mexncdy napannenvuvimu npamovimu. 1lycTe 3amanel 1Be mapai-
JenapHbIE IpsMbIe. Toraa ux MOXKHO 3aaTh YpaBHEHUSIMU

ax +by +c, =0, ax+by+c,=0, ¢ #c,
Bospmem TOuKy M, nexaniyro Ha nepBou npsimou. Halnem paccTtossHME OT 3TOM
TOYKH J0 BTOPOM MPAMON. IDTO U OyI€T HCKOMBIM PACCTOSTHUEM MEXIY MPSIMBIMU.
N3 popmyns (14) umeem
- |aX|v| +hy,, +C2| - |Cz _Cl|

Jaz+b? Jai+b?
Ypaenenue ompeska, coeounarouiezo 0ée mouku M u N . 3anumeMm ypaBHEHUE
IPSIMOM, IPOXOSAIIEH Yepe3 ITH TOUKH B ITapaMeTpUUYecKoil popme
 xf thg %) ¥ vi tw w) OtOR
IIpn t =0 momyynm TOYKy M, a mpu t =1 nmoxydnm Touky N . Ecnu t n3mensercs
ot 0 o 1, To momy4atorcs Touku oTpe3ka MN . CiiemoBaTeIbHO, OTPE30K 3aqaeTCs
YPaBHEHUSIMHU

d

X =(1—t)xM +1Xy
F & Oty 0tofod
Honynnockocme. Tpsmas (1) genuT MIOCKOCTh Ha JBE TOTYILIOCKOCTH, B OJHOM
M3  KOTOPBIX  KOOPIMHATHI (X, Y) TOYEK  YJOBJETBOPSIOT  HEPABEHCTBY
ax +by +c<0, aBo Bropoii — ax +by +¢>0. Hepasencrsa
ax +by +c <0, ax+by+c=0

3a/1a10T 3aMKHYTbI€ MOJYIIOCKOCTH, TO €CTh BMECTE C CaMOUl IPsSIMOiA.
[Tepecevenune MmoyymIockocTel (eciv OHO HE IMyCTO) 3aJaeT Ha IIOCKOCTH

BBITTYKJIBIA MHOTOYTOJIbHHUK. ClieTOBAaTEIbHO, BBIMYKJIBIH MHOTOYTOJBHUK Ha

MIJIOCKOCTUA MOYKHO 33/1aTh C TIOMOIIbIO CUCTEMbI TMHEUHBIX HEPABEHCTB.
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ax+by+c <0, i=12..k (15)

3agaya. 3anucaTth C MOMOIIBIO TUHEHHBIX HEpaBEeHCTB TpeyroibHuk ABC, eciu
KoopauHaThl 3TUX Touek A, B u C 3agansl. HaiiTu paccTosiHre OT Ka)KA0N BEpIIIH-
HBI 3TOTr'0 TPEYTOJIbHUKA J0 TPOTUBOIIOIO0KHOM CTOPOHBI. ONPEeNeTUuTh YIiibl 3TOT0
TPEYTOJIbHUKA. BBIYMCINTE KOOPAMHATHI MEAUAHbI 3TOTO TPEYTrOJIbHUKA.

Tema 4
KPHUBBIE BTOPOI'O IIOPAJIKA

Ilapabona — reoMETPUIECKOE MECTO TOUEK Ha MIIOCKOCTH, OJJUHAKOBO YAAICHHBIX
oT naHHou Touku (hoxyca) v faHHOU TpAMOU (Oupekmpucuol).

Buv1600 ypaenenus napaodo.iol.

A BriOepeM mpsiMOYrobHYIO CHUCTEMY KO-
OpJIMHAT Tak, 4To0bl ock OX ObLIa mep-
neHauKysipHa qupekrpuce L, a oce Oy
JIenuT paccrosiHue p ot ¢okyca F 1o

L Yy

»  JMpPEKTPHCHI MOMoJaM. Bo3bMeM TOuKy
M (x; y), nexanryro Ha napa6ose. Toraa

2
_P 2 —|y+ P
Q( 2§+y |X+2 |’

2 2
x* —px +p7 +y? =X + px+-—.

OTcro/1a mojiy4aeM KaHOHU4ecKoe ypagHeHue napadonsl:

y* = 2px.

Onmuueckoe ceoiicmeéo napadonvt. Paccmorpum mapaboinueckoe 3epkanio, Ha-
IIPaBJICHHOE Ha COJHLE. byJeM cuMTaTh, 4TO JIy4d CBETA MapajulelIbHbl OCH IMapa-
6omel. [locne oTpaskeHust OT 3epKaja Jiyd cBeTa nepecekaer ocb OX B HEKOTOpOH
Touke. Halinem Ty TOuKy.

YpaBHEHHE TPSIMOU, MO KOTOPOM MOMAET JIy4
M(x,;y,) ’

y A MOCJIE OTPAKECHMS OT 3epKajia, UMEET BUJT

JIy4 CBETA y =(x=x,)tg2x -'2- Y
tga
tg20 = ————
J 1-tg%a
20

M3  MmKOIBHOrO  Kypca  WM3BECTHO,  YTO
tga =y'(X,) (3HaueHme mpPOU3BOAHON (yHK-

# g 105051 y(X) =\2pX). Takum  oOpasom,

1 / 2
tga 25 x_p . Ilonarass B ypaBHEHHH NpPAMOU
M

N |
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Y= 0, HalJIeM KOOPJIMHATY X TOUKH IepeceyeHus 3Tou mpsMoit ¢ ocbro OX:

2, (1-tg’a) _ R S
M tha X 2tga ,1 (2p
2\ Xy

=Xy —(XM —B) =

Takum 00pa3om, JTy4m CBETa IMOCIE OTPAXKEHUS OT MapaboINIecKoro 3epKania me-
pecekatorcs B (hoKyce mapadosibl.

Annuncom Ha3BIBACTCS TEOMETPHUECKOE MECTO TOYEK Ha TUIOCKOCTH, CyMMa pac-
CTOSIHMH OT KaX</I0H M3 KOTOPBIX J0 ABYX (PUKCHPOBaHHBIX Touek F1u ) (dhoxy-
C08) €CTh BEJIMYMHA MIOCTOSTHHAS.

Kak nocmpoums 31nunc? B hokycbl BOUBAIOT 110 IBO3JIUKY, K HUM MPUBS3BIBAIOT
KOHIIbI HUTKHU, BCTABJISIIOT KapaHJall U OTTATMBAIOT UM HUTKY TaK, 4TOObI OHA ObI-
Jla BCEr/a B HATSHYTOM IOJOKeHUU. KprBas, KOTOPYIO HaUYE€pPTUT NPU JBUKEHUU
KapaH/alll Ha IMII0CKOCTU U OYAET AILTUIICOM.

Bui6oo ypaenenusa snnunca. Paccrosaue mexnay ¢dokycamMmu 0003HAYMM Uepes
2c. CyMMy paccTOsSHMI OT TOuYe€K 3Juidrca 10 (OKycoB 0003HaYMM dyepes 2a.
Torpa

a>cC.
Cucremy KoopJMHAT BbIOepeM Tak, yToObl och OX mpoxojauia uyepe3 (PoKychl 3Ji-
nurca, a ocbk Oy enuia paccTosiHie Mexay (oKycaMu MOMoJiaM.

Fi(-c:0) | F>¢¢;0)
: e >
'ax/ a X

BosbMeM Touky M (x,y), nexanryro Ha smmnce. Torma
IMF,| |ME| 2a1 |(x cf y* (x cf y= 2a O
x- 2xa ¢ y= x% 2xe¢ ct yZ day(x cf vyt 4a’0
ayJ(x +c)? +y? =xc+a>.
Bossenem 06e 9acTu nmocneanel GopMybl B KBaIPAT M MOTYIHM
(az _Cz)xz +a2y2 :az(az —CZ)_
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HOI[CJ'II/IM 9TO PAaBCHCTBO HaA €ro IpaByIO 4acCThb. HOHy‘II/IM

2 2
X_2+%:1_
a- a“ -c
O0o3HaYNM

b?> =a®-c¢?, b<a.

HOJ'Iy‘II/IM KaHOHU4YeCKoe ypasHeHUue djiiunca
2 2

X y
—+2_=1
a® b’ '

[TapameTpsl @ 1 b Ha3BIBAIOTCS MOIYOCSIMH DJUIMIICA, TPUYEM a — OOJIbIIas MOJTy-

Cc
och, b — manas nmomyoch. OTHOIIEHNE 3 =& <1 paswiBaercs sxcyenmpucumenom

SJIJTAIICA.

T'unep6onoit Ha3pIBaETCS TEOMETPUUECKOE MECTO TOYEK HA MIIOCKOCTH, pa3HOCTh
pPaCCTOSIHUN OT Ka)JIOM M3 KOTOPBIX JIO JABYX JaHHBIX Touek Fiu F, (ghokycos)
€CTh BEJIMYMHA OCTOSIHHAS.

Bui600 ypasnenua cunepoonst. Paccrossaue Mexay GokycamMu 0003HAUMM 4Yepes
2c. PaznocTh pacctosiHuii OT TOYEK THUIEPOO0ITBI 10 (POKYCOB 0003HAUMM uepes3 2a.
Torpa

a<c.
Cucremy KoopJIMHAT BbIOEpeM Tak, 4YToObl ock OX mpoxoauia yepe3 (HOoKychl ru-
nep6osbl, a och Oy Jenuia paccTosHUE MKy (POKycaMu MoIoiaMm.

y
M(x;y)

5

Fi(-c;0) F2(c;0)

Torma [MF MR 2a O MF,-MF =#2a O MF,=MF +2a. Crego-

BAaTCJIBHO,

Jix+cf +y? =y/(x-cf+y*+2a O
X2 42xc 4% +y? =x? —2xc +¢? +y? +4a/(x —c)f +y? +4a?
0 xc-a% =2a/(x—cf +y? [

x2c? —2xca? +a* =a?(x? -2xc+c? +y?) [
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XZ(CZ _az)_azyz :az(cz _az).

HOI[GJII/IM MOCJICAHCC PABCHCTBO Ha €T0 IIPAaBYIO 4aCThb. HOJIy‘{I/IM

X y

2 2 .2 =1

a C a
O0o3HaYnM

b? =c®-a’.
Torna kanonuueckoe ypasnenue 2unep6oabi TIPUMET BUL

ypP P p
X _y°_
P

[TapameTp a Ha3bIBaeTCs BEMIECTBEHHOW MOIYyOChlo, b— MHMMOI momyochro. OT-

Cc
HOWWeHHAe — =& >lyaseiBaercs okcyenmpucumenom 2unepooot. [psaMble

X_¥Y_g. X,¥_

a b a b

Ha3bIBAXOTCA acumnmomamu FI/IHGP6OJ'IBI.

3ameuanue. PaccMoTpeHHBIE KPUBBIE BTOPOTo mopsinka (mapaboiia, SJUTUIC U TH-
nep0oia) UMEIOT BaKHYIO POJIb OTYACTH M HM3-32 TOTO, YTO JBMKEHUE KOCMHYE-
CKHX T€J MOJ BO3JIECHCTBHEM CHJIBI TATOTEHHS B 3aBUCMMOCTH OT HAYaJIbHBIX YC-
JIOBUM IPOUCXOAUT IO OAHOM M3 ITUX KpUBBIX. Tak, Hanmpumep, BCE IUIAHETHI
ConHeyHOM CHCTEMBI JBUXKYTCS 1O JUIMIICaM, B OJTHOM M3 (DOKYCOB KOTOPBIX Ha-
xoautes ComHue.
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Tema 5

HOHATHUE n—-MEPHbLIX BEKTOPOB
N AEUCTBUSA C HUMHA

Ilpumep 1. 1lycth nipeanipuHUMATENb TOPTYET N BUAAMU TOBAPOB, 3aMachl KOTO-
PBIX 0003HaYMM COOTBETCTBEHHO X;,X,,...,X,. VIX MOHO 3amnucarh B BUJ€ TaOIu-

LB

ToBap Caxap Myka Kpyna " I'peuka
Kom-Bo, T X X, X3 X

n

Ecnu sxe 1oroBopuThCs 0 NOPAJIKE HyMEpalud TOBAPOB, TO UX 3alachl MOYHO 3a-
MUCBIBATH B BUJE N-MEPHOTO BEKTOP-CTONOIA

Sl

(1)

Xz O
O...0
o
Ilpumep 2. Ha nnockoct OX;X,Kaxaas TOYka M OJHO3HAYHO ONpenaessercs
CBOMMU KoopauHaTaMu ( X;,X, ), TO €CTh €€ MOXHO 33/1aTh C IOMOIIbIO BEKTOPa

ou-1

Onpeoenenue. ApudmeTndecKuM N-MEPHBIM BEKTOP-CTOJONOM (MM TIPOCTO
N-MEpPHBIM BEKTOPOM) HA3BIBACTCS YHOPSAIOYHBIA HAOOp M3 N JACHCTBUTEIBHBIX
yucen (1). Uncna X, Ha3bpIBalOTCS KOOpAMHATaMu BekTopa. [lopsimok uncen cyme-

CTBEHEH.
Jenicmeusn c N-mepHvimu 6ekmopamu
Ilpumep 1. Ilycts 3anacel TOBapa NPEANPUHUMATENS XapaKTEPU3YIOTCSI BEKTOPOM

XY W3MepeHbl B TOHHaX. MBI XOTUM 33aTh KOJIMYECTBO TOBapoB B Kr. Torma
OyZeM UMETb BEKTOP

71000%, 1

IlIpumep 2 .Ymuoxenue Bekropa OM Ha yucio allR o3HadaeT noayduTh BEKTOP
aOM = E l%
2

21



Onpeoenenue. 1lpousBenenreM N-mMepHOro BekTopa X Ha umcio allR Ha3biBa-
€TCsl BEKTOp BUJA

Ilpumep 1. IlycTh 3anachl TOBapOB Yy MPEAIPUHUMATEINS XapaKTEPU3YyIOTCSl BEKTO-
pOM X, U OH €llle IPUBE3 HEKOTOPOE KOJIUYECTBO TOBAPOB. 3aB0O3 XapaKTEPU3yeT-
cst BekTopoM Y. Torga y Hero OyJieT KOJIMYECTBO TOBAPOB, KOTOPOE XapaKTepU3y-

€TCs BEKTOPOM

[
X

+
=<

I O

CITMICdl

Xn * Yn

Ilpumep 2. Ha miiockoCTH NMpU CI0KEHUH M0 MPABUITY MapajieJiorpaMMa BEeKTopa

—_—

OM c xoopmunatamu (X;,X, ) ¢ Bektropom ON ¢ koopaunatamu (Y,,Y, ) HOIy-
YUM BEKTOP, IMEIOIINN KOOPAUHATHI
Exl Ty E
X2 +Y>
Onpeoenenue. CymMMO#l JBYX N-MEpHBIX BEKTOPOB X U Y Ha3bIBalOTCS

HX1+Y1 }

OX; +Y, O
N-MepHbIi BeKTOp X + Y =

Hynegvim 6exmopom Ha3bIBAaCTCS BEKTOp, Y KOTOPOTIO BCE KOOPAWHATHI PaBHBI
nymo. On o603Ha4gaercs 0.

Ceoiicmea 66e0énnbix onepayuii

1. X+y=y+X (KOMMYyTaTUBHBII 3aKOH CJIOKCHU).

2. (X+y)+z =X +( y+Z) (accouMaTUBHBIN 3aKOH CIIOKEHUS).

3. x+0=0+X=
g%

X
4. Jlna mo0oro BekTopa X CyIIECTBYeT BeKTOp (—X)= EL_Z

x

TakoM, 4YTO

N A O
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5 1Ix=X; 0x=0.

6. Jls moObIx yricen a,b u ans mo6oro BekTopa X BBHIMOJTHEHBI PABEHCTBA!
6.1. a(bx)=(ab)X.
6.2. (a+b)X =ax+bx.

7. Jlna mo0oro yuciaa a U IS JIFOOBIX BEKTOPOB X,y BBINOJHEHO PaBEHCTBO
a(Xx +y)=ax+ay.

MuoxecTBO apI/I(i)MCTI/I‘{eCKI/IX n-MepHBIX BCKTOPOB C BBCACHHBIMH OIICpAIUAMU

CIOXCHUA W YMHOXCHHA BCKTOPOB HaA JICUCTBUTEIILHBIC YHCJIa HAa3bIBACTCS
N-mepHbIm JIUHCUHBIM 6euieCmeEeHHbIM RPOCMPAHCHIEOM. OHo 0003HayaeTcs

Rn
1 2
IIpoctpanctBo R™ — 310 yKcnoBas ock, R — yKcIOBas MIOCKOCTH U TaK Aajee.
CkanapHnoe npouseedenue 6eKmopoe
Ilpumep 1. ITycTb 3amackl TOBapOB NPEINPUHUMATENS PABHBI
X

X
2
a LEHbl Ha pBIHKE 3THUX TOBAapOB XapaKTEPU3YIOTCS BEKTOPOM

X
1
I

X
3

IIIII-D|:I|I|

MY

CIT O 1]
O
I

rne G — CTOMMOCTh €IMHHIIBI | -r0 BUAa ToBapa. Toraa y mpennpuHu-

(@]
1

MaTeys UMECTCS TOBAPOB HA CYyMMY X,C; +X,C, +...... + X,,C,, ACHC)KHBIX CAUHMII.

Ilpumep 2. CkansipHoe npou3BeACHUE IBYX BEKTOPOB Ha MIOCKOCTU

A M ﬁgﬂg " m@%
2 2

onpenensiercs hopmyaamMu

\Y 3
0 > OM [OF =‘OM‘ ['E)F‘cosylecl+x2c2.

Onpeodenenue. CxansipHbIM IPOU3BEJIECHUEM JIBYX N-MEPHBIX BEKTOPOB Ha3bIBACT-
Csl YU CIIO

<X; C >=X,C; +X,C; +.....+ X,C,,. 2
Ceoiicmea ckanapnozo npouszeedeHus
1. <X,;,y>=<y,; X>



3< X;ay b2= a4 Xy+ 9 Xz , & RbOR.
Ynpasicnenue. JIokazats 5TH CBOMCTBA.
4. |<X;y J<4/<X,X > Q/< Y,y > (uepaBenctBo Komu — ByHsIKOBCKOTO).

Hokazamenvcmeo. Paccmorpum pynkuuio nepemersoro t R
f (t) =<tX +y;tX +y >. Ilo cCBOMCTBY 2 CKaJISIpPHOTO MPOU3BEACHUS dTa (QYHKIUS

f(t)2 O mpu Bcex tUR. Ilo cBolicTBY 3 €€ MOYKHO MpPEICTaBUT B CIEIYIOLIEM
BHUJIE:

ft) =dX,Ix >+<tx,y >+<xt,y >+<y,y>=

=t? <X,X >42t <X,y >+<V,y>.
Takum obOpazom, QyHkmus f (t) SBIIICTCS KBaJPaTHBIM MHOTOYJIEHOM OTHOCH-
TeIBHO t. DTOT MHOTOUJICH HEOTPULIATENCH ¥ KO3(DUIMEHT TIpH t° HeoTpHuaTe-
neH. [ToaTomMy ero JUCKpUMHHAHT

D =4 <X,y > 4 <X,X><y,y><0.

Craino ObITh, <X,y >% << X, X >< Y,y >. W3Bnekas kKopeHb U3 00€nX 4acTel 3TOro

COOTHOIIEHUS, MOTy4YrM Tpedyemoe HepaBeHcTBO Ko — ByHskoBckoro.
3ameuanue. HepaenctBo Komm — ByHsikOBckoro 0e3 mpuBi€YEHUS HOHATHUSA
CKaJISIPHOTO NPOM3BEIEHUS MOXKHO 3allucaTh Tak: I JIIOOBIX JEMCTBUTEIBHBIX
YUCET Xy, X5, X1 Y1 Y24y Yy BBIIOJIHEHO HEPABEHCTBO

2 2 2 2 2 2
XaY: PXoYs e #X Yol SyYXE HXE 4o +xE Y2 YR+ YR

3ameuanue. Jluneiinoe mpoctpanctBo R", B KOTOPOM OIpeEENeHo CKalIApHOE
MPOU3BECHUE, HA3BIBACTCS €8KIUOOBHIM.

Hopma eekmopa u ee ceoiicmeo
Onpeodenenue. Hopmoii Bekropa X u3 R" nasbiBaercs uncio

Ceoiicmea nopmul
1. [x|20 u [x]=0 - x=0.
2. Jlnst mo6oro yucia a u AJis J1000T0 BEKTOpa X BBITTOTHIETCS ||a¥|| = |a“|i||

|lax| =/ <ax,ax > =+a® <x,X>.

3. s mro0bIX BEKTOPOB X U Y BBIMOJTHEHO HEPABEHCTBO ||X + 7” < ||)_(|| + ||)7||

B camowm nerte,

3ameuauue. B Cﬂy‘{ae BGKTOpOB Ha IIJIOCKOCTHU UMEEM
OC =OM +ON
OC| <|OM| +|ON

< +
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0

HEPaBEHCTBO TPEYrOJbHUKA. DTO HA3BaHUE 32 HEPABEHCTBOM COXPAHSIETCS U B
o01eM cirydae.

/lokazamenvcmeo Hepasencmea mpeyzonvrhuka. imeem
[x #° =% #,X 4 >=KX >+<X,y >+<y,X >+<y,y>=
:||X||2 +2 <X,y > +||y||2.
ITo HepaBencTBy Komm — byHsAkoBckoro <X,y >< ||)_(||||7|| IToaTomy
% +5° <Ix| +2Jxly] +[y1" = (x| +|9])"-
W3Bnekast KopeHb U3 00euX 4acTe 3TOro HEpaBEHCTBA, MOJIYYUM TpeOyeMoe He-
PABEHCTBO TPEYTOJIbHUKA.

Tema 6
JIMHEMHAS 3ABUCUMOCTD BEKTOPOB, BA3UC

Onpeoenenue. Bexrop YO R" naswiBaercs auneiinoti xombunayueti BEKTOPOB
Xi, X5 o0, Xy M3 R", ecu CyllecTByeT Habop uucen C;,C,,...,C, , TAKOH, 4TO

Yy=C X +C,X, +...+CX,.
Onpeodenenue. 1 0BOPAT, 4TO BEKTOPBL X ,X, ..., X, U R" sBnstoTCs aunetino 3a8u-
CUMbIMU, €CITH CYILIECTBYET HEHYJIEBOM HaOOp uuceln C;,C,,...,C, , TAKOM, 4TO

C% +CyX, +...+C. X, =0 . (1)

Ecnu paBeHcTBO (1) BO3MOXKHO TOJIBKO KOT/Ia BCE YKMCIIA C PaBHBI HYJIIO, TO BEKTO-
Pl X;,X5,...,X, HA3BIBAKOTCS JIUHEUHO HE3A6UCUMBIMU.
Ipumep. PaccMOTpUM BEKTOPHI
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U MOKaXeM, YTO OHHU JIMHEWHO HE3aBUCHUMBI. JIeMCTBUTEIBHO, 3alUIIEM JJISI HUX

paBeHcTBO (1)
Hlﬂ EOH %H gg
ClD D+CZD[I ~*tahoo oo

o %ﬁ R

Orcrona cnenyer, uro ¢, =0,c, =0,..

Hpumep. JIroOble Tpu BeKTOpa
X,Y,Z Ha IUIOCKOCTH SBIISIFOTCS

JMHEWHO 3aBUCUMBIMH (CM. pHC.).

Teopema. JlroObie M BexkTopoB B R" mmpu M > N sBisroTCs TMHENHO 3aBUCHMBIMH.

ik
_ Ky
Hoxazamenvcmeo. COCTaBUM JIJIs BEKTOPOB X, = -

%(:
JuH  Hed 7 EOH

X1 O EP(zzEI [Xon O
Go. gt%po. ot D-DD

bl BeB B B

PaccMoTpuM 3TH paBeHCTBA KaK CUCTEMY JIMHEWHBIX alreOpandeckux ypaBHEHUH
OTHOCUTEIBHO HEU3BECTHBIX C . [loayduM N OgHOPOAHBIX ypaBHEHUH ¢ M HEWU3-

i =1,2,...,m paBenctso (1)

IIIIDI:II []

BECTHBIMH.

UyTh mo3:xe AOKaKeM, 4To Jito0asg cUCTeMa JIMHEHHBIX OJTHOPOJHBIX alreo-
pandecKux YpaBHEHHM, y KOTOPOHM YMCIIO HEW3BECTHBIX OOJBINE YUCIA YpaBHE-
HUM, BCET/Ia UMEET HEHYJIEBOE pelieHue. Teopema nokazana.
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Onpeodenenue. Bextops X ..., X, u3 R" o6pasyror 6asuc B R", eciut onu iuHeiiHo

HE3aBUCHMBEI.
Ilpumep. Panee paccMoTpeHHbIE BEKTOpa €,,...,6, 00pa3yroT 6asuc.

Teopema (o paznoscenuu sekmopa no o6azucy). Beskuit Bektrop Y u3 R' €IUHCT-
BEHHBIM 00pa3oM packiajbiBaeTcs 1o 6asucy X ,...,X, B BUIE
Y =C X, +C,X, +...+C.X,. (2
Hoxazamenscmeo. BHauane nokaxkem cymiecTBoBaHue pasioxenus (2). Paccmor-
puMm N+1 BeKkTopoB X ,X,,..., X , Y. IIo npeasiaymei Teopeme OHU JIMHEWHO 3a-
BUCHMBI. JTO 3HAYUT, YTO CYLIECTBYIOT YHCla &y, ,...,a,, HE BCE paBHbIE HYIIIO,
TaK#e, 4To
a,y +a,X, +a,X, +...+a,x, =0. (3)
[peamonoxum, uto a, = 0. Torna u3 (3) uMeeM paBEeHCTBO
X, +a,X, +...+a,x, =0.
Tak kak BeKTOpHI X ,...,X, 00pasytor Oasuc, to a, =0,a, =0,...,a, =0. 3nauwur,
BCE yHcla & B pasznoxeHuu (3) paBHbI Hymo. [Tomyunnm npoTuBopeyne.
Takum ob6pasom, a, # 0. U3 (3) nomyunm

__%al% %anﬁ_
y=H—=5 +... +E—"EX.
dy N

Yrto u Tp€6OBaJ'IOCI> J0Ka3aThb.

JlokaxxeM eJMHCTBEHHOCTh pasnoxenus (2). [Ipenmnonokum, 94To CymecTByer
€IIE OJHO Pa3II0KECHUE

Y =C, % +C, X, +...+C, X..
Berurem 310 paBeHcTBO U3 (2). [Tomyuum

C—C JX +...+ c—cn)in =0.
Tax xak BEKTOpHBI X ,...,X,, 00pa3zyroT 06a3uc, To (C —C; ) =0,... ,(C —C;)= 0.
Teopema oka3zaHa.

3ameuanue. Yucna c,,C,,...,.C,B popmyne (2) Ha3bIBaeTCS KOOpOUHAMAMU BEKTO-
pa Y B 6azuce Xi,...,X,.

Juneiinvie npocmpancmea ¢ R"

Onpedenenue. Muoxecto X [0 R" HaspiBaeTcs TMHEHHBIM OPOCTPAHCTBOM, €C-
JU OHO 3aMKHYTO OTHOCHUTEIBHO OMNEpalMU CJIOXKEHHSI BEKTOPOB U YMHOXKEHUS
BEKTOpA HA YKCJIO, TO €CTh BBIIIOJIHEHBI YCIOBUS

O Xy % Xy X;Ox Xa R axiX.
Ilpumep. PaccMoTpuM B TpEXMEPHOM IIPOCTPAHCTBE MIOCKOCTb, MPOXOASIILYIO
Yyepe3 Havajao KoopAuHAT (Harmpumep, miockocth X,0X, ).
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Ecin BEKTOpP JIEKUT B 3TOM ILIOC-
KOCTH, TO TIOCJIE YMHOXXCHHUS €T0
Ha YHCJIO, TOJYYEHHBIH BEKTOP
OyJeT jexaTh B 3TON TJIOCKOCTH.
CyMMa JBYX BEKTOPOB H3 JTOH
O > MJIOCKOCTH OYJIET TaKXe JISKATh B
ATOM MJIOCKOCTH.
JIrobOast mpsiMast, mpoxoasIas
gepe3 Havallo, KOOPAWHAT TaKXKe
oOpa3yeT JMHEWHOE MPOCTPAHCT-
ax BO.

<
X
N

X

Xq

Onpeodenenue. Yucno k Ha3bIBACTCS Pa3MEPHOCTHIO JMHEWHOTO MPOCTPAHCTBA
X, ecnu cymecTByeT K JTUHEHHO HE3aBUCUMBIX BEKTOPOB X ,..., X, B X, a JII0ObIe

k+1 BEeKTOpBI B X SBISIOTCS JIMHEHHO 3aBUCUMBIMU. BekTopsl X, ,...,X, Ha3bIBa-

I0TCs1 6a3UCOM B ITPOCTPAHCTBE X .

Ilpumep. PazMepHOCTh TJIOCKOCTH B TPEXMEPHOM IMPOCTPAHCTBE paBHA 2, a pas-
MEpPHOCTh TIpsAIMOM — 1.

TouHO Tak ke, Kak ¥ B TEOpEME O Pa3I0KEHUH BEKTOpa Mo 0a3ucy, T0Ka3bIBaeTCs,
yTto s Joboro Bekropa Y[ X — cymiecTByeT €IWHCTBEHHOE pasiokKEHUE

Y =C X, +CyX, +...+C, X, .

Tema 7

MATPUIIbI U JEMCTBUS C HUMMU.
OHPEJAEJIUTEJIN KBAIPATHbBIX MATPMHII.
PAHI' MATPHUIIbI

Mampuueii Ha3zpIBaeTCS TAOJINIIA YUCENT

iall App - alnE
AzEazl Ay - azngm (1)
b A o At
croJioery

Ywucna aij HA3bIBAKOTCA KOOPpJWHATAMU WJIW 3JICMCHTAMU MAaTpPHUIIbL A.

Martpuusl Oynem 0o603Ha4yaTh Oosbimmu OykBamu. Eciiu Matpuna 4 umeer m
CTPOK U N CTOJOIOB, TO OyAeM TOBOPUTH, YTO OHA UMEET pa3MEepHOCTh M X N U
nucath A(MX n).

28



Ipumep. Matpuubl
a
A1 x 1) =a—uncno; A2x2)=| ,
Ay 8p
11

Anx1)=0: gAlxn)= (aya,..a, )

o

Ilpumep. 1lycTh NpeanpuUsATAEC MOKET BBITYCKaTh N BHUIOB I'OTOBOW MPOIYKIUH,
UCTIONB3Ysl M BUIOB ChIPhs. [lycTh Ha U3rOTOBIICHUE €IUHHIIBI |- TOTOBOM MpO-
JKIMH UCTIONB3YETCS &; €AMHUIL i-r0 chipbs. Matpuna A (1), cocTaBnenHas us

ATHX YHCETI, XapaKTepU3yeT TeXHOJIOruueckuil mpouecc. OHa Ha3bIBACTCS MEXHO-
Jlo2uYecKou MaTpULIEH.
3ameuanue. Matpuua, cocrosiniasi U3 OJHUX HYJIEH Ha3bIBACTCS HYJEBOM MaTpH-
el u oboznauvaercs O.

Henicmeun c mampuyamu

1. YMHOXuUTH MaTpuily A Ha 9uciio D 03HAYaeT yMHOXKHTHL KOXKIYIO €€ KOOpAHHA-
Ty Ha TO YUCIIO, TO €CTh
EPall -+ bay, E

B)aml bamnH

2. CnoxuTh ABE MATPULIBI OMHAKOBOM Pa3MEPHOCTH O3HAYAET CIOKHUTh COOTBET-
CTBYIOLME KOOPJAMHATHI 3TUX MATPHIL, TO €CTh

Hall +hy - &y, thy, H
Ehml +bml SRR = o +bmn

3. TpancnoHupoBaTh MaTPUIly O3HAYAET MOMEHATH MECTAMU €€ CTPOKHU CO CTOJIO-

[IaMH, TO €CTh
Eall dy; v amlH

A*_[alz dy o Ay [
0. L [t

%ln dy, v amnﬁ

3ameuanue. TpancroHUpOBaHHAS MaTpUIla 0003HAYAETCS 3HAKOM * HaBepXy.
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4. Ymnoocenue mampuuywl na eéekmop. Ilyctb

Hall Ao alnH BXl

A_Ea21 Ap - Qpl _ X[
0. . . .BXO0.oO
%ml am2 amnﬁ %(nﬁ
Torna
Hall Qp . Qg HBXlH H%H
Ay an .. A 0Ox 00O
=g . . .l ooo @
%ml am2 amn E@nﬁ ﬁ)nﬁ
rae
by =aj, X +a,X; +...+a,X,. (3)
ITpumep. TlycTh npeanpusTie BBIMYCKAET X, SIUHUI I-TO BHIa TOTOBOM MPOIYK-
ur, i=1,..,n.  Torma ouo Tparur b; =a;;X; +a;,X, *...+a; X, enunun

J-TO CBIpbs. 3HAYUT, PE3yIHTATOM YMHOXEHUS (2) TEXHOJIOTHYECKON MaTpuIilbl A
Ha BEKTOp X, XapaKTepU3YIOLIHil BEITYCK, 6yIeT BEKTOp D, j-f KoopauHaTa Ko-
TOPOTO PaBHA YHCITY CIUHUIL 3aTPAUYCHHOTO |-TO ChIPBSI.

5.  Ymnuoorcenue mampuuyvt A (M) na mampuuyy B (nXK).

Pesynbrarom siBisercs matpuna C(mXK), i-ii  cTomber KOTopo# MmorydaeTcs: mpu
YMHOXXCHHH MaTpHIlbl A Ha I-1i cTonOer maTpuiisl B. Takum o06pasom,

Eall A .. Gy EEPM b, .. blkH Ebn Cpo - ClkB

[Boy Qg - [0y by o by D [£21 Cp ..o Cye
Dlll 'K 'K 'K mlll ') D
@ml a'm2 amn %Jnl bnk ml m2 ka ﬁ

31ech

DEWDD

Eall ap, EH%H
[a21 Ay .- nD:sz

(1]
%ml amZ amn%)

Ceoiicmea 66edeHHbIX onepayuii

1. A+ B=B+A.

2. (A+B)+C=4+(B+C).

3. 4+0=4.

4. 1x A4 =A.

5. a (bA) = (ab) A (mnst M0OBIX TEWCTBUTEIBHBIX YnceT au D).

hS]

3%35'3@
N O
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6. Jlyst m060ro NeHCTBUTEIBLHOTO YMCIIA @ BBITIOJHEHBI PABCHCTBA
6.1. a(Ad+B)=ad+aB;
6.2. a(AB)=(ad) B=A (aB).

7. A(B+C)=AB+AC; (A+B)C =AC + BC.

8. 4 (BC)=(4B)C.

9. (4') = 4.

10. (a4) =a A" s mO6GOTro AEHCTBUTEIBHOTO HCIA d.

11. (4 +B) =4 +B.

12.(AB) = B 4.

Ynpasicnenue. 11poBeputh 3TH CBOKMCTBA CAMOCTOSITEIIBHO.

Ilpumep. PaccMOTpUM MaTpPHUIIbI
1 1 1
A= B=
L
1 1 1 2 2
AB = =
S e o
1M1 1 0
BA = =
i arh o

CnenoBarennpHo, AB # BA. Takum 06pa3oM, yMHOKEHHE MaTpHIl HE KOMMYTATHB-
HO (Henb3a nepecmagnamp mecmamu !). Jlanee,

o} BB a1 BT
GRS

*x
.

Cnenopatensao, A B # (AB)

Torma

Keaopamuwvie mampuuyvt u ux onpedenumenu

Onpeoenenue. Matpuiia Ha3pIBACTCS KBAAPATHOM, €CITH y HEE KOJIUYECTBO CTOJIO-
IIOB PaBHAETCS KOJIMYECTBY CTPOK.

Ilpumep. Ecnu npennpusitie u3 N BUAOB CHIPbsi MOKET BBIITYCKaTh N BUIOB T'OTO-
BOU MIPOIYKITMHU, TO TEXHOJOTUYECKAs MaTpuila Oy1eT KBagpaTHOM.

Onpeoenenue. KBagpaTHasi MaTpuIla Ha3bIBACTCS eOUHUYHOL, €CTU Y HEE TI0 Jua-

TOHAJIM CTOSAT €AUHHUIIBI, 4 BCE OCTAIIBHBIE AJIEMEHTHI paBHHI (.
Enunnunas matpuina obo3Havaercs E. Takum oOpazom,
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0 o 10 00

0 0 1 00
E(2><2)=% 1% E@<9 =) 1 05 Emxn) = =
H o 1 ul i=

70 0 1

Ynpaosicnenue. Jloxazars, yTo
1AE=EA=A nns 10060l KBaApaTHOU MaTPUIIGI 4.
2.E' =E.

Onpedenumenv K6aopamHou mampuybl

Martpuna pasmepHocTd 1X1 sBISe€TCS YUCIOM, U €€ ONpEe/IeTUTENeM HAa3bIBACTCS

3TO yucio. st Toro, 4ToObl AaTh ONPEIEICHUE ONPEACIUTENS] MaTPUIIbl pa3Mep-

HOCTH 2X2, paCCMOTPUM CUCTEMY U3 JIBYX JIMHEHHBIX aNreOpandecKux ypaBHEHUN
(B X +a,X, =0

[Bo1% taxpX, =0
Kaskioe M3 5TUX ypaBHEHHUH 3a/1aeT Ha IJIOCKO-

X, 4 CTH IPSIMYIO, IPOXOSAIIYIO YEPE3 HaYaI0 KOOp-
JVHAT.
Otn IpsIMbIE COBITIAJIAIOT, €CIu
8118y, —ayad;; = 0.
>
X

Onpeodenenue. OnpenennuTeaeM MaTPUILIbI

HA3BIBACTCS YHCIIO
Ay G
dy; Ay
YT0OBI MOHATH, KAK BBECTU OIPEICIUTEIb MATPHIBI IIPOU3BOJILHOTO MOPAAKA, 3a-
IHIIEM OIPEAEIUTENL MATPUILIEI BTOPOTO MOPAAKA B CIEAyIomei Gopme:

d; 9y

det A= = Qg 8y ~aAy8y;. (4)

=ay( ~1)*** det( Ay ) +a,( —1)**? det( Ay ).

dy Ay

Onpedenumens mampuyvl 00uie20 N-20 NOPAOKa
[Ipenmnonoxum, 4TO Mbl HAYYUIIUCh BBIYUCISATH ONPEACIUTENh MATPUIIBI Pa3MeEp-

Hoctu (N-1)%(n-1). Torma onpeaenuTens MAaTPUIIBI PA3MEPHOCTH NXN OTIpeIeTuM
CJIETYIOIIUM 00pa3zoMm:
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Ay G G
0 g an Ay 0 Ay, dy -t Ay
21 22 2n| _ 1+1 1+2
_all(_l) +a12(—1) T
= N R = dy Qy
Ay QA o QA
(5)
Ay -t Qo (pp
1+n
+a1n(_1)
Ay an(n—l)

3ameuanue. bygeM roBOpUTh BMECTO «OMPEACIHUTENb MATPULIBI N-TO MOPSIKa»
MIPOCTO «OMPEAEIUTEND N-TO MOPSAIKAY.

Buviuucnenue onpedenumens mpemuezo nopaoka. 1z popmyn (4) u (5) umeem
a; Gy A3
8y 8y Ay =an(-1)™
a3 dzp Ag
= 8y;( 8853 - By38y, ) - B1p( 81853 - Byg8a1 ) T B13( 81857 - 850851 )

Takum o6pazom,
; 8 a3
Ay Ay Qpg| T Ay8ypg3 T Ay18n38sy T Ap3p38) T AypnAgy t 385183, T Q38553 -
d3 @83 dg3

Ay Ay
d3 Qdg

dy Ay 142|921 Ay 143

+3ay,(—1) +ay3(-1) =

3 Aa3 31 a3

(6)
Ilepeas cxema 3anoMmuHaHUS HOPMYJIIBI ONIPENETUTENS 3-T0 MOPSIAKA
0O 0O 0 0
0O 0O - 0 - 0
0O 0O 0

Yucna, HaxoIdIuecs B BEPIIMHAX TPEYTOJbHUKOB, EPEMHOMXKAIOTCS, a MPOU3BE-
JeHHst OEpyTCsl C COOTBETCTBYIOIIMMH 3HAKAMHU.

Bmopasa cxema 3anomuHanusi OpMyJIbl ONPEAEIUTENS 3-T0 MOPsAKa

Yucna, coeAMHEHHbIEC TUHUSAMU 0€3 CTPEJIOK, IEPEMHOKAIOTCS U Pe3yJibTar OepeT-
Csl CO 3HAKOM IUTIOC. Pe3ynbTar yMHOXKEHUSI YUCEN, COSAUHEHHBIX JTUHUSMU CO
CTpeJikamu, OepeTcsi CO 3HAKOM MHUHYC.
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Ceoiicmea onpedenumens
1. detA=detA.
[TpoBepum asist onpeaenuTeNs BTOporo nopsiaka. Mimeem

det A= Q; Q| _[Gn Ay — et A
Ay Ayl Ay Axp
3ameuanue. TIpy TPaHCTIOHUPOBAHMU MATPHIBI MEHAIOTCS MECTAMH CTOJOLBI CO
crpokamu. [TosToMy B cuity cBOMCTBa | Bece CBOMCTBA ONPENEIIUTENS, BEPHBIC IS

CTOJIOIIOB, OCTAIOTCS BEPHBIMH U JIJI CTPOK (U HA000POT).

2. [Ipu nepecTaHOBKE MECTaMU JIBYX COCEIHUX CTOJIONOB (CTPOK) OMpEAeIn-
TEJIb MEHSIET 3HaK.

[TpoBepuM 3TO CBOWCTBO JJIsI OMPEEIUTEINS BTOpOro nopsiaka. 13 ¢popmybl
(4) moytyurM paBeHCTBO

dp G| _ |4 Gy

dy Ay dy, Qay

3. Ecnu y onpenenurenss Kako-To crosioer (CTpoka) COCTOUT U3 OJHUX HY-
JIEN, TO 3TOT ONPEAEIMUTEND PABEH HYJIIO.
Jokazamenvcmeo. 1lycTp Kakas-TO CTpOKa COCTOMT M3 OAHUX HyzneH. Ilepecras-
Jsi €€ OOYEPETHO C COCETHUMH CTPOKaMH, IIOCTABUM €€ Ha repeoe mecto. On-
peAeNnuTeNs IPU 3TOM MOKET TOJIBKO MOMEHATh 3HaK. Ho u3 onpenenenus omnpe-
JEIIATEIS CIIEAYET, YTO OIPEIEIUTENb C HYJIEBOU MEPBOM CTPOKOW PAaBEH HYIIIO.
CrnenoBaTeslbHO, UCXOJHBIN TaKKe PABHSUICS HYIIIO.

4. IMeeT MeCTO ClIeyrollee PaBeHCTBO:

ay; a, ay, a, ay, - -
qy th a,th, - o agth |=lay a, o ag |t
anl an2 ann anl anZ ann
a Ay

b b b,
anl an2 . e ann

Joxazamenvcmeo. IlepectaBiss MOOYEPEIHO MECTaMU CTPOKH, caeidacM K-ro
cTpoky nepBoil. Torna, kak ciemyeT u3 onpeaeaeHus: OnpeaeaIuTeNs,



ap th a, th, ay, +by,
Ag Aon
Ay, A2 A = all( _1)1+1 : +
a'n2 ann
A An2 A
Ag Aon Ay a,| (b b,
+b1(_1)1+1 T 1 T 5
2 7 8m Q- anp A 8y

3ameuanue. TOUHO TaKoE XKe PAaBCHCTBO BEPHO U IJIA CTOJ'I6I_IOB.

5. Ilpu yMHOXKEHUHU BCEX AIEMEHTOB KaKOH-TO CTPOKHU (CTOJ011a) HA OAHO U TOXKE
YUCJIO, OTPEAEIUTENIb YMHOXKAETCS Ha 3TO YUCIIO.

Jlokazamenvcmeo. MeHsis TOOYEPETHO MECTaMU CTPOKH, MOKHO CYHUTATh , YTO
ATa CTPOKA HaXOJMUTCS HA nepBoM Mecte. Toraa

bay, --- ba, Ay - Ay Ay - Ay
=ball(_1)l+l +___=b(all(—j|_)l+1 T =
Ay 0 Qg A Gy Ay Gy
Ay &y
Ay 0 Gy

6. Ecniu y onpenenuTensi 1Be OJAWHAKOBBIX CTPOKH (CTONOIA), TO ATOT OIpe-
JCIIUTENh PaBEH HYJIIO.
Jlokazamenvcmeo. J1ns onipeienuTelss BTOPOTO MOPSAKA HMEEM
2 D ab-ba=o0.
a b
JlomycTuM, 4TO 3TO CBOMCTBO JIOKa3aHO Jyisi onpeaenuteis (N-1)-ro mopsia-
ka. PaccMoTpuM onpeaenutens N-ro nopsaka. [loodepeaHo nepectapisis MecTaMu
CTPOKH, TOCTaBUM JIB€ OJMHAKOBHIE CTPOKH Ha BTOpOE W TpeThe MecTo. Torna,
KaKIbIH onpeaenurensb (N-1)-ro nopsaka, Gpurypupyoomuii B popmyie (5), 1o vH-
AYKIIMOHHOMY TPEIoJIOKeHUI0 OyneT paBeH Hyiio. [loatomy u ompenenutens
N-To mopsiika Oy/AeT paBeH HYIIIO.

Cneocmeue. OnpenenuTellb HE U3MEHUTCA, €CITU K KaKOW-TO CTPOKE (CTOJOITY)
npuOaBUTh APYTYIO CTPOKY (Ipyroi cTosiber), YMHOKEHHYIO Ha KaKOe-TO YHUCIIO.
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Hokazamenvcmaeo.

+b

7. OnpenenuTenb TPEYroJbHOIO BUA PaBEH

all

g

anl

asz

agp

an2

OJICMCHTOB, TO €CTh

Ay
ay
Az

anl

0
ay
Az,

an2

0
0]
Az3

an3

a

a, thay a, +bag

asZ

a'n2

a

nn

aln
akn + basn

Qg

Ann
a'll a12
A Gy
SRR )
anl an2

nn

asZ

a'n2

Jokazamenvcmeo. [ onpenenuTens BTOPOro nopsiaKa

0 d; Qp Q3
0 0 a, ay
ol=0 0 ay
al lo 0 o0
a;, 0]
= Qg .
dy; Ay

IMPOU3BCACHUIO JHUATI'OHAJIBHBIX

= 3.118.22 oo ann .

[Tycts T2 popmyna nokazana aist onpenenurens (N-1)-ro mopsiaka. Torma

Ay
ay;
az

anl

0
Ay
Az,

an2

0
0
Az3

an3

0
0
0

ann

a22

a
_ 141|932
=a, (-~

anZ

0
Aa3

an3

a

nn

= alla22 e ann .

TpeyronapHbIi ONIPEACIUTENL BTOPOTO THUIIA B CBOMCTBE 7 MOJIy4aeTCs U3 pac-
CMOTPEHHOT'O TOJIBKO YTO OIPEAECIUTENS TPEYTOJbHOIO BUAA IyTEM TPAHCIIOHU-

pOBaHUs.

Cneocmeue. Onpenenuresib €TUHUYHON MATPUIIbI PABEH €UHUILIE.
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8. Onpenenurens MPOU3BEAEHUS JBYX MATpULl PABEH MPOU3BEICHUIO UX OI-
pENEIUTEIEN .
Jokazamenvcmeo. I1poBeniem 11 ONpeAeIuTeEIEd BTOPOro nopsaaka. [ycts

Azl b" 5= B . _|ao+by aB+b6‘

c d % ca+dy cpB+dd
det(AB) €fa ab }c Bt d fc ad Ya P =(ad -bc)(ad—By) =
= (det A)(det B).

Ilpumep. Berancinm onpenennuTenb YETBEPTOTO MOPAaKa

OFL,NW
ODNEF P
NORPR

21 1 121 1121 112
31 0-2-1-1 0211 021
12 0-4-7-2 047 2 005
00 0-2-6-3 026 3 005

WHhEDN
RORFrRO
WhADNPRE
R OO R

eoNeNol
OoOoOnNBEF
(@O I N\
NOPFPPEP

Panz mampuyst. PaccMOTpuM MaTpuily

?ll alz oo a-ln :

A= [Byy Ay ... ady [
=0 0
%ﬂml amZ amn :

BrruepkHeM U3 MaTpUIhl CTPOKH U CTOJOIIBI TaK, YTOOBI MOTYUUITUCH KBAPATHBIC
MaTpuIia TepBOro, BTOPOTO U TakK Jajnee mopsakoB. CUuTaeM ONMPEAeTUTENNn dTHX
KBaJPATHBIX MaTpwil. HauBbICIINMIA TOPSIOK OTIIMYHOTO OT HYJS ONPEACITUTENS
Ha3bIBaeTCS paneom mampuywvl A 1 obo3naqaercs r(A).

OueBuaHO, uTO I'(A) HE MPEBOCXOANT KaK YKCIIa CTPOK, TAK M YKCJIa CTOJIOIIOB.

Ilpumep. Ilyctsb
0 4 OH
0 5 0Og
0 0 OH
BrruepkuBas HyJIeBbIC CTOJ‘I6LILI 1o

=5-8=-3.

A=2
HB
Tyqu
Sh

CnenoBatenbHo, r(A)=2.
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Jenicmeun C mampuueil, He meHAIOUUE €€ PAHL.

TpancnoHupoBaHUE MATPHUIIBIL.

Or6packiBaHHE HYJIEBOTO CTOJIONA (CTPOKH).

[TepecranoBka MecTaMu JBYX CTOJIOLIOB (CTPOK).

YMHOKEHHE BCEX JIEMEHTOB KaKOr'0-TO CTOJI011a (CTPOKH) Ha YKCIIO, OTIIMYHOE

OT HYJISL.

5. IlpubaBneHue K cTOAOIy KaKOro-TO CTOJOA, YMHOKEHHOTO Ha KaKOe-TO YKC-
710 (CO CTPOKaMH aHAJIOTUYHO).

3ameuanue. TV CBOWCTBA CIEAYIOT U3 CBOMCTB JJIsl OIIPEACIIUTEIS.

Ilpumep. Beranciaum panr MaTpuLbl

PO E

J0 -13 0 2gf2 -4 1 5 3P -415 3f
02 -4 1 5 3000 -1 3 0 20 -1 3 0 2
L4 5 7 -10 05%—4 7 -10 ODD% ~3 9 0 60
+2 1 8 -5 335—2 3% -390 6%

5
1
P -4 153][@ -4153
00 -1 3 0 20 -1 3
9 0

D -39 06HH 0

Tema 8

CUCTEMA JIMHEHHBIX AJITEBPAUYECKHUX
YPABHEHUU. OBPATHASA MATPUILIA

PaccMoTpuM cucTeMy JIMHEHHBIX anredpandecKux ypaBHEHUN
(B, X tapX, +...t &, X, =b
D —
[ Xy tapX, +...tay X, =D, (1)
%mlxl +am2X2 Tt amnxn = bm'
3nechd; by —3amanHble yncna, @ X; — HEM3BECTHBIE.
Mampuunasa 3anuce cucmemol ypaeneuuﬁ Baenem marpuiisl

fu % - & f P A0

@21 ap ... az O I:P(zElb |:|2|:|

L e el B

Torz[a, I/ICHOJ'II:vSy}I onepaumo YMHO}KCHI/I}I ManI/IHBI Ha B€KTOp-CTOJI6€H, HOJ'Iy‘II/IM
AX =D. (2)

A=

38



Cucmemsl cmynenuamozo éuda. PaccMoTpuM cHCTEMY
[0y % + 0pXp oo Oy Xy + Oggeiqy Xieyg +enn 00 X, =04

g O ppXy F oot Oy X + O ppeipy Xpeug Fonn 000X, =

[ eeenreeenreenseesseeete et e e seesaeeesseesreeeteeneeenneeaneeanneennaennreeas 3
= + +..+ =

M O g X F O eagy Xigag e T O X =By

Hoe 0 #0, ap,#0,.., Oy #0.
[lepeMeHHBIE X, ,,..-, X, MOTYT IIPUHUMATh NPOU3BOJIbHbIE 3HAUEHUS. OHU Ha3bl-

BAIOTCS CBOOOJHBIMH NepeMeHHbIMU. [lepeMeHHbIE Xy, X, _q,..., Xp, X; — [VIABHbIE

nepeMeHHble. OHU BBIYUCISIIOTCSL Yepe3 CBOOOAHBIE MEPEMEHHBIE CIEAYIOLUIUM
0o0pa3oM: U3 MOCJIEIHEr0 ypaBHEHUS HaXOAUM

I Ay By
X, = -y - K T

Kk A A
3arem X, moncraBisieM B (K-1)-e ypaBHEHHE U HAXOIUM X,_, ¥ TaK Jalee.

OObIYHO CBOOO/IHBIE MIEpEMEHHbIE 0003HAYaI0TCA OYKBaMU Cqp, Cp, C3 .. Cnk. TaKuUM
o0OpasoM, sl CUCTEMBI CTylieH4YaToro Buja (3) 3amucaTh peIICHUE HE MPE/ICTaB-
JSeT TpyJa.

Onpeoenenue. J[Be cucTeMbl ypaBHCHUN HA3bIBAIOTCS SKBUBAJICHTHBIMH, €CIH Y
HUX OJJMHAKOBOE YWCJIO HEM3BECTHBIX M KaXKJ0€ PEIICHUE OJHON CHCTEMBI SBIIS-
€TCS PEIICHUEM BTOPOU CHCTEMBI, 1 HA00OPOT.

Heiicmeun ¢ cucmemamu, npueooaujue K IK6UBA1EHMHHIM

1. IlepecTtaHOBKa MeCTaMU JBYX YPABHEHUN CUCTEMBI.

2. YMHOXeHue BceX KO (PUIMEHTOB KaKOT0-TO YpaBHEHUS Ha HEHYJIEBOE YHCIIO.
3. CnoxeHue WM BbIUMTAHUE JIBYX YPABHEHHH CUCTEMBI.

4. Ecnu Bce KOX(p(GUIMEHTHl KaKOTrO-TO YpaBHEHHUS paBHBbI HYNIO, TO €CTh
0 +0X, +...+0Xk, =0, TO 3TO ypaBHEHUE MOKHO OTOPOCHUTb.

Memoo I'aycca npueedenusn cucmemuvl K CHyReHUaAmMomy uoy
1. Nmem cpenu ypaBHeHu# cucteMsl (1) To ypaBHEHUE, y KOTOPOTo K03pdu-
IIUCHT TPHU MIEPEMEHHOM X; OTIMYeH OT HyJsi. CTaBUM 3TO ypaBHEHHE Ha MEPBOE

MECTO.
2. CunraeM, 4TO YUCIIO @;; OTIMYHO OT HyJs. MBICJIEHHO YMHOKaeM MEPBOE

a
YpPaBHCHHEC Ha YUCIIO -2 N BbIYUTACM ITOJIYYCHHOC YPABHCHHUC U3 BTOPOTO. B pe-

a;
3yJbTaTe BO BHOBb ITOJYYEHHOM BTOPOM YPaBHEHMH KOO((HUIMEHT NPH IIEPEMEH-

. a
HOM X, paBeH HyI0. MBICTIEHHO YMHOXkAEeM IIepBOE YPaBHEHHE HA —~ U pe3yllb-

A
TAaT BBEIYMTAEM M3 TPETHETO YpaBHEHMs. BO BHOBb IOJYYEHHOM TPETHEM ypaBHE-
HUM KOd(QPULIMEHT pH X, paBeH Hy.ro. U Tak nanee.
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B pesynbTaTe Iojay4acM CUCTEMY yPaBHEHUIA
(B, X +a,X, +...+aX, =b

O O I
]
[Jreeerermremmmmm

O O — K
H am2X2 +°"+amnxn _bm

3. MoxeT oka3aThCs, YTO CpPEAu BHOBBH IOIYYEHHBIX YpPAaBHCHHH HMEETCS
ypaBHEHHUE BUJIA o +0X, +...+0X, =b u b#0 (Hammpumep,
0¥ +0X, +...+0X, =1). Toraa cucrema (1) He UMeeT peLICHU.

Cucrema (1) Ha3bIBaeTCsl HECOBMECTHOM, €CJIM OHA He HMeeT pelleHuil.
4. MoxeT oKka3aTbCsl, 4YTO CPEId BHOBb IOJIyUYCHHBIX YPaBHEHUI €CTh ypaBHe-
Hue Bujga 0 X, +0 X, +... +0X, =0. Torma 3T0 ypaBHEeHHE OTOpAChIBaEM, U BO

BHOBb NOJTy4YE€HHOM CUCTEME YMCIIO ypaBHEHUI OyAeT MEHBIIE, YeM B MCXOHOM.
He Tporas nepBoe ypaBHeHME, HAUMHAEM MCKIIOYATh C MOMOIIBI BTOPOTO
YPaBHEHUS IIEPEMEHHYIO X, U3 TPETHErO U TaK Jajiee N-ro ypaBHEHUH 10 ONHCAH-

HOM BBIIIIE MTPOLIEAYPE U TaK Jajee.
B pesynbraTe, 1m60 Ha KAaKOM-TO I1are Mbl YCTaHOBHUM, 4TO cuctema (1) Heco-
BMECTHA, THOO TPUJEM K CUCTEME CTYIIEHYaTOTO BH/IA.

3ameuanue. B cucteme (3) nociieHee ypaBHEHUE PA3AEIUM HA YHUCIIO ik, OTINY-
Hoe oT Hyms. Torma koadduiment npu X, Oyaer paBeH eaunuie. C MOMOLIBIO

ATOrO ypaBHEHHsI MCKIII0OYaeM MEPEMEHHYIO X, M3 BceX Apyrux ypaBHeHui. Ko-
3¢ ULMEHT TpU MepeMEHHON X,_, caenaeM paBHbIM enuHuie. C moMOIIbIO 3TOr0
ypaBHEHHSI HCKIIIOYAeM MEPEMEHHYIO X,_; U3 OCTAJIbHBIX YpAaBHEHHH M TaK Jaliee.
B pesynbraTe noayyum cucTeMy CIEAyIOIEero Buaa:

* D _ *
Eb(l 0 ey Xeag oo HORX, =0y
0 X, + O sy Xisg T-o T A Xy =B
0 (e (4)
[ereveeereeeeressssressessessessesssessestessessessesessesnns
0 +a. +...+alx =B
B Xy + O (any Xirr Fove F 0 Xy =By

Teopema (Kponexepa — Kanennu). J1ns Toro 4To0bl cUCTEMa ypaBHEHUM
[y X +8,X, +... + & X, = by
(B Xy +axnX, +... &y X, =b,
[
O

%mlxl +am2X2 .ot aman = bm
uMeTia perreHrne, He0OX0IUMO U JOCTaTOYHO, YTOOBI
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35‘11 dy ... & [H iall a; apb, [
By &y ... &y [] A, a a,.b, [
rangr 21 Ap 2n o= rang 21 Ay 2n0 .
%ﬁml am2 amn : %ﬁml am2 v amnbm :

u

To ecTh, 4TOOBI paHr MaTPHUIIBI 3TOM CHCTEMbl PABHSJICS PAHTy PaCHIMPEHHON
MaTpULBI.
Ynpaoicnenue. Jloxazats 31y Teopemy, npuBojs cuctemy (1) meromom ["aycca k

cTyneH4yaTomy Buay. [Ipu 5TOM paHru mony4arommuxcs: MaTpULl HE MEHSIOTCS.

Cucmemul ypasuenuii, y KOmopvlx 4ucjl0 HEU38ECMHDBIX PAGHO YUCTY YPAGHe-
HU.

Marpuna
iall Ay ... Ay [
By Ay ... A, []
inl an2 ann :

TaKOW CUCTEMBI SIBJISIETCSI KBAAPATHOM.

Teopema. Ecnn matpuiia cuctemsl (1) mpu N= M uMeeT onpeneauTeNb, OTINYHbINA
OT HYJIS, TO 3Ta CUCTEMA UMEET EAUHCTBEHHOE PEILICHUE.

Jloxkazamenvcmeo. Haunnaem npuBoauTh MeTojaoM [aycca cuctemy (1) x cry-
neHyaromMy Buay. Ilocne kaxaou orepanuu OMPENEIIUTEIb BHOBb ITOJYYEHHOM
MATPULBI MOXKET OTJINYATHCSA OT ONPEAECIUTEN UCXOAHOM MATPHUIbI TOJBKO 3Ha-
KoM. B mpouecce mnpuBeneHUsT HE MOXKET IIOJIYYHUThCS YpaBHEHUE BHIA
O +0x, +...+00X%, =0. 3nauur, mpouecc OTOpachbIBaHHUS YpPaBHEHUU HE

IMPOUCXOJHNT.
HpI/IXO,Z[I/IM K CUCTEMC TPCYIroJIbHOI'O B4

(D% + X, .+ 0y X, =By

E UppXy +...+ 0y X, =3, (6)
Ij ..........................................
H annxn =Bn

Onpenenutens MOIY4EHHOM MATpULbl OTJIMYEH OT HyJs U PaBEH MPOU3BEACHUIO
IMArOHaNbHBIX 3JeMEeHTOB. Takum o0Opas3oM, O 1,0 o, ...0, # 0.3HaunT, Bce nua-

TOHAJIbHBIC 2JIEMCHTHI O ii OTJIMYHBI OT HYIJIA. Pemenne BoccTaHaBIMBAETCS CIUH-

CTBEHHBIM 00pa3oM: X, = —— W TaK JaJee.
nn
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Teopema. Ecnu cuctema (1) npu N=m uMeeT eJUHCTBEHHOE PEILIEHUE, TO ONpee-
JHUTENh €€ MAaTPHUIIbl OTIUYEH OT HYJIA.

okazamenvcmeo. 1lpuBenem cucreMy K CTyIIEHYaTOMYy BUAY. Tak Kak cucrema
MMeEET €IMHCTBEHHOE pelleHue, To ypaBHeHue Buga O X +0 X, +...+0k, =0

HE MOSBIAETCS U CBOOOJIHBIX NEpeMeHHbIX He OyaeT. CienoBaTesibHO, MOIYYUB-
mrasicst cuctema umeeT Buj (6). Bee uncna o ; otmassl o1 Hyist. [Toatomy, onpe-

JIEIUTENIb MATPUIIbl CUCTEMBI (6) oTimyeH OT HyJs. CTano ObITh, ONPEEIUTENb
MCXOJTHOM MaTpHUIIbl TaK XK€ OTIUYEH OT HYJIS.

Oonopoonas cucmema ypagHenuil, y KOmopoi Yucjio Heu36eCMmHbIX PAGHO YU C-
JIy YPA6HEHUUL.
[Tyctsb Bce uncna b B cucteme (1) mpu N=m paBHbl HyIt0. [Tomyunm cuctemy

[y, X +a,X, +...+a,X, =0

(B X tayunX, +...+a,, X, =0

(7)

%nlxl +an2X2 t... +annxn = 0
Takag cucrema ypaBHeHI/Iﬁ Ha3bIBACTCA O,Z[HOpOI[HOﬁ. OnHa BCCr[Ja NUMCCT HYJICBOC
pEUICHUC.

Teopema. J1;1s1 Toro 4to0bl cuctema (7) UMela HeHyJIEBOE PEIICHUE, HEO0X0IUMO
U JIOCTAaTOYHO, YTOOBI €€ OMNPEeIUTENb ObLI OTIMYEH OT HYJIS.

Jlokazamenbcmeo BHITEKACT U3 IBYX MPEIBIAYIITUX TEOPEM .

Cneocmeue. [ TOro 4yTOOBI ONPEACTUTENb MATPUIIBI (5) paBHSUIICS HYJO, HEOO-
XOJIMMO M JIOCTaTOYHO, YTOOBI €€ CTOJIOIBI (CTPOKH) ObUTH TUHEHHO 3aBUCHMBI.
Jlokazamenvcmeo. CorjacHO ONpPEACICHUIO JIMHEMHOW 3aBUCUMOCTH BEKTOP-
CTOJIOIIOB CTOJIOIBI MATPUIIHI (5) SABISIOTCS JIMHEWHO 3aBUCUMBIMH TOT/Ia M TOJIBKO
TOT/Ia, Korjaa cucreMa ypaBHeHui (7) mMeeT HeHyJeBoe perieHue. OTcrona u u3
MPEABIAYIIEH TEOPEMBI TIOJIYIHM JI0KAa3aTEIbCTBO CIIEIACTBUS.

Oo6pamnas mampuya. PaccMoTpuM KBaJipatHyro Matpuity 4(nxn).
Onpeoenenue. Matpunia B(NxN) Ha3pIBaeTCs 0OpaTHOW K Marpuie A, €Clid HX
NPOU3BECHNUE PABHO SIMHUYHON MaTpHIIE, TO €CTh

AB=E . (8)
Teopema. Ecnu onpeenutensb MaTPUIbl A paBEH HYIIO, TO 00OpAaTHOW MaTPHUIIBI HE
CYIIIECTBYET.
Joxazamenvcmeo. TlpeanonoxuM, 4to oOpaTHas MaTpulla CymiecTByeT. Toraa
det(AB)=detE=1. [lanee, onpeaeauTeNb NPOU3BEACHHUS IBYX MATPHI], paBEH IIPO-
u3BeeHuI0 ux onpenenurencii. [Toatomy, (detA)[(detB)=1. Tak kak detA= 0, To
HOJTYYHIIU poTuBopeune. Ciie1oBaTebHO, 00PaTHOM MATPHUIILI HE CYIIECTBYET.
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Teopema. 1lycth onpenenuTenb MaTpullbl A OTIMYEH OT HYJIA, TOraa oOpaTHas
MaTpula CyIIECTBYET U €IMHCTBEHHA.
/Jlokazamenvcmeo. 3anuiieM HCKOMYIO MaTpPHILy B BUJIE

B(l i ... ulﬁ

X Yo ... Uy[]
O

D..
v e

MartpuuHoe paBeHCTBO (8) B KOOpAMHATHON (OpMe UMEET CIASAYIOIIUNA BUI:

B=

Sa“ d, ... :ﬁ% Y, ... U [ 0 ... 0O
By 3y ... AMX Y, ... U, O 1 ... 07
= L. =g -
%ﬁni an2 a‘nn :in yn un: % o ... 15

CrnenoBarenbHo, sl ONpeaeseHus oOpaTHol Matpuilbl B monydaem N cucrtem
YpaBHEHHM, OTIMYAIONIUXCA APYr OT Jpyra TOJBKO IpaBbIMU yacTAMH. Peraem
OJTHOBPEMEHHO BCE 3TH CHUCTEMBI MeTOoJIoM ['aycca. 3amuiiieM MaTpHUIlbl 3THX CHC-
TEM B BUJIE

?11 &, ... a,: 1 0 ... 0
By ay» ... 3,: 0 1 ... 0
= U
%m a, ... a,: 0 0 ... 10

CBezneM 3Tu CUCTEMBI K CTYIIEHYaTOMY BHJy, a 3aTEM, IOJHUMAsACh BBEPX, pa3pe-
IIUM UX OTHOCUTEJIBHO I'JIABHBIX IEPEMEHHBIX.
B pesynbraTte nosy4yuM MaTpuIly TaKOTO BUAA

O“'Osbllblz

5

H
M 1 ... 0 : by b, b,, O
Df : ]
ﬁ) 0O ... 1: b, b, bnnﬁ
Marpuiia, cTosinas crpana sSBJISIETCS 0OpaTHOM.
3ameuanue. IloxkaxxeM, 4To
BA=E. 9

B camom nerne, u3 paBeHCcTBa (8) cleayeT, 4YTO ONpeeanuTeNb 00paTHON MaTPUIIbI
otnuyeH ot Hys. [ToaTomy /U1t Hee cymiecTByeT oOpatHast matpuiia C, To ecTh

BC=E. (20)
YmuoxuM paBeHCTBO (8) Ha matpuiy C. [Tomyuum, (AB)C =EC. CnenoBatenbHo,
C=(AB)C=A(BC)=AE=A. Orcioga u u3 paBenctBa (10) monyuum TpeOyemoe pa-
BEHCTBO (9).



1
3ameuanue. O6patHast maTpuia ob6o3navaercst 4. OHa yIOBIETBOPSET PABEHCT-
Bam AA=A"TA=E.

3anuce pewienusa cucmemvl ¢ nomouyplo odpamnoil mampuysl. PaccMoTpum
cucTeMy N ypaBHEHHUH C N HEU3BECTHBIMU

AX=Db, |AZO0.
YMHO)UM 00€ 4acTu CUCTEMBI ypaBHEHUI Ha 00paTHYI0 MaTpuily. [lomyuum
AY4x)=A'b O (A'A) x=A'b0 Ex=A"Db.
CrienoBaTeiibHO,
X=A"D.

Tema 9

COBCTBEHHBIH BEKTOP U COBCTBEHHOE
S3HAYEHUE KBAJIPATHOU MATPHIIbI

Cobcmeennvlii 6ekmop u coocmeennoe snauenue mampuybl. PaccMoTpuM KBaj-
PATHYIO MaTpPUILy
Eﬁn dp ... 4 H

By 8y ... 8y []

%ni an2 annﬁ

Onpeoenenue. Henynepoil BeKTOp X Ha3bIBa€TCS COOCTBEHHBIM BEKTOPOM MaT-
pHIlbl A, €CITU CYIIIECTBYET YUCIOA TaKoe, YTO
AX=\X. (2)
3anuiieM 3TO paBEHCTBO B KOOPJIMHATHOU popme
(A X Ha,X, +...+a,X, = AX
Ea21x1 +a,X, +... 3, X, = AX,

o
%nlxl +an2X2 Tt anan = )\Xn

May, — N)x +ap,%, +...+a,X, =0

[

EanXl +(az — X, +... +ay,X, =0

o

%nlxl X, t... 7t (ann - )\)Xn =0
B matpuuHoii popme 3Ta cuctema mpuMeT BHT

(A-AE) x=0. (4)

Jliist Toro uToObI cucTema (3) uMena HeHYJIEBOE pelieHrne, He0oOX0aUMO U J0CTa-

TOYHO, YTOOBI OIIPCACIINTCIIb €€ MATPHUIIbI PABHAJICA HYJIIO, TO CCTh

det (A — AE)=0. ©)

3)
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VYpaBHenue (5) Ha3bIBACTCS XApaKmepucmuuecKum ypagHenuem. 3aruiieM ero
JUTSI MaTPHULIBI BTOPOTO MOpSJIKa
a; - ap

8 A
JIJist MaTpuIbl TPETHETO MOPSIKA XapaKTEPUCTUUECKOE YpaBHEHHE OyleT Kyouue-
CKHM.
Kak uckamv coocmeennvie eekmopwi? Bnaualie peiiaeM XapakTEpUCTHUYECKOE
ypaBHEHHE U HAaXOAUM COOCTBEHHBIC 3HaUeHMs (WX He Oosbiie N). [l KaxIoro
COOCTBEHHOTO 3HAYCHHUSI A pEIIaeTCsl CUCTeMa OJHOPOAHBIX ypaBHEHUi (3) u Ha-
XOJIATCS COOCTBEHHBIE BEKTOPHI.
Ilpumep. Jluneitnas mooenb mexcoyHapoOHoil be30ehuyumHnoil mop2oenu.
PaccMoTpuM N cTpaH, OFOIKETBI X; X, , X3,..., X, KOTOPBIX TPATATCA Ha 3aKyIKY TO-

=X —(ay tay) A +aay, —a,a, = 0.

Bapa JIpyr y apyra (1 y caMmux ce0s B TOM YHUCIIE).
ITyctb &;— monst Oro/uKeTa X;, KOTOpPBIid TpaTUTCs J-# cTpaHOi Ha 3aKyIKy TOBa-

pay i-it crpansl. Torma

q; ta, t..ta,; =1 (6)
HNmeem matpuity
Bill Qo ... Gy H
A= [Ao1 8 ... @[]
[ [

%ﬂl an2 annﬁ

KOTOpasl HA3bIBAETCS CMPYKMYPHOU MAmpuyel mopeosiu.
JInst i-i cTpaHbl BBIpYYKa OT TOPTOBJIM PAaBHSACTCA P, = &% +...+ 8, X, .
be3neguuuTHas TOProwis O3HA4YaeT, 4TO JUIsl KaKIJOW CTpaHbl €€ BbIpydKa He
MEHbIIIe OI0/[)KEeTa WK
a X ta,X, +..+a,X, =X, =1...,n. (7)
[TokaxkeM, 4TO, Ha CaMOM JieJie, B COOTHOIIEHUsX (7) CTOSIT paBEHCTBA.

[Ipenmonoxum, 4To XOTs OB B OTHOM U3 3TUX COOTHOILIEHUN CTOUT CTPOroe Hepa-
BeHCTBO. [Ipocymmupyem Bce 3tu HepaBeHcTBa. [lomyuum

Xy Xy he KXy H8y Xy HpXy . Xyt T8y X HALX, Tt aX, >

>X, o+ X,
Otcrona, ucnoiib3ys cCooTHoleHue (6), MOJIy4HSId POTUBOPEUHE
X+t X, SX X
Taxum o6pa3omM, uMeeM paBeHCTBA
Eallxl tapX, totapX, =X

EB‘Zle TaX, Tty X, =X,

i AX=X.
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Bv160oo. UToObI Tipu 3a1aHHON CTPYKTYpPHOUM MaTpuile ObliIa BO3MOXKHA Oe3nedu-
IIUTHAs] TOPTOBJIs, HEOOXOAUMO, YTOOBI eIMHHUIIA OblJIa COOCTBEHHBIM 3HAUCHUEM
ATOW MAaTpHIlBl, a OIOKETHl cTpaH 00pa30BBIBAIM COOCTBEHHBIN BEKTOpP, OTBE-
Yarommii COOCTBEHHOMY 3HaYEHHIO, PABHOMY €IMHHMIIC.

Ceoiicmea codcmeeHHbIX 6eKMOPOE

Teopema. MHOXeCTBO COOCTBEHHBIX BEKTOPOB, OTBEUAIOIIUX OJHOMY U TOMY K€
COOCTBEHHOMY 3HAYCHHIOA, BMECTE C HYJIEBBIM BEKTOPOM OOpa3yeT JHMHEHHOe
npocTpaHcTBO B R" .

Hoxazamenvcmeo. [lycte AQ; = AP, ,i =1,2. Bo3pmem mio0Obie uncna a,b. Torma

Ay, +bli,) = A(als,) + A(bW,) = a(Al),) +b(AT,) = aAl; + bAT, = A(ag, +bl,).
Teopema. Ilyctp uncnal, (i =1,...,K) SBIsAIOTCS pa3nmUUHBIMH COOCTBEHHBIMH 3HA-
YeHUSIMH MaTpHilbl. Torna coOCTBeHHbIE BEKTOPhI {J;, OTBEUAIOIINE ITHM COOCT-

BCHHBIM 3HAUCHUSM, SIBJISIOTCS JJUHEHMHO HE3aBUCHMBIMU.

Jlokazamenvcmeo NpoBeAEM IS Ciiydyas JBYX Pa3IMUHBIX COOCTBEHHBIX 3Haye-
HUM. JlomycTUM, 94TO OTBEUAIOIIUE UM COOCTBEHHBIE BEKTOPHI SBJISIOTCS JTUHEHHO
3aBHCHMBIMH. TOra CyIecTByeT HeHyJIeBOM HAOOp uncen a,b TaKkoi, 4To

ay, +b; 00 A@l, +blz 00 a(Ali)+b(As 00 ahg, +b, T, =0. (8)
W3 nepBoro paBeHcTBa MOJIy4HUM, 4TO JJ; = —gtﬂz. [ToxcraBuM 3TO COOTHOLIEHUE

B mocnenHee paBeHCTBO  (8). [lomyuyuM  mPOTHMBOPEUHMBOE  PABEHCTBO

b(A, =A)@, =0.

Pewienue nuneiinvix cucmem euoa

X = A%, k=123,..; X, 0OR"; A-nocmosaunas mampuya. (9)
[Ipu 3amanHOM Ha4yaIbHOM 3HAYCHHH X, pemieHue cuctemsl (9) 3amuchiBaeTcs B
BUJIE

X, = A%y, k=123.. . (10)

OpHako BBIYMCICHWE CTENEHEH MaTpHIIbl SBISCTCS TpydoeMKou pabdotoit. Uc-
MOJIB3YsI TIOHSATUE COOCTBEHHOTO BeKTOpa, (hopmyisl (10) MokHO 3amucaTh B Ipy-
TOM BUJIE.

Paccmotpum ciywall, korja martpuiia UMEET N pa3iIuyHbIX COOCTBEHHBIX
3HA4YeHUH A;, KaXI0MY M3 KOTOPbIX OTBe4aeT coOCTBeHHBIH BekTop ;. CormnacHo

npenblayIeld TeopeMe 3T COOCTBEHHBIE BEKTOPHI SBIIAIOTCS JTUHEHHO HE3aBHCH-

mbivu. ClieioBarensHo, oHu 00pasyroT 6asuc B R". 3HaumTt, 118 KaXIoro BEKTO-
pa (10) BepHO pazioxeHHe

X, =c0g +cy, +..+c¥p,; el .. cWOR. (11)
[MoncraBum opmyiy (11) B cuctemy (9) u mpupaBHsieM KO3 PHUIUEHTHI TPH BEK-
topax ;. [lomyunm

(k) — (k) A(k+D) — (k) (k+) (k) (K) = AKRO)  A(K) — 3k ~(0) (k) — \k ~(0)
Cl _)\1Cl ’C2 _)\ZCZ ""’Cn =\ nCn Dcl _Alcl ’CZ _)\ZCZ 1"'1Cn _)\nCn .
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[ToncraBum 311 yrcina B popmyiy (11). Bynem umers

X =N c)w, + Ny N, + o+ A D, (12

© O O
¢y, ...,c

Ywucna Cl 2 HaxXoIATCA U3 Ha4YaJIbHBIX YCJIOBI/Iﬁ

- _.(0 0 0

Xo —C{ )T-Fﬁ +C§) g, + .. +Cr(1 )an- (13)
IIpumep. TlycTh B MOMEHT BpEMEHU t, Cpenusis 3apaboTaHHas IUiaTa paBHa X, , a
cpennsis nena — Y, . Toraa cpeanuil )KU3HEHHBIH YPOBEHb MOYKHO XapaKTEpH30-

BaTh YUCIIOM Z, = a3 (cpemHee KONMMYECTBO TOBApOB M YCIYT, KOTOPOE MOXKHO
Yk

nproOpecT Ha CPEeTHIOK 3apab0TaHHYIO IUIATy). bynem cumrtaTh, Y4TO MPOILEHT-

HBI MPUPOCT CpenHer 3apab0TaHHOM MIaThl OOPATHO MPOMOPLUOHANIEH MOKa3a-

TEJI0 CPEIHEro YKU3HEHHOI'O YpPOBHS, a IPOLEHTHBIM NPUPOCT CPEAHEH LIEHBI

OpsIMO TPOMOPLMOHAIEH MOKa3aTeNI0 CPETHEro >KU3HEHHOTO ypoBHA. Toraa Oy-

JIEM UMETh

Ko =X _ ¢ +E, Y ~ Yk

==L =c+bz; f,a.cb-neompuyamevnvieuucna.
Xy 4 Yk
Ortcroz1a nojiyuyum
X =@+ F)x +a vy,
Yo = B X +@+0)Yy.
3amnuiieM XapakTepUCTHUECKOE YPAaBHEHHE
1+ f=A a
=1+f -AN@Q+c—-A)-ab=0.
b 1+c—-A
Ortcroia HaX0IUM COOCTBEHHBIC 3HAYCHUS
(f +¢) =4/(f —c)> +4ab

2
[Tonyunnu cimydait AByX pa3IMuHbIX COOCTBEHHBIX 3HaUeHUU. 13 ypaBHEHMI

HaxXoaIuM COOCTBECHHEIC BCKTOPbI

A, =1+

I 1o
tlji = )\i -1-f | :1’2
5 a0
dopmyna (12) npumer Bu
X = CA7 +C\Y
VTS LR S BT el B
a a
BrIsicHuM n3MeHeHHe oKa3aTess )KU3HEHHOro YpoBHs. Mmeem

A2y
C, +C(—
X, 1 2()\1)

Y (0 1= ) + ey (hy —1- f)(iz)k

1
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Hanee,

1 2
a

_1_f 2 )
AM-1-f  —f +c+(f —c)? +4ab
Takum O6pa30M, MMPEACIbHOC 3HAYCHUC MMOKA3aTCIIA ) KU3HCHHOI'O YPOBHA HC 3aBU-
CUT OT HayaJIbHbIX 3HAUYCHUM Cp€aHux Sapa60TaHHOI>'I IIJ1aTHI U IICHBI.
3ameuanue. Mbl NCIIOIB30BAIN TTOHATHE npeacia 17 (0 (0):10)7 IIOCJIEA0OBATCIBbHOCTHU
z, . CTporoe onpejiesieHHe ¥ NMPaBUIIa BEIYUCIIEHHUS NIPEIETOB OYIyT U3JI0KEHBI B

A

1

<10 z, - a

CIICIYIOLIEU TEME.

Tema 10
YUCJIOBBIE NHOCJIEJAOBATEJBHOCTU

Ilpumep (naytuHOOOpa3Hasi MOIETh OOpa30BaHUs IIEHBI HA PBIHKE). MeXITy cIipo-
COM U MpPEMJIOKEHWEM Ha PbhIHKE Ha JaHHBIA BHUJ TOBapa CYIIECTBYET 3aBHCH-
MOCTb, KOTOpas OIpenessieTcs] KPUBBIMH CHpoca U MpenioxkeHus. PaccMorpum
CIly4ai JIMHEUHBIX 3aBUCUMOCTEHN

p =-aq +b-«pusas cnpoca; a >0, b >0-congt,

p = Aq + B — kpusas npeonoscenus; A >0,B >0-const.
KpuBas cipoca yka3pIBaeT KOJUYECTBO TOBapa (, KOTOPOE TOTOBBI 3aKyMUTh I10-
TpeOuTenu 1o 1eHe P. Kpuas npeioxenus onpeaenser KoJIndecTBo ToBapa P,
KOTOPOE TOTOBBI MOCTABUTH HA PHIHOK MPOU3BOAUTENH 110 3aJaHHOH IIeHE (.

Beenem BpemMeHHYIO €IMHMILY, XapaKTEPHYIO Ui JaHHOro tosapa. Ilycts mpous-
BOJIMTEJIN TOBapa OLICHWBAIOT YPOBEHb MOTPEOHOCTH Ok B TOBApPE HA PHIHKE B MO-

MEHT BpeMEHH {, 10 LleHe P,,_;, CIOKUBIIEHCS Ha PhIHKE B MOMEHT BPEMEHU t, ;.

Torma
pn—l B
= A BUOg =———-——.
pn T q;]- q A A
DTO KOJIMYECTBO TOBAapa MOTPEOUTETN TOTOBBI 3aKYIUTh 1O LIEHE
a aB +bA
ps— ag+ b0 p,=ap,, +B a :_K’ B:T-

Brerancnnm neny p,, B sBHOM BHze. Mmeem

P =ap, B P, =0(opy +B +B=0’py +(A+DB,...,p, =a" Py +(0 +a"F ++a+D)B

HpI/I YBCJIMYCHHUHN YHCJIa N K OECKOHEYHOCTH [oJiydyacM 4uciosyro nocneoosa-

MenbHOCHb
a,=a,a,=0’a=0a°..,a =a",..,
a TaK ke OECKOHEUHYI0 CyMMY
l+o+a’+a’+a*+..+a" +...,

KOTOpas Ha3bIBACTCA YUC/IO6bIM pﬂOOM.
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[Tepeiinem K U3y4E€HHUIO YUCIOBBIX MOCIEI0BATEILHOCTEH.
Ecnu kaxnomy 3Hauenuro n=1,2,3... IOCTaBJIEHO B COOTBETCTBHE JCHCTBUTEIIb-
HOE€ YHUCJIO @, , TO FOBOPSAT, UTO 3aJaHa YuclI08as nociedosamenbHocms. Yucno

a, HAa3bIBACTCS 00OWUM YTIeHOM YUCT0B0U NOCIe008amelbHOCHU, a cama IoCIe-
JOoBaTeIbHOCTH 0003HavaeTcs { &, } wim npocro a, .

Ilpeoden uucnoesoit nocaedosamenvHocmu

Onpeodenenue. Ynucino A Ha3pIBaeTCsl MPEACIOM YHCIOBOW MOCIENOBATEILHOCTH
{a,}, ecnu ans mob6oro umcna €>0 cymectByer Homep N =N(€) Takoi, 4To

| &, — Al <& mns Bcex N>N . (1)

Hpumep PaCCMOTpI/IM YUCJIOBYIO MMOCICA0BATCIbHOCTD a.n = N IIOKaKCM, 4TO

S5

unciio A=0 siBrsiercs ee mpezaeaom. Bosemem [l€ > 0.

Ms1 nospkHBI yka3aTh Homep N, 3aBuCAIMi OT £, TaKoi, YTOOBI HEPaBEHCTBO
1

— =0
n

< £ BRINOJIHIIOCH I BceX N >N, To ectb — < € g Bcex N>N.

la, =4 =
n

Bo3pmem N = %E+1 ;e [a] o3HayaeT 1enyro 4acTh Yncia a.

Torna, ecmu n>N U n >1 O 1 <E.
€ n

['eomerpuueckas uatepnpetanus yciaosus (1).
Hepasencmeso |an —A| <€ = 4-g<a,<A4+e < a, D(A - A+ s) (cm. puc.)

A-¢€ A a A+¢

n

Otcrona nomy4uM 3KBUBAJIEHTHOE OIIPEEICHHE IIpeiena.

Yuciio A Ha3pIBaeTCsl MpeaeioM YHCJI0BOI MOcjie10BaTeIbLHOCTH { &, }, ecnn

s moboro € >0 cymectByer Homep N=N( &) Takoii, 4To BCe WieHbI MOCIIEI0BA-
TenpHOCTH { @, }, HaunHas ¢ HoMmepa N, conmepxarcsi B UHTEpBae (A —g A+¢g )

Hpyrumu cioBamu, 4ucio A Ha3bIBAETCS MPEIEIOM YMCIOBOM MOCIE0BATENBHO-
ctd, eciu u1st modoro € >0 BHe nHTepBana (A—¢€, A+€) MOXET HaXOAUTHCS HE

0oJiee, YeM KOHEUYHOE YHCJIO YWIEHOB MOCJIEI0BATEIILHOCTH.
Ilpumep. PaccmoTpuM cieayromlyo nocieaosarenabHocts 1,-1, 1,-1, 1,-1...

n o
Wi a, = (— 1) . [ToxaxkeM, 4TO y 3TO¥ TOCIIEIOBATEIIFHOCTH HET TIpe/iea.
B camom gene, BozbMeM unciio € >0 Takoe, 4TOObI UHTEPBAIbI (—1 -g-1+ 8)
U (1— gl+e ) HEe TepeceKkanuch. Toraa B KaXI0M U3 3THUX UHTEPBAJIOB COJIEP-

J)KUTCA OECKOHEYHOE YHMCJIO WICHOB HociienoBarebHocTh. ClienoBaTenbHo, Yucia
1 u —1 He MOTyT OBITh TIPE/ICIaMH JAaHHOW YHUCIIOBOM IMOCJIEAOBATEILHOCTH. AHa-
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JIOTUYHO IIOKa3bIBAC€TCsA, UTO U 11000¢e APYyroc 4ucjio HE MOKET OBITH npeaciomMm
ATOM YMCJIOBOU IMoCJaca0BaTCIbHOCTH.

Teopema (0 eduncmeennocmu npeodena). Ecnu yucioBas mociieJ0BaTeIbHOCTD
UMEET MpeJIesl, TO 3TOT Mpeei €AMHCTBEHEH.
Jlokazamenvcmeo. IlpennonoxumM, 4To IociaeaoBaTelbHOCTh {a,} HMMeeT 1Ba

npenena A<B.Bossmem uncio € > 0 gocTaToyHO Majgoe TaK, 4TOOBI
A-€ A A+E B-€ B B+¢&

B-4
A+E< B-€&€ = SZT. Torpa, HaumHasg c kKakoro-to Homepa N;, Bce

a, D(A -¢& A4 +€) U, HauMHas ¢ Kakoro-to Homepa N,, Bce a, D(B -& B +s).
CrnenosarenbHoO, npu n > Max(Nl; N2) Ka)XJ0€ U3 YHCENl @, NOJDKHO IIPUHAJJIe-
KaTh JIBYM HeTepeceKaronMcs naTepBaiaM. [lomyunnu npoTuBopedue.

Oobo3nauenue npeoena
lima,=4 wm a, - A.

n-oo

1
3ameuanue. Umeem lim==0.
n - oo n

3ameuanue. Ecnu nocnaeoBaTeIbHOCTh UMEET MPEAe, TO OHA Ha3bIBACTCS CX0-
oauwericA.

OueHnounblil npU3HAK CYUuLecme06anus npedend
[TycTh 3aaHBI TPU YHCIOBBIX MOCIENOBATENBHOCTH &, ,D,,C, Takue, 9To BbI-

IOJHEHBI CICAYIOIIUE YCIOBUSI:
1. a, <b, <c,npu Bcex N, HauMHAsA C KAKOTO-TO HOMEPA.

2.a, -4, ¢, - A.
Torma b, —» A.

Jlokazamenvcmeo. BoszbmeM moboe €>0 . Torga, HauMHasg ¢ KaKOro-To HOMEPA,
BCE YHCIa &, U C, OyAyT HaXomuThcs B MHTEpBaie (4-E,4A+&). Ilo ycnosuro 1,

HAYMHAs C ATOr0 HOMEpa, Bce uncia b, OyayT HaxomuThCs B 3TOM WHTEpBajie. ITo
O3Havaer, 4to b, - A.

3ameuanue. Jta TEOPEMA HAZBIBACTCS KTEOPEMOM O IBYX MHJIMLIHOHEPAX».

Ilpumep. Ilycte k = 2,3.... Torma O <ik <1. Tax kak 1 - 0, 10, cormacHo

n n n

npeasitynien teopeme, —- — 0.
n
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1
Ilpumep. Tlokaxem, uto — — 0. B camom niene, npu N =1,2,... BEINOJIHEHO HEpa-
2n

1 1
BeHCTBO 0 < — < H Jlanee mpuMeHsieM MPeAbIIYITYI0 TEOPEMY.
Ynpasicnenue . 1loxazate, 4yTo ecinu |an| - 0,10 @, - 0.
1
Ipumep. Tycts |oj<l. Torma a" - 0. B camom gerne, |o|"<= mpu
n

r 10 Ja|" - 0.
3ameuanue. Eciiy 4ncioBas MocCjie10BaATEIbHOCTh IIPUHUMACT OAHO U TO KC 3HA-
YECHHUE a, TO €€ NPECAC U €CTh CaMO 3TO 3HAYCHHUE a.

Ynpasicnenue. 1lokazath, 4TO U3MEHEHUE KOHEUHOI'O YMCIIA YJIEHOB IOCJIEI0BA-
TEJILHOCTH HE BIIUSCT Ha 3HAUCHHE ee mpejiena (€CliM OH CYIIeCTBYET).

Teopema o npedene cymmul, pazHocmu, RPOU36e0eHUA U YACMHO20 08YX YUCTI0-
éblx nociedosamenvhocmeit. Ilycts a, — A /b, —» B. Torma ux cymma, pas-

HOCTb, IPOU3BEICHUE UMEIOT MPEAEIIbl U
(a,tb,) - AxB; (a,b,) - AB.
Ecmu b, #0 u B# 0, 10 cymecTByeT npenen 4acTHOTO U
a, A

b, B
/lokazamenvcmeo mipoBeneM ansi cymmbl. Bospmem mro6oe uucio€>0. Toraa

€
cymectByror Homepa N;,N, Takume, 4ro |an —N <E g ao0six N2 Nju

€
|bn —B| < > st moobix N> N,. CrnenoBarensho, ipu N =N = max(N;;N,) Oy-
IYT BBIIIOJHEHBI 00a STHX HepaBeHCTBA. I103TOMY

(@, ,) A +B)| 3 (a, -A) +b, -B)| <[a, -4 +|o, —B|<§+—Z:s . On=N.

3ameuanue. Ilycts a, — A, a C—uucno. Torna (ca,) — CA.
Hoxazamenvcmeo. BozbMeM b, = C 1 npuMeHNM peapIIynIyo TeOpemy.

OnpeOeﬂeHue. Yucnosas IIOCJICA0BATCIIBHOCTD an Ha3bIBACTCA OZPaHulleHHOﬁ

ceéepxy (cuu3y), ecnu cymectByeT unciao C Takoe, 4To Ui 1H000r0 HOMEpA 7 BbI-
II0JIHEHO HepaBeHCeTBO &, < C (a, 2 C).

Ecnun nocienoBarenbHOCTh OrpaHUdeHa KaK CBEPXY, TaK U CHU3Y, TO OHA Ha3bIBa-
€TCs 0ZPAHUYEHHOU.

Ilpumep. az 1 [J O<a,<1.
n

o1



Teopema. Besikasi cxonsmasicst OCIeI0BATEBHOCTD SBISICTCS OTPaHUICHHOM.
Hokazamenvcmeo. llycts a, — A. 3apukcupyem uncio £>0 . Torna, HauuHas ¢
HekoToporo HoMepa N, BBIOJTHSAETCS HepaBeHCTBo| a, — A | <egl |an| S|A| +€.
Jlanmee, UIsl OCTABIIMXCSI WICHOB MocienoBaTensHocTd pu N=12,...,N BbImon-
HEHO HEPaBEHCTBO |an|< max (a,,a,,...,ay) = K. CrenoBarenbHo, 4nciIOBas 110-
CJIEIOBATENILHOCTh OTPaHUYEHA YHCIIOM
C = max( |A +¢, K).
3ameuanue. O6paTHOE YTBEPKICHUE HE BEPHO, a UMEHHO, HE BCSIKasi OTpaHUYCH-

Hasl IOCJIEIOBATEIbHOCTh UMEET Tpeen. B kauecTBe mpuMepa MOKHO B3SITh paHee
pPacCMOTPEHHYIO moclieioBaresbHocTs 1, -1, 1, -1,... .

Onpeodenenue. 1locnenoBatenbHOCTh &, HA3bIBACTCA Go3pacmaroweti (yovleaio-
weti), €CIU JUIsl BCEX /1 BBIIIOJHEHO HEPABEHCTBO a,,; = &,

(8,4 < a,). Bo3pacraromue u yObIBaromue MOCIEAOBATEILHOCTH HA3bIBAIOTCS
MOHOTOHHBIMH.

Teopema (0 npedene MOHOMOHHOU 0ZPAHUYEHHOU nOCIe008amenbHocmu). Bes-
Kasi Bo3pactaromias (yObIBaroias) orpaHMYeHHas CBepXy (CHH3Y) YHCIIOBas II0O-
CJIEI0BATEIBbHOCTh UMEET MPEIE.

Jokazamenvcmeo. PaccMOTpUM cilydall BO3pacTaroIlled, OTPAaHUYEHHOU CBEPXY
MOCJIEIOBATEIBHOCTU. TOr/1a YHCIOBOE MHOKECTBO, COCTOSIIIEE U3 3HAUCHHI BCEX
YJICHOB MOCEA0BATEIbHOCTH, OTpaHu4YeHO cBepxy. Cie10BaTeNbHO, Y HETO CyIlle-
CTBYET TOYHAs BEpXHssA IpaHb, KOTOpPYo o0o3HauumM uepe3 A.U3 onpenenenus

TOYHOM BEpXHEH I'paHM CIEQyeT, 4To Bce a, < A u ais modoro uncia € 0 cymie-
crByeT HoMep N Takoi, uto a, > A— £ . Tak Kak Mmociue10BaTeabHOCTh BO3pacTa-
er, To A=2a, =a,,,>A—- ¢ npu Bcex N>N. Takum oOpa3oM, s >0 N,
uyro |a,—A| <& s O n > N. D10 o3Hauaer, 4to yncio A sBISETCS MPEACIOM
paccMaTpuBaeMoil TIOCIIeIOBATEIHLHOCTH.

OnHako U3 BCAKOW OTPaHMYEHHOM IMOCIEA0BATEILHOCTH MOXKHO BBIACIHUTH
CXOJISIIITYIOCS TTOATOCIIEI0BATEIHLHOCTD.

Teopema. V13 BCAKON OrpaHUYCHHOM MOCIEAOBATEIIBHOCTA MOXKHO BBIIEIUTH CXO-
JSIITYIOCS ITOAIIOCIIEA0BATEIbHOCTb.

Joxkazamenvcmeo. W3 orpanmueHHocTH cienyer, uro a, 0O[AB] , rme
A=-C,B=C. Pa3genum OTpe30K [A, B] nornoJjiaMm. Torga B OJHOM U3 OTPE3KOB

0, A+B0O A+B 0O
a&— 150701 ,B comepxKHUTCsT OECKOHEYHOE YHCIIO YJIEHOB MOCIE0BA-
2 H H2 "H

TenabHOCTH. [1ycTh 3TO mepBbIil oTpe3ok. O003HaYUM
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A=ABl=A;B

pe3ke [Al,Bl].Torna
A<A <a, <B, <B, Bl—A&=B%A\.

AHaNOrUYHYI0 IPOLEyPy IPUMEHUM K OTPE3KY [AL, Bl] , ¥ TaK Jajnee.

141 anl HCpBbﬁiQHCH HOCH@HOB&TCHBHOCTH,COHGpXﬁHHHﬁCHISOT-

B pesynbrare momyduM nocieoBaTenbHOCTH
B-A
AsA <. sA <.=.sB =<..<B <B, B -A=——, A=<a, <B,.
2

[TocnenoBarensHOCTh A, (B,) orpanmuena cBepxy ( CHH3Y) U BO3pacTaer

( yosiBaer). [ToaToMy y HEX CYIIECTBYIOT Ipenebl. Tak Kak

B-A
B ~A =— - 0,

2
TO 3T TIOCJICAOBATEIBHOCTH UMEIOT OJIMH U TOT ke mpesei. [1o oreHouHOMY mpu-
3HAKY CXOJMMOCTH ITOT K€ IPEET UMEET MOANOCIIEI0BATENLHOCTD &,

Yucno e. PaccMOTpuM 3a7a4y O HENPEPHIBHOM HAYMCIEHUH MPOLEHTOB MO BKJIA-
ny. llpenmonoxkuM, 9To OAuH pyOJIb TOJIOKIIIA TIOJI CTO MPOIIEHTOB TOJOBBIX B
O0ank. Hauucnenne nporeHToB MpOou3BOAUTCS CIeayomuM oopa3zom. Bechk rox ne-
JUTCA HA N PaBHBIX MPOMEKYTKOB BPEMEHH, MO UCTEYEHUHU KAXKIOTO U3 KOTOPBIX
HAYUCIISIIOTCS MPOLEHTHl OT UMEIOILIEHCS] HAa cueTe CyMMbl. JleHbru co cuera He
cHuMaroTcs. Torma yepe3 MepBbId MPOMEXKYTOK BpEMEHH OyleM UMETh CyMMY

1
1+= . Yepes BTOPOi NPOMEKYTOK IIOTYIHM CYMMY
n
1 1.1 1
1+=+(1+=) = =(1+ )2,
n nn n
1
Ioce k-ro mpomexyTka BpeMenn Oyaer cymma, pasaas (1 +—=)%. ITo ncreuenun
n

1
rojga Ha cuere Oyzmer cymma, pasHas (1+=)". ITokaxeM, 4TO YUCIOBAS IOCIENO-
n

BATCJIBbHOCTDb
1 n
an=B-+7H
0 nQ

BO3pAcTaeT U OrpaHuyueHa cBepxy uuciaom 3. Toraa mo mpeablaylield Teopeme y
Hee CYILECTBYET Npeiell, 3HaYeHUE KOTOPOTo 0fo3Hauaemcsa OyKBOH e , TO €CTh

im3+ 10 =e e=2718. ©)
naoolj nl:l

[Ipu nokazarenscTBe UcHob3yeTcst popMyna OuHoma HeroToHa:
~1[n-2]..[n—-k+
nin ~1[n i]l [n-k+1] v+ Yy, 3

(A+y)"=l+ny+..+
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3ameuanue. 3anucey m! obo3nauaer npousseneHue M(M-1)(M-2)...2[0 u guraercs
M ¢paxmopuanos. Takum obpazom, 11=1, 2! = 2, 3! = 6. [Tonararot, uto O! = 1.

Ynpasxicnenue. nnykueit o yuciay N gpokasate Gopmyny (3).

[Tonoxum B popmyie (3) y = 1 . bBynem umets
n

a, =@+ 1)”=1 +1 +1[1 —1] +... +1[1_1][1_Z]__[1_E] +... +1[1—1]...[E].
n 2 n k! n n n n! n n

Pacriumiem sty Gopmyny ans N+1.Yucno cnaraembix yBenuuutcs. [Ipu 3amene
yycia N Ha 4uciio N+1COMHOXKUTEIN YBEIMYUBAIOTCS, TOCKOJIBKY

k k
1-—— =1-—. Takum oOpa3zom, a,,; =a,.
n+1 n
[TokaxkeM, 4YTO TOCIIEOBATEIBHOCTh OrpaHMuYEHa cBepxy uucioM 3. Mmeem

a,<2 +% +...+%+...+ll. Tax kak k! =k(k -1)(k-2)..1 =2 10 mmeem
! n

_ n+l
HEPaBEHCTBO 4, <2 +l +— .. +i_l =1+ﬂ33
2 2 2" (05)

Tema 11
YNUCJIOBBIE Ps/1bI

ITpumep. PaccMoTprM OECKOHEUHBIC CYMMBI
1 1 1
1+= +=+..+ =+ (1)
2 n
1+q+q +..+gq" " +.... 2)
B oOmiem ciydvae, 3aaHa 4rcIOBas MOCIENOBATENBHOCT &, . Yucnoevim paoom
Ha3bIBaeTCsl OECKOHEUHAst CyMMa
a, ta, +tag +...+a, +... . (3)

OO 4IeH MOoCIe10BaTEIbHOCTH &, HA3bIBAETCS OOIMM WIEHOM psija.

Ilpumep. B psne (1) obmmii uneH 3amaercs (Hopmyson a 15 pane (2) —
n
a,=q"".

Jlpyras 3anuch 4dCIIOBOTO psjia z a, .
n=1
Yacmnoii cymmoit paoa (3) Ha3bIBaETCA KOHEUHAsI CyMMa
S, = +a, +...+a,.
IlIpumep. PaccmoTpuM psif (2) ¥ BBIYUCIUM €r0 YaCTHBIE CYMMBbI:
S oo & £ ¢ 299 49 g g7 A" l+g+g’ +.+d") =

1 g™ 9§ 0@-9S, =1-q".



CnenosarensHo, ecin #1, To S, = 179 . Ilpu ¢ 10 S, =n. Takum oOpa-
-q
30M,
H n, npu g=1
= -q" : 4
Sh=0 1-9 , npu g1 )

3ameuanue. Psp (2) Ha3pIBACTCS PSIIOM F€OMETPUUYECKON TIPOTPECCHUH.
Takum oOpa3zoM, ¢ YUCIOBBIM pssioM (3) CBsi3aHa YMUCIOBAasE IOCIEI0BATEIbHOCTh
€ro YaCTHBIX CYMM.
Psin (3) Ha3pIBaeTCS cX00AUUMCA, €CTTU CYIIIECTBYET
limS, =S.
7o
o
3Ha4CHHE DTOTO MPE/IeNia Ha3bIBACTCS CYMMOIUL pada 1 0003Ha4aeTCs ) a, = S.
n=1
Ecnu mocienoBatenbHOCTh YaCTHBIX CYMM HE MMEET Mpejesia, TO psijl Ha3bl-
BACTCA PACX0O0AUUMCA.
Ilpumep. PaccMOTpUM P TEOMETPUYECKOM MTPOTPECCUM U BBIICHUM, IPU KAKUX
3HAYEHUSIX (OH CXOJUTCS, a MPU KaKUX — PACXOIUTCS.
N3 dbopmyisl (4) crnemyert, 4To
1
imS, =0 1-q
"= Bie cywecmeyem, eciu |q| >1.

, €CJZu|C|| <]

Takum oGpazom, npu |q| <1 psan reomerpuueckoi nporpeccuu pacxoautcs. [Ipu

|q| <1 3TOT psin cxoAUTCS U

Ilpumep (ycTanoBjeHHUE IICHBI HA PhIHKE). Panee Obuta momydyeHa dpopmyna

N ke a aB +DbA
=q" + akl’ a=—-—, =,
Py Po Bé_ A B A

[TosTOoMy, ipH |O( | = %< 1 Oynem umeThb

an_)o iak_l—)im p —>B 1 =aB+bA-
4 1- o n 1-a A+a

Teopema (Heodx00umblii NPUHAK CXOOUMOCHIU YUCT08020 PAOQ).
Ecnu psn (3) cxoaures, To ero o0l 4jieH CTPEMHUTCS K HYJIO, TO €CTh

a, - 0. 5)
Hokazamenvscmeo. Imeem a, =(S, -S,;) - S—-S=0.
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. > n+l
Ilpumep. CXOquTCS M YACTIOBOU PSITT z ?

n=1 n + 2 .
Omeem. Pacxonurcs. B camom nere,
1
+
n+1 1 n
n+2 4.,
n

3ameuanue. VI3 Toro, 4TO OOIIMIA YWIEH CTPEMUTCS K HYIIO, HE CIEIYyeT, BOOOIIE
TOBOPSI, CXOJUMOCTb Psijia.
Ilpumep. Paccmotpum psifa (1), KOTOPBIA HA3BIBACTCA 2APMOHUYECKUM pSOOM. Y

HEero o0mui 4jaeH — cTpeMutcs K Hymto. [lokaxkeM, 4To, OJTHAKO, PSAI PACXOIAUT-
n

CA. PaCCMOTpI/IM YaCTHBIC CYMMbI C YCTHBIMHU HOMCPaAMU

1 1 1 1 1 1
=SI+HE A ) (),
S (2 3 4) (k K+1 2k)
Nmeem
1 1 1 1 1 i+1 1
e T S e )
i i+l 2 2 2 2 2

Takum o0pa3zom, yacTHasg cymMMa S,, MOXET ObITh CJlieJaHa CKOJIb YTOJHO OO0JIb-
IOW. 3HAYHUT, PSIJI PACXOIUTCA.

Paccmortpum aBa psna:
(4) a, ta, tag +... +a, ta ., +...+a, +...,
(4% @& +a, +ag +..+a, +a. +..+ta, +...
DT 1Ba psAa OTIAMYAKOTCSA APYT OT APYTa TOJIBKO KOHEYHBIM YUCJIOM YJIEHOB.

Teopema. Ecnu cxoautcs psf (4), To cxoautes v psn (A*), 1 Hao00poT.
Jlokazamenvcmeo. Ilpu N> K

. k .
S= SM+ ¢ & > (a,— a,*% const [ {Sr'f} —cxooumcesl < {Sr']A } — cxooumcsi .
B

Bosbmem unciio b # 0 u paccmorpum psig

(B) ba, +ba, +ba; +...+ba, +....
Teopema. Psin (B) cxonutcst Toraa v TOJIBKO TOT/Ia, KOTAA CXOTUTCS psf (A4).
Hokazamenvcmeo. veem

St bsStkE 0O {Sr?} = cx00umcst c»{ S,} — CX00Umcsi .
Hpyrumu cioBamMu, U3MEHEHHE KOHEYHOTO YHMCIIA CJIaraeMbIX B PsJE, a TAKKE YM-
HOKEHME BCEX YJICHOB Psijia Ha YHUCIIO, OTIMYHOE OT HYJIS, HE BJIEYET UBMEHEHUI B
CXOAMMOCTH psJia.
Psn (3) Ha3biBaeTCs abCONIOMHO CXO0AMUMCA, €CTTU CXOTUTCA Psifl, COCTABIICH-
HBIW U3 €r0 MOYJIEN
lay| Ha,| +lag| ... +|a| +... . (6)
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Teopema (0Oe3 noxaszatenbcTBa). Beskuil aOCOMIOTHO CXOASIIMICS psAll SBIsSETCA
IIPOCTO CXOASIIUMCH.
Hpumep. Psan

CXOOUTCH, TaK KaK pAa

COCTaBJICHHBIN U3 MOJYJIEH €ro CjIaraéMblX, CXOJAUTCS.
Psin (6) siBnsieTcst psiioM, Y KOTOPOTO BCE CllaraeMble OOJIbILIE UM PABHBI HYIIO.

Paovi c HeompuyamenvnvimMu ciazaemvimu
PaccmoTpum psg
at a2+ agt .+ ai ..., a2 0,0Un=1. @)
VY Takux psA0B MOCIIENOBATEIBLHOCTh YaCTHBIX CYMM S, He yOBIBAaeT, MOCKOJIbKY
Sn+l = Sn + An+1 2 Sn'

Teopema (xpuTepHii CXOAMMOCTH YHCIIOBBIX PSAIOB C HEOTPUIATEILHBIMH ClIarae-
MbIMH). YHUCIIOBOHN psZl C HEOTPULATEIBHBIMHU ClIaraéMbIMU CXOAUTCS TOTJA U
TOJIKO TOT/a, KOT/Ia TMOCJIEI0BATEIbHOCTh €T0 YaCTHBIX CYMM OIpaHUYEHA CBEPXY
HEKOTOPBIM unciioMm C.

Jlokazamenvcmeo. Ilycts Bce S, <C. Ilo teopeme o mpexene HeyObIBarOIIEH

OTpaHUYEHHOW CBEPXY MOCIEI0BATENIBHOCTH S, — S. 3HAUYUT, psAJ CXOIUTCS.
IlycTh mocienoBaTeNbHOCTh YaCTHBIX CymMM S, — S. Torma ona orpaHnyeHa
CBEPXY.

Ouenounwliit NPU3HAK CXOOUMOCIU YUC068020 pAda. PaccMOTpuM J1Ba psia
(4) a, +a, +ta; +...+a, +...,
(B) b, +b, +by +...+Db, +...,

Y KOTOPBIX
& a< b,, On=1. (8

Teopema. Ecnu psn (B) cxoautcsi, To cxonutest u psf (A). Ecnu pan (4) pacxo-
JMTCS, TO pacXoauTcs u psin (B).

Jlokazamenvcmeo. 1lycts psn (B) cxogurcs. Ilo npeasiayiieir Teopeme Bce €ro
YacTHbIE CYMMBbI OTpaHUYEHbI CBEPXY HEKOTOPHIM unciioMm. M3 ycnosuii (8) nume-
eMS < S;. CnenoBareabHO, 3TUM K€ YUCIOM OTPAaHUYEHBI CBEPXY BCE YACTHbBIE
cymmbl psia (4). [lo npeasiaymieit Teopeme psif (4) CXoauTcs.

[Tycte psg (A) pacxomutcsa. Ecou Ov1 psan (B) cxomumics, TO CXOAWICS Obl U Psf
(A). 3nauut, psan (B) pacXoauTcs.

3ameuanue. Tak KaK W3MEHEHUE KOHEYHOTO YKCIIA YJICHOB PsI/Ia HE BIUAET HA €ro
CXOJIMMOCTh MJIU PACXOJIUMOCTh, TO MOKHO CUMTATh, YTO HEPABEHCTBO (&) BBINOJI-
HEeHO He Juist Bce n= 1, a nuist Beex n, HAaUMHASI C KAKOTO-TO HOMEpa.
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Teopema (Ilpusnax /lanamoepa). Ilycts B uucioBom psze (7)

a, >0, ﬂsq<1 Ea£+12q>1% On>1. 9)
n

n
Torna psin cxoautcs (pacxoauTcs).
Jlokazamenvcmeo niposenem ais ciaydas ( <1. iMeem HepaBeHCTBa
a, < 0ay, a; < ga, < q°ay,..,a, < q"ay,....
Paccmotpum psin
a,q +a,0° +a,q° +..+a,q" " +....

3TO psig TEOMETPUUECKON TPOrPECCHH, BCE WIEHBI KOTOPOTO0 YMHOXEHBI Ha YUCIIO
8, 7 0. OH cxogurcs, Tak kak 0<q<1. [lo npenpiaymei Teopeme CXOAUTCA U
paz (4).

3ameuanue. Taxk Kak M3MEHEHHE KOHEYHOTO YHCIIA YJICHOB Psi/ia HE BIUSIET HA €ro
CXOJIMMOCTh WJIM PACXOJUMOCTb, TO MOXHO CUUTATh YTO, YTO yciaoBuUA (9) BbINON-
HEHBI HE JJIs1 BCEX /1, HAUMHAS C TIEPBOTO, a JUI BCEX /1, HAUMHAS ¢ KAKOTO-TO HOMeEpa.

Ilpeodenvnwvtii npuznax /lanamoéepa. 11yctb, HauMHAs C KaKOro-TO0 HOMEpa, BCE
. a
a,, > O0u mycts cymectsyer lim—"1 = ¢. Torxa,
N - oo an
O ecau q <1, pso cxooumcs,
(10)
[ecau q >1, pao pacxooumcs.

Jlokazamenvcmeo. PaccmotpumM citydailt  <1. Bo3smem urcno <q < 1(cwm. puc.)

q q* !
Toma, HadYuHAaigd C KaKoro-T1o HOMCpa, 6yzlyT BBITTIOJIHATHCA HepaBeHCTBa
a *
~n+l < q <1.
a

n

o N
Ilpumep. Psn Z —- cxoaurcs. B camom gere,

n=1
. . +1)2" .
||mﬂ:||m%:||mla+15:1_
n- o an n- oo 2n+ n n-»ooZD nD 2

Teopema (npusnax cxooumocmu Kowu). I1yctb

a,20, ta< ¢ 1 [az ¢ 1) On>1. (12)
Torna psin cxoauTtcs (pacxomauTcs).
Jloxazamenvcmeo. Paccmotpum cinyuaii <1. Torma Bce a, < q". Tak kak psn

g +q2 +q3 +...+ qn +... CXOOUTCH, TO IO NPU3HAKY CXOJAMMOCTH CXOOUTCS U P

(4).
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3ameuanue. Teopema ocTaeTcsi CpaBeTuBoOM, eciu yciaoBus (11) BeIMONHSIOTCA
He JJig Bcex N=1, a s Bcex N, HAUMHAsA ¢ KAKOTO-TO HOMEDA.

Ilpeoenvnwii npusnaxk Kowwu. 1lycts, HauMHasg ¢ Kakoro-to Homepa, Bce a, =0

u cymectByet limy/a, = (. Toraa

n- oo

O ecau q <1, pso cxooumcs, (12)
Cecau q >1, psao pacxooumcs.
Joxazamenvcmeo. Paccmorpum citydait  <1. Bo3sMeMm umnciio q<q* <I. Torna,

*
HayWHas ¢ KAKOro-To HoMepa, Bce N/a, < <1.3Hauur, psa CXOAUTCS.

< n+1
Ilpumep. Psn Z BT]EI cxonures. B camoMm nerne,
n=1 n

1

1+

_n_=

rlll_To\/i_rl]I_,r?o n+1_r|1l_,o<>2+l 2
n

3ameuanue. B npenenvubix npusHakax [lanam6epa u Komm ciyqait g =1 tpeOyer
JAJBbHEUIIIETO UCCIEN0BAHNS.

Ilpumep. Y pacxopsuierocs rapMmoHuyeckoro psiga (1) @ _ N _ 11 1
a, n+l1 , 4
n
1
i 8., _(N-Jn_n’-n_ 1-
V psana Z OTHOILEHHE 1t = N, 1. ITokaxkeM, 9TO 3TOT
& n(n+1) a, n(n+1) n°+n 1+1
n

pan CXOILI/ITC}I B camom gene,
1 1 1 1
= B— —1-—— 1.
= Zk(k+1) EL 2%% 3%% 4% -1 n@ @nl n+1§ n+1
AHQJIOrMYHBIE NPUMEPBI MOYKHO IIPUBECTH U IS NPEIEIBHOIrO npusHaka Kommu.

3nakouepeodyrowueca paovl. PaccMoTpum psij

a,— a,+ a;— a2+ a— .+ £ )™a+ ..; a2 a2 0,0n=1. (13)
Takou psil Ha3bIBAECTCS 3HAKOUEPEOYIOUIUMCA.
Hpumep.

1- (14)

NI
+
Wik
NG
ol
|
ol
+

Teopema (npusnaxk Jleionuya). Ilycts B 3HaKOUEpEAYIOUIEMCS psiie OOIIMI YieH
a, — 0. Torna psn cxoaures.

Joxazamenscmeo. PaccMoTpuM 1OCIIEIOBATEIEHOCTD YaCTHBIX CYMM C YETHBIMU HO-
mepamu S, =(a, —a,) +(a; —a,) +(as —ag) +.... PazHocTH, cTosMe B CKOOKAX,
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Oonplie WK paBHb HYMO. [loaTOMy mocnenoBaTebHOCTh YaCTHBIX CYMM C Y€T-

HBIMM HOMEpaMu Bo3pactaet. [lokaxeM, 4To OHa OrpaHUY€Ha CBEPXY .

B camom nene, Sy =ay ~(a, —a3) ~(8, ~8s) ~... ~(Ag2 ~An1) Ty S &
[Io Teopeme 0 mpenene MOHOTOHHOM OrPaHUYEHHOM IOCIIENOBATEIBHOCTH,

MIOCJIEIOBATEIBLHOCTh YaCTHBIX CYMM C YETHBIMA HOMEPAMH UMEET MPEe.

O6031auuM 3TOT npeaen S. [TokaxkeM, 4TO MOCIETOBATEILHOCTh YACTHBIX CYMM C

HEYETHBIMH HOMEPAMU TaK € CTPEMUTCS K ITOMY 4Hcily. B camom nere,

Sosr TSy tagys - ST0=S.
IHpumep. Psn (14) cxogurcsi.

Tema 12
IMMOHATUE UNCJIOBOM OYHKINH

Ilonamue uucnogoit hynkyuu. Mpl yxxe BUJEIH, YTO MEXKIY BEIUUMHON cripoca
Ha TOBAp U €ro IICHON CYIIeCTBYET CBs3b ((ynxyus cnpoca) P = f(q). Anajgorud-
Hasl CBSI3b CYIIECTBYET MEXKAY MPEJIOKEHIEM Ha TOBAp U €T0 ICHOM.
PaccmoTpum emie onuH npumep.

Ilpumep (3asucumocms 6enuuunvt cnpoca om 0oxoda). B momensx nompebu-
MENbCKO20 CNPOCA UCTIONB3YIOTCS (GYHKIMKA TOPHKBUCTA, MOJCTUPYIOIINE CBS3b
MEKy BEJIMYMHOU 10X04a X Y BEJIMYMHOU crpoca Y :

_ ox(x+[)
T x4y

ax

x+B

(na manoyennvie mosapul);

(na mosapwl nepsoil neobxooumocmu),

ax — y
- alx-y) +[3y) (ra moeapvr omnocumenshou pockouiu),
X

y= ox(x=y) (na npeomemvr  pockowur).
X+
ITpumep (npouszseoocmeennas ynxyus). PacCMOTpUM IPOU3BOJACTBO, B KOTOPOM
UCTIONB3YIOTCSI PECYpPCHI M BBITTyCKaeTCs MPOayKIusi. CUuTaeM, 4TO MCIOIbh3yeMbIe
pECYpPChl MOXKHO XapaKTepH30BaTh OJHUM YHCIOM X (Hampumep, 3aTpaueHHOE
pabouee BpeMs), a BBIITYCK XapaKTepU3yeTcsl YucioM Y (Hampumep, CyMMapHbBIH

00BEM BBIMTYCKAaEMBIX TOBapoOB). Torga KakJoMy 3HAUCHHUIO MapaMmerpa X COOT-
BETCTBYET MAaKCHUMAaJIbHO BO3MOKHBIM OOBEM BBIIyCKa NMPOIYKLUH, IPOU3BEACH-
HOI IIPY UCIOJIb30BAHUU 3TUX 3aTpaT. JTa cBsi3b Y = F (X Ha3bIBAETCS NPOU3BOO-

cmeenHou @yukyueu. Jlms Hee YacTO HUCIONB3YETCs CTENEHHAas 3aBUCHMOCTH
y=Dbx?, rae b u a ABnAIOTCA 3a0aHHBIMH TOIOKUTEILHBIMU YUCIaMu. Takas 3a-

BUCHUMOCTh BO3HUKAET U3 MPEIOJIO0KECHHS, YTO MPOU3BOJICTBEHHAs (DYHKITUS SIB-
JII€TCSl OJTHOPOTHOM CTETIEHU &, TO €CTh

F(x)=t*F(x), Ot=0.
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OTO0 paBEHCTBO 03HAYAET, YTO C POCTOM 3arpaT B t pa3 cyMMapHblii 00bEM BbIITyC-
Ka [poAyKuuu usMmensercs B t° pas. Ilomoxkum x=1. BymeM wumMerh
F (t) =bt*,b=F (l) Takum o0pa3om, MOJIY4YNUIIU CTETIEHHYIO 3aBUCUMOCTb.

Onpeodenenue. Toopsrt, uto 3amana ancnosas Gpyukmus y = f(x), econ 3agano
noaMHOXkecTBO X R um mpaBuno f, koropoe kaxaomy uuciay XU X ctaButr B
COOTBETCTBHUE YUCIIO Y = f (x)

MHOXeCTBO X Ha3bIBACTCS 001acmbvlo onpeoeienus UId 00aacmvio 0Onyc-
mumvix 3uavenuit (OJ13) pyukuun y = f (X)

3ameuanue. Jlanvme OyneM TOBOPUTH O (PYHKITUSX, OIMyCKasi, MHOT/Ia, Ha3BaHUE
YHCJIOBAs.

I'pagpuk ¢pynkyuu. Benem Ha MIIOCKOCTU MPAMOYTOIBHYIO CUCTEMY KOOPAUHAT
XOY ¥ HapuCcyeM MHOXXECTBO TOYEK, Y KOTOPBIX KOOPAMHATHI (X, Y) cBsI3aHBI CO-

OTHOLIEHUEM Y = f(X). [Tommyunm KpuBYIO, KOTOpasi Ha3bIBaeTCs TpaduKoM FTOU

byHKIIH.
Ilpumeput uucnosvix pynkuyuii.
1. Junetinas gynxkyus Y =kx+Db. Ee rpadukom sBiseTcs npsMast THHHS

y y y

b

=0 /
e
X X X

k>0 k<O

2. Mooyns yucna y = |X| Ota pynkuus onpeneneHa npu Bcex XL R u ee rpadu-
KOM SIBJISIETCS «TIPSIMOM YToJD» C BEPIIMHOM B HaYaie KOOpAUHAT (CM. pHC.)
y

45°

X
3. Cmenennas ynxkyus 'y =x" (n=234,..) onpenencna npu Bcex XOR u B
3aBUCHMOCTH OT CTEIEHU N ee rpaduk UMeeT CIACTyOIIHiA BUI:

y y
N — 4€THO N — HEYETHO
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1
Crenennas ¢pynkuus Yy =X" (n=234...), koTopas SBJIIeTCI KOpHEM N-i cTere-

HU U3 uncia X u oGo3Havaercs Y =Y/X, B Cilydae 4eTHOro umcia N OmpeieieHa
npu X>0. Eciaum guciio N sBiseTcs HEUETHBIM, TO 3Ta (QYHKIIHSI OTpe/esieHa MpU
Bcex XU R. B 3aBucumMocTu oT unciia N rpaduk KOPHS UMEET CICAYIOIMIMNN BU/I;

y
y

N — 4€THO N — HEYETHO

Crenennas Qynkuus Yy =X, rae @ — (UKCHPOBAHHOE NEHCTBUTENLHOE YHCIIO,
onpeneneHa npu x> 0 u ee rpaduk M300pakeH HA CIEAYIOIIEM PUCYHKE:

a<0
a1

a=1

O<ax<l

4. ITokazamenvnas ¢pynxyus Y =a”, rae uncno a# 1, a>0. I'paduk s10if QyHK-

MU UMEET CIENYIOIINN BUI:
Yy
a<l a1

\

[TokasatenbHas GyHKLIHUA Y = € HAa3bIBAETCS SKCHOHEHMOLL.

5. Jlocapugm y =109, X npu GukcupoBaHHOM OCHOBaHMM a % 1, a> 0 ompenencH
mpu Bcex X>0. Ecnu B3s4Th B KadecTBE OCHOBaHUS 4uciio €= 2,718..., To momy-
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qyuM  JlorapudM, KOTOPBIM HA3BIBACTCS HAMYPAIbHLIM U
log, x=Inx.

['paduk pynkumu y =10g, X UMeeT Cleayomui BUI:
y a1

o003Hayaercs

O<ax<l1

6. B mkoapHOM Kypce NoApOoOHO U3yYaluCch TPUTOHOMETPUYECKUE (DYHKIIUU

y =SinX, Y = COSX,

KOTOpBIE orpeeeHbl npu Bcex X[ R u umerot cnenytromue rpaduku:

1N\ £ ]

[

/N
mna ey N NEA
N NS AR

X

y=sinx Yy = COS X
C nomo1bio 3TUX GYyHKIHMN ONpeesroTCs
tgx = S , x #zkm(k=%1+243..); ctgx= @ X Z n +kr(k =+1£243,..) .
COSX sinx 2

I'paduku byakmmit y =tgX, y = CtgX UMEIOT CIASAYIOIINUIA BHUI:

-TU2

g ——————
N

2

y=19Xx y = ctg X
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Apugpmemuueckue oeiicmeusn ¢ pynkyuamu. C TOMOUIBIO ONIEpALMI CI0KEHUS,
BBIYMTAHMS, YMHOKEHUS U I€JICHUS

((9+od 16-96. (ol 2

MO’KHO, UCXO/ISl U3 POCTEHIINX (PYHKIUH, paciiupuTh kinace GpyHkunid. imenno c
MOMOIUIBIO ATUX OMEpaluil U3 CTENEHHBIX (QYHKIUNH KOHCTPYUPYIOTCS (DyHKUUU
TopHkBHUCTA.

Cnoscnan gynkyua. Oynxuun Buga cosx?, e Help3s MOIyIHTh C TOMOLIBIO
apumeTnyecKux IEHCTBUI U3 mpocTermux. /i 3TOro UCmosib3yercs: onepamnus
CYNEpIOo3ULINHI PYHKIUH.

[lycts pynkums y = f(X) onpeneneHa Ha MHoxkecTBe X [ R m mpuHumaer
3HadyeHus u3 MHOkecTBa Y [J R, a dynknus z=F (y) ONpeEICHa Ha MHOYKECTBE
Y. Torjga Ha MHOKECTBE X orpezesneHa pyHKIus

z=F(f(x)),
KOTOpasi Ha3bIBACTCSI CIONHCHOU yHKYUELll.
Ilpumep. Oynkuus z= cosx? sBiseTcs Cyneprno3uiuen 1Byx QyHKIHMN Y = X% u
Z=CoSsYy.

Obpamnasn ¢pynkyus. Eme ogHa onepanus, ¢ TOMOIIBIO KOTOPO CTPOSITCSI HOBBIE
YUCJIOBBIE (DYHKIIMHU, 3TO BBIUUCICHUE 00OpaTHON (YHKITUH.
Teopema. Ilyctb Ha UHTEpBAIS (a,b) orpejenieHa YucaoBast GyHKIHS Y = f(x),

KOTOpasi IPHHAMACT 6ce 3HaUeHNs u3 uuTepBana (A, B), To ecTb
0 Oy (AB) OxO(ab) taxoi, aro y = f(x). (1)
Ilycts s AByX pasHbIx 3uadennii X (i =1,2) u3 sToro maTepBama GpyHKIus
IPUHUMAET Pa3HblE 3HAYEHUS, TO €CTh
x O(ab),x, 0(@b), ¢ x, 0 f(x)zf(x,) (2
Torna na untepsane (4, B) onpeneneHa pyHkuus x = F(y) Takas, 4to
F(f(08) x, O xO(a,b). 3
Jokazamenscmeo. s kaxporo uncta y(A, B) cymectByer emmmcTBeHHOE
ancio x(a,b) takoe, aro  y = f(x). D10 uncno o6osmaunm x = F(y). Takum
o6paszom, nonyunan GpyHknuio x = F(y), kotopas onpezeneHa Ha uHTepsaie (4, B)
Y yJIOBJIETBOPST TOXKAECTBY (3).

Monomonnuwte ¢pynkyuu. Ycnoue (2) BBIIOJHEHO JISI MOHOMOHHbIX (QYHKITUH.
OyHKIUA f(X), ompeseseHHass Ha WHTEPBaJe (a,b), HA3bIBACTCS go3pacmarouyel

(vowisarowett), ecmm

X %0 f0)<f00) ( f(x)>f(x)).

Okpecmnocmb u nPOKONOMan OKPeCMHOCMb mouKu. {11 BEIYACICHUS IIpeje-
J0B (PYHKIIMU JOCTATOYHO 3HATH 3HAUECHUS 3TOM (PyHKIMU BOJIM3HM paccMaTpHUBae-
MO# TOUKH. C 3TOH LENbI0 BBOJUTCS NOHATHE OKPECMHOCHU TOUKHU.
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Onpeodenenue. OKpecTHOCTBIO TOUKU X, [J R Oynem Ha3piBaTh J1:000H MHTEpBa

(Xo— € ,X5t€ ), [Je> 0. YToObl MOAYEPKHYTH pa3MePbl OKPECTHOCTH, UHOTIa TOBO-

PAT « € -OKPECTHOCThY.

Ynpasicnenue. 1lokazats, yTo nepeceyeHre U 0ObEIMHEHUE ABYX OKPECTHOCTEH
OJIHOM M TOM € TOUYKH SIBJISIIOTCS €€ OKPECTHOCTSIMH.

Ilpumep. PaccMOTpUM MPOU3BOACTBEHHYIO (QYHKLIHUIO Y = F(X) U MOCTPOUM OT-

HOIIICHUC

OHO XapakTepu3yeT KOJIMYECTBO BBITYCKAEMOU MPOAYKITUH, IPUXOSIICH HA €11-
HUILY 3aTpaurBaeMoro pecypca. ITo oTHouleHue He omnpeneneHo npu X =0. Ha-
npuMep, QyHKIUs

X
onpeneneHa Bcroay, kpome Touku X =0. UToObl M3yuyaTh Takve CUTyalluu, HaM

NOTPEOYIOTCSI IOHATHUSL NPOKOJIOMOL OKPEeCMHOCMU TOUKHU.

Onpeoenenue. 1IpoKOI0TON OKPECTHOCTHIO TOUKHU X, HA3BIBAETCS €€ OKPECTHOCTh
C BBIOPOILIEHHOMN caMOM TOUKOM X, TO €CTh 00ObEAMHEHHUE IBYX UHTEPBAJIOB

(% —&.%)U (x9.% +¢).
Ilpumep. Oyuxus (5) ompeneneHa B 000N MPOKOJIOTON OKPECTHOCTH TOUYKH
Xy =0.

Tema 13
HNPEJAEJ ®YHKIIUHU B TOUYKE
N HA BECKOHEYHOCTH

JlomycTuM, 4TO Mbl XOTUM BBIYUCIUTH 3HAUCHUE OTHOIIICHUS
sinx
y=——o (1)
X
mpu X = 0. DTo 3HAYUT, YTO MBI XOTUM OMPEACIUTH (eciu IMO 803MOHCHO) TAKOE
qucio A, 9TOOBI MPY MaJIBIX YHCIIAX X MPUOIH3UTEIHHO BBHITOIHSIIOCH PABEHCTBO
sinx
— = A.
X
[Tpubnm3uTeNnbHOE PAaBEHCTBO PACIIU(PPOBHIBACTCS CIEAYIOIUM 00pa30M:
sinx
ELLyWTS
X

rae QyHKius I(X), onpejereHHass B MPOKOJOTOH OKPECTHOCTU TOYKH 0, MOXET
OBITH C/IeIaHa CKOJIb YTOIHO MAJION MpU CTPEMIICHUH MEPEMEHHONU X K HYJIIO.
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Beckoneuno manvie ¢ mouke pynkyuu
Onpeoenenue. ®ynxuus |(x), onpeneneHHas B IPOKOJIOTOH OKPECTHOCTH TOYKH

Xo, HA3bIBAETCS OECKOMEuHO MAAol B DTOM TOUKE, €CIM JUis JHOO0ro (ckos
Y2000 Manozo) uncia € >0 MOkKHO ykaszaTh unucio O =d(g)>0 Takoe, 4To
||(X)| <€ mnpu Bcex X ¢xo,|x —x0| <J, TO ecTh

Oe> 0 B=384» 0:& |x xgd& O](x)<e. (2)
Mpumep. Oyuxumn |, (x) =x =xg,1,(x) =[x = Xo| sBAsSTOTCSH Geckoneuno mMamsmMu

B TOYKe X,. B camom nene, BosbMeM O=¢€. Torma, eciim O <|x—x0| <0, 1O

1 (x) =|x —xo| <d=k.

Ceoiicmea 6ecKoHeuHO MATBIX PYHKYUIL
Csoitcmeo 1. Oynkuus I(X) ABJISIETCSI OECKOHEYHO MaJlol B TOYKE X, TOrzAa W
TOJILKO TOT/a, KOT/Ia TAaKOU SIBISIETCS (PYHKITUS |I (XX .

Ynpaosicnenue. Jlokazatb 370 CBOMCTBO.

Ceoiicmeo 2. Cymma, pa3HOCTbh, IPOU3BECHUE IBYX OECKOHEUHO MAaJIbIX B TOYKE
Xo pynkiuii |; X),i =12, sBasercs 60ECKOHEUHO MaJIOM B 3TOM TOYKE (PyHKIIHEH.

/Jlokazamenvcmeo 1poBeaeM ero nns  npousBeneHusd. CylIecTBYeT YHUCIO
0, > Ortakoe, uTO ||1(XX <lmpu Beex 0 <|X —X,| <3,. BosbMem m060e 4uCIO
€>0. Torma cymectByer uymcino O, >0rakoe, 4TO |I2(XX <€ mpu BceX

0 <|X —XO| <9, .CnenoBarenbHo,

& e xkd= mid( g ,)0 L0, ) =L, (x) <le=e.
Ynpaoicnenue. Jloxkazats 310 yTBEpKACHUE 11 CYMMBI U Pa3HOCTH.
Cneocmeue. Tlpn mobom k =123,... dynkumn (X—X, )<, |x—x0|k SBJISIFOTCS
OECKOHEYHO MaJbIMHU B TOUYKE X,. DTO BBITEKACT U3 Pa300PaHHOrO BBIIIC CIydast
k =1 u u3 cBoiicTBa 2.
Ceoitcmeo 3. Ilycts Qpynxuus 1(x) sBnsercs GECKOHEYHO MAlOd B TOYKE X,, a
(ynxims ¢(x) orpaHMdYEeHa B HEKOTOPOW MPOKOJIOTONW OKPECTHOCTH JTOM TOYUKH.
Torna ux npousBeneHue ABIsETCS OECKOHEYHO Majioi (PyHKLIHEH B TOUKE X, .
Jlokazamenvcmeo. Ozpanuuennocms gyuxyuu $(x)e npoxoromoii okpecmmuocmu
O3HaYaeT, 4ro cymectByer yucio M > 0 takoe, 4TO |(|)(XX <M s Bcex X u3
MPOKOJIOTOM OKPECTHOCTU TOUKHU X, . Jlanee, cormacHo (2),

Oe> 0B=84 3} 0: & |x xsd D|I(x]sﬁ.

CieqoBaTeibHO,

1O)D(¢) = 1 ()| 0 (x) < 1 (x) m =5M =€ omecex 0<x—X|<3.
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OTO 03HA4aeT, 4To QYHKIHA I(X)d)(x) ABJISETCSI OECKOHEYHO MAJIOW B TOYKE Xj.
Cneocmeue. TIponspenenue GeckoHedHo Manoit B Touke Xodymkmmu |(x) Ha
YUCJIO a sIBsieTCs] OECKOHEUHO MaJION B ATOM TOYKE (PyHKIIHEH.
Ceoiicmeo 4. Ilycte Qynkimn |, (X),i =123 omnpeneneHsl B MPOKOJIOTOH OKPECT-
HOCTH TOYKH X, U YJOBJIETBOPSIOT HEPABEHCTBAM
1, (x) <1, (x) <15(x), 3)

npudeM QyHKIIHHA Il(X) u |3(X) ABJISIFOTCSL OECKOHEYHO MaJbIMH B TOUKE X,. Toraa
OECKOHEYHO MaJION B ATOM TOYKE SIBJIIETCS U PYHKIUS |2(X)-
Jloxkazamenvcmeo. Bo3pmeMm nmo6oe uyucio €>0. Torga cCyiiecTBYrOT 4HCIa
o, >0, 0, >0 takue, 4TO

O x xp O [l(xke; & P x£8 ,0l5(x)<e.
CrnenoBaTelpHO,

0< [x= Xo|<&= min ,  ,) O —e<l,(x) <g -e<ly(x)<e.
Otcrona 1 U3 HepaBeHCTB (3) MOIyYuM, YTO

0< [ xkd= miid ;3 ,)0 -e<l,(x)<e (‘:’ 15(x) <8)-
Oobo3nauenue. Eciiu QyHKIms |(X) ABJISIETCS OECKOHEUHO MAJIOM B TOYKE Xy, TO
Oynem mucath

1(x) 0% 0 wumu 1(x) - Ompr X — X,. 4)

[ToxaxxeM, uto pyHKIUS SN X [ 0. Jlnst 5T0ro B Hauane JOKaKeM HEpPABEHCT-
BO
sinxk |xg |tgx|, Ox#0, (5)

13 KOTOPOTO, MPUMEHSISE CBOHCTBO 3, moxydnm, uro Sinx [ 0.

PaccMoTpuM OKpYKHOCTh €IMHUYHOTO pajiyca U Ha Heil BozbMeM Touky A. by-
JIEM CUHUTAaTh, 4TO yroja X>0 (cMm. puc.).

Torpa miomane TpeyronbHuka OAB MeHbIle
wiomanu cektopa OAB, koTopas B CBOIO oue-
pear MeHblIe momanu tpeyronbaiuka OCB, To
€CThb

0
B Esin)c lx ltng SINX < X<tgx.
2 2 2

Ecmm X<0, To mpeapiayiee paBeHCTBO PUMET
BUJL sinx| <[X < [tgx.

Ortcrona mosrygaem TpedyemMoe HepaBeHCTBO (5).

Teneps MokeM MEPEUTH K ONpeeNIeHUIO Tipeiena QyHKIIMA B TOUKE.

C

Ilpeden pynkyuu ¢ mouke
PaccmoTpum ¢yHKImuio y = f(X), KOTOpasi ONpEENeHa B MPOKOJIOTON OKpe-

CTHOCTHU TOYKH X .
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Onpeodenenue. Yncno A nassisaetcs npedenom gynxyuu T (x) B Touke X,, eciu
f(x)=A+1(x), (6)

npudeM QyHKIUs I(X) ABJISIETCS] OECKOHEYHO MaJIOM B TOUKE X, .

Onpeoenenue (9xeusarenmnoe). Yncino A Ha3bIBaeTCs npeoeiom QyHKyuu f(x)
B TOYKE Xy, eciau (yHKUUA f(x)—A (.:. |f(x)—AD ABJISIETCST O€CKOHEYHO
MaJjlOi B TOUYKE X;.

Onpeoenenue (9xeusarenmnoe). Yncno A Ha3bIBaeTCs npeoeiom QyHKyuu f(x)
B TOYKE Xy, €CIM s jroboro yucna €> 0 MOXKHO yKa3aTh 4YUCIO 6=6(8)>O

taxoe, uro | f (x)- A <€ ans Beex uncen X Takux, 4to 0 <| X =X, <d.

I'eomempuueckuii cmvicn onpedenenus npeoena

E+A4 [T

-EtA [y

- 5+Xn X0 X 5+Xn

Teopema (o eouncmeennocmu npedena). Eciv cymecTByeT npeaen (pyHKIUU B
TOYKE, TO OH €IMHCTBEHEH.
Jlokazamenvcmeo. JlonmyctuM, 4To UMEIOTCS JiBa npenena. Toraa

f(x)=A +1,(x), ,(x)O® o0# 12, O, (x)-L(X)=A-A#0.
OpnHako 1o CBOMCTBY 2 pa3HOCTh Il(x)— IZ(X) JByX O€CKOHEUHO MaJbIX B TOUKE X,
byHKIIMA MODKHA OBITh OECKOHEYHO Majioii B 9ToW Touke. [lomydeHHoe
POTUBOPEYHE U JI0KA3bIBAET €JUHCTBEHHOCTD IpeEea.
[Ipenen pyukmu B Touke 0003HAYALTCS

(lim f(x) = A)unu( £(x) > Anpux - xg)w( f(X) 08 A)wm( f(x)0B  A).
X=X

ITpumep (nepswiii 3ameuamenvusiii npeoern).

. SinX
[im——=1. (7)
x>0 X
Jlokazamensvcmeo. Ilycts x>0. Torna u3 HepaBenctsa (5) Oyaem uMeTh
sin X sin X
coOSX<——<1 « 0<1-——<1-cosx. (8
X X
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anee,

. X . X X
1-cosx =2sin’ =~ <2sin—{<2- =|x.
2 2 2
Otcrona u u3 (8) mosryanm
sinx
0<[1-"—<|¥. (9)
X
Hepasenctro (9) Boimonusiercs u aist Bcex X<0. [Ipumenum x HepaBeHCTBY (9)
. sinx
cBOMCTBO 4 /i OeckoHeyHO ManbIX. [lomyuum, uro pynkuus [1- ABJISETCA

OeckoHeyHO Majoi B Touke X, = 0. Otcrona cnemyer Tpedyemoe paBeHCTBO (7).

Ceoiicmea npedenoe pynkuuii 6 mouke

Ceoiicmeo 1. Ecnu
limf(g A O lim|f(x)=]A.
X Xg X Xg

Hokazamenscmeo. Nmveem O S| |f (X)| -|A | <|f (x)- A. Orciona, npuMeHss

CBOMCTBO 4 117151 0ECKOHEYHO MaJbIX (PYHKIIHH, TOIyYUM, YTO

100 Ao 0.

Ceoiicmeo 2. Ecru f( & constO lim f(x)=c.
X=X

Ceoiicmeo 3 (meopema o npedeire CymMmbl, PASHOCMU, NPOU3BEOCHUS U
YacmHo20).
Iycts ¢pysakium f (X) u g(x) Ompe/ieieHbl B MPOKOJIOTOH OKPECTHOCTH TOUKU X,

U CYLIECTBYIOT IPEIEIbI

lim f(x)= A, lim g(x)=B.

X% X%
Toraa cymecTBYIOT Ipeiesibl CyMMBI, PA3HOCTH, MPOU3BEACHH STUX (QYHKIMI U
BBITIOJIHCHBI paBCHCTBA

im(1()20)= A, im(f(ol)=A8. (10

f (x)

Ecmu B # 0, To cymecTByeT npenes 4acTHOTO ﬂ Y BBINIOJIHEHO PABEHCTBO
g\X

im T2 A (11)
X=X g(x) B
Jlokazamenbcmeo IpoBeieM 11 Clydas yacTHoro. Mmeem

f(x)=A+1(x), gx)=B+1,(x); I,(x)0% 0,i=12.

Tak kak uncino B # 0, To cymectyet uncino 0> 0 takoe, 4TO

& |X- XO<1: o O ||2(XX < g Ortcrona, yYuThIBasi HEPAaBEHCTBO

B

B —|g(x)‘ S|g(x)— Bl < P HOJy4YHM, 4TO
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1 2
o) |8

1,(x)

g(x)

<0 4x %5 0 @& L? lg(x) O

B+,(x B | go(B

CrnenoBarTelpHO,
2 2
<= l,(x) +—IHZ AlL(x) =1(x).

‘ % B g _|A+1,(x) q _l Bll(x)—Alz(x)I SIll(x] +‘ g 2

9(x)
Kak cymma nByx O€CKOHEUHO MaiibIX (DyHKIMH (YyHKIUSA |(X) SBJIsIETCS OECKO-
HEYHO MaJIod B TOYke X,. [lo3TOMY, corimacHo CBOMCTBY 4 11 OECKOHEYHO Ma-

109
g(x)

YaeT, YTO BBIMOJHEHO paBeHCTBO (11).
Ynpasicnenue. TlpoBecTn M10Ka3aTeabCTBO JJII CYMMBI, Pa3HOCTH W JIJIsl TIPOU3BE-
TICHUSL.

Cneocmeue. Tycts Olim f(x). Torma dis @ RO Olim(cf (x)) =c lim f(x).
X - Xg X=Xo X~ Xo

Jokazamenscmeo. HyXHO TPUMEHUTh TEOPEMYy O Tpejesie MPOU3BEACHUS IS
byskmit f (X), g(X) =cC.

Csoiicmeo 4 (oyenounvlii npuznax cywecmeosarnus npedeia). Ilyctb B HEKOTOPOM
IPOKOJIOTON OKPECTHOCTH TOUKHU X,ompenenensl QyHkuuu f (X),g(x), p(x) TaKue,

JBIX, PyHKIHS ABJIIETCSI OECKOHEYHO MAJIOM B ATOM TOYKE. DTO O3HA-

4To
f(x)<g(x)< p(x) » Olim f(x A Olim p(x) = A. (12)
X Xg X Xg
Torga O lim g(x)=4.
X=X
/Jlokazamenvcmeo. U3 (12) MOJIYYUM HEpaBEHCTBA

f (X) -A< g(X) -A< p(X) — A. Tlostomy, coriiacHO CBOMCTBY 4 /1T 0ECKOHEYHO
MaJTbIX, (QYHKITHS g(x) — A sBisiercsi OECKOHEUHO Majoi B TOuke X,. CiemoBa-
tensro, lim g(x)=A.

X=Xg

Botuucnenue npeoena cnoxncnou ¢pynkuuu. Iycts pynkaus y = f (X) ompenene-
Ha B MPOKOJIOTON OKPECTHOCTH TOYKHU Xy, & QYyHKIUS Z = F(y) OIpeJieICHa B OK-
pecmnocmu TOYKH Y. JlomycTtum, 4To cymecTByer

lim f(x)=y,.
X—Xo

Torna, kak crnenyer u3 onpezaeneHus npezaena (7), CylecTByeT Takas NpoKoJoTas
OKPECTHOCTh TOUKH Xy, UTO, /Ul KaXJ0H TOUKM X W3 KOTOPOW, 3HAUEHUs (QYyHK-

o y=f (X) HaXOJATCSl B TOM OKPECTHOCTU TOYKHU Y, TJ€ onpenenacHa pyHk-
nus Z= F(y). CnenoBarenbHO, B HEKOTOPOU MPOKOJIOTOM OKPECTHOCTH TOUKH X,
olnpefeNieHa cnoxcHas pyukyus Z=F (f (X))
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Csoiicmeo 5 (meopema o npedene croxcrou gynukyuu). Ilycts pynkius y = f (X)
OIlpesieJIeHa B IIPOKOJIOTON OKPECTHOCTU TOUKU X,, a pyHKIus z=F (y) ompene-
JIeHa B OKpeCmMHOCMU TOUYKH Y,. JlomycTuM, 4TO CyIIEeCTBYIOT

lim f(x)=yo, limF(y)=F(y). (13)
X—Xo Y-Yo
Torma
I|mF F@lmf @ F(y,). (14)

Jlokazamenscmeo. 3aq)m<cnpyeM gyucno €>0. Torma Haigercss dYHUCIO
o =0o(g) > 0 Taxoe, uto
|F(y)—F(yOX<EI[J'IH BCEX |y—y0|<0. (15)
Jlns  HaiimenHoro wuwmcina O>0MoxHO ykazarh uucino O>0rakoe, YTO
| f (X) - y0| <0 nns Beex O <|X —XO| <9d. Orcrona u u3 (15) momyanm, 4To
|F(f (x))- F(Yox <g gmaBeex 0 <| X —Xo| <d.
DTO 03HAYaeT BHINOJIHEHUE paBeHCTBRA (14).
ITpumep. Tlokaxkem, uto ais nrodoro yucn@w # 0 [ )!i rr’l(0 3 nxwx S0

B camowm gee,
siny

L]
SE(F(W)eoe f () =ox, F(y)=D" y @ PYFO
o,

SINWX SINWX
=0
X WX

npu 'y = 0.
i atux pyHkuuii B Toukax X, =0,Y, =0 Bemmonnens! pasencrsa (13). Iloatomy

u3 ¢opmyisl (14) momyuum TpedyemMoe 3HaUeHUE TIpeerna.
Ipumep. 11okaxeM, 4TO

B camowm nexne,
1-cosx 25in2§ Ersm g o
_ 2—2|:|_D F(f (x)),20e F(y)=2y?, f(x)=

X2 G ﬁ ﬁ X

Hanee, Iirrg f (X) = % : Iirq F (y) = E [Tpumensist paBenctBo (14), momyuum Tpedye-
X‘P y%—
2

N | X

MO€ 3HaUYCHHUE Tpeera.
Teopema (o npedenax npocmetiwux ¢ynrkyuii). BeimoiHeHbI paBeHCTBA

lim x=xy; imX =|x[; limx®  xg. A8 23,..; O % OR. (16)
X - Xg X - Xg X - Xg

limx* xf] & R, Ox,>0. (17)
X - Xg
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lima® a*,a 1a 0J x,0R. (18)

X=X
limlog, x=1og, X,,& la 0,[Xx,>0. (19)
X=X
limsinx=sinx,; limcosx=cosx, ozl X,UR. (20)
X— Xg X Xg
lim tgx = tgx, B(O it lim ctgx = ctgx, (%, k). (21)
X=X 0 2 0 x-X

Jlokazamenscmeo. IlepBoe paBeHctBo (16) ciemyer U3 Toro, 4ro
x xt (% %) (x x)O&% o.

Bropoe paBenctBo (16) cieayeT u3 cBoiicTBa 1 Jj1s Ipe/IeiioB.
[TokaxkeM, 4TO PU KaKIOM I1eJI0M N =1 BBITOJIHEHO PABEHCTBO

lim x" = xg .
X=X
B camom geme, X°=xXx u limx=X, Iosromy, limx*=xZ. Iycrts mpu
X=X X=Xo

HekoTopoM N>1 Bemomaeno |imx" =xJ. Torna u3 paeencta X" =X"X
X=X
MOJTyYUM, YTO TPEIBIAYIIHUIA TPeIes BepeH u it N+1.
Pasenctsa (17), (18) u (19) npumem 6e3 qoKa3aTeIbCTBA.

[TpoBenem mokasarenbcTBO paBeHCTB (20). M3 HepaBencTBa (5) umeem, 4To

|SihX-SinX0|=ZSinX_ZXOHCOSX-;XOISZSinX_ZXOISZX_ZXOI=|X—X0|.
AHAJIOTHYHO, |c:osx—cosxo|=2:sinx_xo|sin)(+X0|sZsinx_x0 <X = Xo!.
I~ o2 2
Jlanee,

X Xpl [x X|OR @ [sinx sinx|OE 0,|cosx cosx,| 02 00 (20).

SINX COSX
[Tpumenum k dopmymnam tgX = ——, CtgX = —
COSX SinX

naByx ¢yukiuii. Toraa, cornacuo (20), Oyaem umets hopmysisl (21).

TCOPECMY O MPCACIC YaCTHOTO

Oonocmoponnue npeodenvt PyHKUUIL 6 mouke
Ilpumep. Oynxuusa y = N onpezenena npu X = 0. I[losTomy 17151 Hee B TOUKe
X, =0 HeNIb3s NPUMEHATHb onpeaesneHue npenaena. OAHAKO €CIM YCTPEMUTH

MEePEMEHHYI0O X K HYJIO, OCTaBJISIl €€ BCe BpeMs OoJjbIlie Hylsl, TO 3HAYEHUE
GbyHKIIUU OyIET CTPEMUTHLCS K HYJIIO.

Takum oOpazom, npuUxoguM K HEOOXOAWMMOCTH BBEACHHUS TMOHSTHS
OJTHOCTOPOHHETO Tpeea.
Onpeoenenue. [Tycth byHKIISA f (X) ornpezaeneHa npu
X (%, x5+ @) (xO(x, —a,%,)),a>0. Yncno A maspBaercs npaswviv (1e6bim)
npedenom 3TON (PyHKLUHMU B TOUKE X,, €ciu g jrodoro uuciaa €>0 MOXHO
ykasartpb yrciio 0 <d<a rtakoe, 4To
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X< X XFd  (xg8< x x%)O|f(x)-A<e.
JInst  OMHOCTOPOHHHX  MPEACIIOB  OCTAlOTCS  CIPAaBEUIMBBIMU  CBOMCTBO
SIMHCTBEHHOCTH Tpejiesa, TeopeMa O Mpeaeac CyMMbl, pa3HOCTH, MPOU3BEACHHUS
¥ YaCTHOTO JIBYX (DYHKITHIA.
IIpasuviii (neswitl) peaest 0003HaYACTCSI

lim f(x) lim f(x)H

X—>X0+ _’XO_

ITpumep. Ilokaxkem, uro lim Jx =0. Bosbmem d=¢£2. Torma

(k>«6x (:a+2D|f A =Wx-0=+x<e.

Ynpasicnenue. Jloxazats, uTo (QyHKIIMS MMEET B TOUKE MPEJET TOT/Ia M TOJIHKO
TOTJIa, KOTJa B 3TOW TOYKE CYIIECTBYIOT €€ MpaBblil U JIEBBIM Mpeaeibl, MpuyeM
OHU PaBHBI.

1
beckoneuno oonvuwue pynkyuu 6 mouke. Paccmorpum dyskuuo y=—. I[lpu
X

CTPEMJICHUM TIEPEMEHHON X K HYJI0 3HaYeHWEe (YHKIIMHU MOXXHO CJIeJiaTh CKOJIb
YTOAHO OOJIBIIINM.
Onpeoenenue. Oynxuus f (X), ONpEEIICHHAs B IMTPOKOJIOTOW OKPECTHOCTH TOUYKHU
Xo, Ha3bIBaeTCs OeckoHeuno 60nbuwiol (nonodcumenvHol 6ECKOHeUHO 601bUiol
WIH OompuyamenvHol Oeckoneuno O0abuioll), €Cu IS JH00O0r0 CKOJIb YTOJHO
0osbioro urcia E >0 mMoxHO ykaszate unciao >0 takoe, 4To

x x£8 O|f(x)>E (f(x)>E wm f(x)<-E).
B stoMm ciiydae numryT

lim f(x) = o0 wm f(x)0% oo

X=X
@Iimf(x)=+oowm F()00%  +o0; lim f(x) =00 wmu f(x)OC% —oo@.
- X X = Xg

[To ananoruu C OJHOCTOPOHHUMH IpEIeNIaMH ONPEACISIIOT ¥ OJHOCTOPOHHUE
OECKOHEUYHBIE MPEAEIBI

0 B
lim £(x)=Hreo;  lim f(x)= Droo.
X - Xo+ H—oo X = Xo H—oo

Hccneoosanue nogedenusn oynkyuu na 6eckoneunocmu
[Tycte dynkuus f (X) orpejeseHa mpu Bcex X>a (Bcex Xx<a ).

Onpeoenenue. Yucno A HazwpiBaeTcs npeaeioM GyHkmuu f (X) npu X — +00
(X 5-00), ecn g [£> 0B = B(e) > 0 Takoe, 4To

1109 Me omade B ) (onn Ox<-B(e)). (22)

TouHO Tak *e, KaK U s npejena GyHKIUU B TOYKE, T0Ka3bIBACTCS, YTO €CIIU ATU
MPEACIIbI CYIECTBYIOT, TO OHU €IUHCTBEHHBL. DTU TIPEACIIbl 0003HAYAIOTCS
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[im f(X)= A, unu f(X) - Anpu X - +oo, umu f(X)D T A

X - +0o0

lim f(x)= Aum f(x) > Anpu x - =0, wm f(x)OTE A

X — —0o
Iycts ¢ymxmus f(X) ompenenena mpu Bcex X >a. Ecnu y Hee CywwecTBYIOT
Ipeaensl IpH X —+00 ¥ pu X —-00 ¥ OHU PaBHBIL, TO 00IIee 3HaYEHHUE 3THX IIpe-
I€JI0B HA3BIBACTCS MPeeIoM (YHKIUHU IIPU X — 0 1 0003HAYaeTCs

limf(x)=A, ww f(x) > Anpux - o, wm f(x)02 A,

X - 00
Ynpasxcnenue. Jloka3zars,
4TO imf(g A oza0e> 0B =B(g)>0 rakoe, uro | f(x)-Al<e

X — 00

IS BCEX |X| >B.

. 1
Ilpumep. Tlokaxem, uyto lim——=0. B camom nene, mis [1€ >0 Bo3bMeM
x~o X—a

B=B(¢g)= l +a. Torna, ecim X >B= % +a, TO

Ix-al>IXI-Ial> 0|2 e

Jlnst BBEACHHBIX TPENENIOB OCTAIOTCS CIPABEIMBHIMA BCE CBOWCTBA TIpejelia
(YHKIIMU B TOUKE.

[IpumMeHrM OIIEHOYHBIN MPHU3HAK CYIIECTBOBAHUS Tpelesia K BBIYUCICHUIO
6MOPO20 3ameuamenbHozo npeoena

im3+2H =e. (23)
X-»oo|:| XD
JlokaxxeM B Hadaje, 4To
im [+ 11 -
limQ+= =e. (24)
x—+o[]  X[]

[Tycts X >1. O603HauuM uepe3 N = [X] ISJIYEO YacTh 3TOr0 4yKcia. Toraa
8§ x n 10 Et+n—+1§ EL+1Hn B+1HX EL+1Hn <EL+1Hn
Takum o6pazom,

0 n+1
Hanee,
+1 +1
Bﬁ—g B, 1 H EnﬂH]T‘_ﬁ e=g +1ﬁ =B+}HB+}H]’EI‘3 el=e.
n+1] [0 n+1] [h+2[] O nQ O nOO nQd

[1o oLleHOYHOMY NPU3HAKY MOJy4aeM PaBEHCTBO (24).
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IIycTp Tenepp X — —0. Torma y =—X — +oou

Q’ﬂlﬁ s E %—E %—1% Sy %% Jaus ase

[IpumeHrM TeopeMy O Ipenerne CyMMBI, Pa3sHOCTH, IIPOM3BEICHHUS M YaCTHOTO
IBYX (PYHKLMI K BBIYUCICHUIO Tpe/ena paunoHanbHoi apodu. [lycts n>m. To-
raa

X' +..+ : .1 00
m—ao T — )i %:%mﬁ — U ); %O
x_.oo X -|- + X 500 -0 Y
b, b 7 limtt, +..+b, = O
X 0 [Ox-[] X'

Ynpasxcnenue. 1loxazars, uto
_ X"+ +
lim 2o I =%
x-o b x" +...+b, by

Tabauua npeoenoe HeKOMOPvIX GbIPANCCHUTL
lim3NX =, )
x-0 X
. 1-cosx_1
lim =—. I
Im—z > (1)
im+ 10 =e )
X-»oo|:| X|:|

1

I|m(1+ X)x =€ (V)
X0
_ +
||mM =1. (V)
X-0 X

®dopmyna (IV) cnenyer u3z Broporo 3ameuarenbHoro mpeaena (1) mpu 3amene

Xt

X

JHoxaxem dopmyny (V). Mcnonb3ys Teopemy 0 mpenesne CIOKHON (HyHKIHH
u hopmyny (1V), HonquM

I|m(—In(1+x)) —legn 1+ X)x @zln@ip&(ﬂ X)x E=Ine=1.

beckoneuno Gonvuue gynkuyuu na Geckoneunocmu. Oyaxuus f(x), ompene-
JleHHas 1pu Beex |X >a (x >a; x<a), maswBaercs Geckoneuno Gonvuioii (6ec-

KOHEYHO NOJIONCUMENbHO DONbULOL, OECKOHEeUHO OMpUYamenbHo OOabUWoN) TIPU
X — 0 (X - 400 X - —oo), ecnu i moboro uncna E >0 MoXHO ykazaTh 4HCIIO

B = B(E) > 0 rakoe, uro
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% BO|f(x)>E (f(x)>E; f(x)<-E)
BO|f(x)>E (f(x)>E; f(x)<—E)H.
k- BO[f(x)>E (f(x)>E; f(x)<-E)H

Hcnonb3yroTes cienyromnme 0003HaueHus:

jim f(x)=e0 lim f (x) = +oo; lim f(x) = oo},

ELIirpmf(x)zw lim f(x)=+ ; lim f(x)=- )H

Hlim £ (x)=co {lim f(x)=+ I|m f(x)=- ) .
Ynpasicnenue. 11okaszatp, uro npy m>n
X" +...+a

lim . M =00,
X— 0 box +...+bn

Acumnmomur x zpaguxy @ynxyuu. Iycts Gymxums f(x) ompenenena mpu
x>a(x<a).
Onpeoenenue. Ilpsmas

y = kx+Db (25)
HA3BIBACTCS HAKIOHHOU acumnmomot K rpaduky ¢pyHKiuuu Yy = f (X) npu X — +00

(mpu X — -0), €CJIK BEPHO PABEHCTBO

f(x) =k +b+B(x), (26)
rue
B()=0( lim B(x)=0). (27)

Teopema. ]Ins toro 4toObl GyHKIWUS f (X)I/IMCJ'Ia HAKJIOHHYIO aCHUMNOTOTY MpHU

X —+00 (X - -00), HEOOXOAMMO U JOCTATOYHO, YTOOBI CYIIECTBOBAIM MPEICIIbI

x“ql ff(x) (28)
lim (f (x) —kx) = b. (29)

X - +o0
(AHAJIOTHYHO I X — -00).
Jokazamenvcmeo. 11ycts ipsimast sIBIAETCA HAKJIOHHON aCUMIITOTON IIPU X — +00,
Toraa BeITIOJHSIOTCS cooTHOMIEeHUs (26) u (27).CrnenoBaTenbHO,

[im f( = I|mH<+b+B(X)H—

X—>+oo X X - +oo|:| X X
anee,

lim (f (x) = kx) = lim (b + B(x)) =

X — +00

ITycTs Teneps cymecTByrOT npenensl (28) u (29). Toraa us (29) cienyer, 4to
f k¢ BB (x)OTE O.

Otcroaa cnenyroT paBeHcTBa (26) u (27).
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Dkonomuueckuii cmoict koIppuuyuenma K. Ecniu f(x) — npoussoxcTeennas

GyHKIMA, TO 9yucio K sBISETCS MpeaebHBIM 3HAYCHHEM KOJIMYEeCTBA BBITyCKae-
MOH NPOLYKLMH, IPUXOAAIIETOCS HAa €AUHUILY 3aTPAYEHHBIX PECYPCOB, KOI1a KO-
JIMYECTBO 3aTPAYCHHBIX PECYPCOB CTPEMHUTCS K OECKOHEYHOCTH.

Tema 14
HEITPEPBIBHBIE ®YHKIINU U UX CBOMCTBA

[Ipu BbIUMCIEHUU TIpeaena CI0KHON (PyHKIHMU MBI UCHOJB30BAJIHN CIEAYIO-
mee CBOUCTBO:

lim £(x) = (). (1)

Onpeoenenue. Oynxuus f(x), OIpe/iCJICHHAs B OKPECTHOCTH TOYKM X,, Ha3bIBa-

€TCSl HenpepvlHOU 8 SMOL MOUYKe, ECII CYLIECTBYET €€ Mpeaea B 3TOM TOUYKE U
BBITIOJTHEHO paBeHCTBO (1).
Ipumep. Panee OTMEYaJOCh, 4TO MIPOCTEUIIINE dhyHKIIUU

y =kx +b,y =[x,y =x*,y =a*,y=log, X, y =sinXx, y =cosX, y =tgx, y = Ctgx

B KaXJ0U TOUKe 00JIaCTH OMNPEJICIICHHS YJIOBJIETBOPSIIOT 3TOMY YCIOBHUIO.

SINX
Ynpaxcuenue. Moxxuo nu goonpeaenuts npu X =0 ¢ynkuuio f (X) =
X

TaK,

4yTOOBI OHA ObLIIa HETIPEphIBHA B ATOU TOUKE?

. SInX
Pewenue. imeem lim ——=1. [lostomy nonaraem f (0)=1.
=0 X

Ceoiicmea pynxkyuii, HenpepviHbIX 8 MOUKE.
Teopema (o 3nake nenpepwienoil gynxyuu). Ilycts ynkmus f (X) ompejeeHa B
HEKOTOPOM OKPECTHOCTH TOYKH X, M HempepsiBHA B 3ToM TOuke. IlycTth

f (Xo) <0 (f (Xo) > O).Torz:a B HEKOTOPDOM  OKDECTHOCTM  DTOM  TOYKH
f(x)<0 (f(x)>0).

f (X
Jlokazamenbcmeo. Bo3pMeME = — %Q 00 [ > 0rakoe, 9to

f f f f
ek 01100 1) <100 < 1) + V) <1 <)) = Tho)
Teopema (0 Henpepvlénocmu CyMMblL, PAZHOCMU, NPOU3ECOCHUS U HACMHOZ20

¢yukyuir). Ilycts dyHKIIMU f(x), g(X) OTpe/IeJICHbl B HEKOTOPOH OKPECTHOCTU
TOYKU X, U HEIPEPBIBHBI B 3TOU TOYKE. Torma B 3TOM TOYKE HENPEPBIBHA HX
CyMMa, pa3HOCTb, IpousBeseHue. Ecnu g(xo) # 0, TO HENpPEPHIBHBIM B TOUKE X,
f(x)

OyneT 4acTHoe .
9(x)
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Jloxkazamenvcmeo. HenpepblBHOCTh CYMMBI, Pa3HOCTH U MPOU3BEACHUS CIEAYET
U3 TEOPEMBI O MpeJIee CYMMBbI, pa3HOCTH, TPOU3BEICHUS IBYX (PYHKIUH.
Paccmorpum cnywanr yactHoro. Ilycts, Hampumep, f(xo) >0. Torna,

COTJIACHO TIpENbIAyIuel Teopeme, f(X)>0 B HEKOTOPON OKPECTHOCTH TOUKH X, .
HenpepbIBHOCTL YaCTHOTO — CIEAYET M3 TEOPEMBI O IIPEIENE YacTHOIO JIBYX

byHKIHA.
Teopema (0 npedenvHoM 3HAHEHUU HENPEPLIGHOU (DYHKYUU HA CXOOAUEUCS]
nocnedosamenvhocmu). Ilycteb ¢yHkums f(X) omnpeneneHa B HEKOTOpOH

OKpPECTHOCTH TOUKU X, U HempepbIBHA B 3ToH Touke. Toraa 1uist mo00H 4uciIoBOH
MOCJIE0BATENBHOCTH X,, — X, BBIIOJHEHO PABEHCTBO

lim £ (x,)= f(x,)- )
Joxazamenscmeo. Bossmenle > 00 [5=3(g)> 0 Taxoe, uto
e x&& O]f(x)-f(x)<e. ©)

W3 cX0aMMOCTH TIOCIIEIOBATEIBHOCTH CIICAYET, YTO JUIsl yhcia & >0 CylIecTByeT
Homep N Ttakoit, uto [J m» N [ |Xn —XO| <9d. Orcroga u u3 (3) ciaemyer, 4TO

>n N |f(x9) flx}e O limf(x,)=f(X,).

Teopema (0 nenpepwvignocmu cioxcnoii gyuxyuu). Iycts dynxmus y = f(x)
ONpENeNeHa B OKPECTHOCTH TOYKH X, M HEMpPephbIBHA B 3TOH TOYke. IlycTh
¢ynkmus z=F(y) ompeneneHa B OKPEeCTHOCTH TOYKHU Y, = f(x,) U HempepwiBHA B
51Ol Touke. Torja B HEKOTOPOH OKPECTHOCTH TOYKH X, OIPEJENEHA CIOKHAs
bynxius  ¢(x)=F(f(x)), koTopas sBiAETCA HENPEPHIBHOW B TOYKE  X,.
Jlokazamenscmeo CIeNyeT U3 TEOPEMBI O NPEIENE CI0KHON QYHKIIUH.

Pa3zpuvienvie ¢ mouke gpynkyuu. OyHkiys, onpeneacHHas B OKPECTHOCTH TOYKU
XoU HE SBIIAIOIIASACA HENPEPBIBHON B HEM, HA3BIBAETCS pA3Pbl6HOL B STOU TOUKE.

DT0 03HaYaeT, 4To, MO0 HEe CYIIECTBYET mpesena (YHKIMH B PacCMaTPUBAEMOM
TOuKe, JMOO 3HAUCHHE IpeeNna HE COBIANACT CO 3HaYCHHEM (YHKIMU B ITOU
TOUKE.
B cuyuae, xorma Llim f(x)# f(x,), MoxHO mepeonpenenuTs 3HaueHme
X=X

(GYHKIIMM B paccMaTpUBaeMOW TOUKE, MOJIOKHUB €r0 PaBHBIM 3HAUEHUIO Ipeaena.
[Tocne sToro momyumBLIasicss GyHKIUs OyneT HENpPEepbIBHOM B TOouke X,. Takue
TOUYKH pa3pbiBa QYHKLUU HA3bIBAKOTCS YCMPAHUMBIMU.

MoskeT oka3aThCs, UTO CYIIECTBYIOT OJHOCTOPOHHHUE Mpeaenbl (pyHKIUH B
paccMaTpuBaeMOil TOYKE M OHM HE paBHBL. Takue TOUKH paspeiBa (PyHKUIUU
HA3BIBAIOTCS PA3phIBAMU 1EPE020 pood.

Ceoiicmea pynkyuii, HenpepvieHbIX HA OMpe3Ke
Onpeoenenue. I'0BOpAT, yTO (QYHKLHMS HENPEPHIBHA HA OTPE3Ke [a,b], KOI'Jla OHa

HCIIPCPBIBHA B K&)I(I[Oﬁ TOYKE X, U (a,b), 4 B KOHIIAX 3TOro OTPE3Ka BLINOJIHCHBI
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paserctea lim f(x)= f(a), lim f (x)= (o).

X-at
Teopema (0 nyne menpepwienoti na ompeske @yuxkyuu). Ilycts Gyaxuus f(x)
HeTpepbIBHA Ha OTpe3ke [a,b] M B KOHIAX 3TOro 0Tpe3Ka OHa MPUHUMAET 3HAYEHHUS
pasHoro 3Haka. Toraa oHa oOpamaeTcs B HyJIb B HEKOTOPOH TOUKE 3TOr0 OTPe3Ka.
Jloxazamenscmeo. Jlns onpenenennocty cantaem, uto f(a)<0, f(b)>0.

R+brl
Pazo6nem 3T0oT 0Tpe3ok mononam. Eciou f > 0, To Bce moKa3aHo.
' [ [

+ +
Cuyuraewm, uto f gk;% 0. O6o3naunm &, =a,b, = aTb. Torma

a<a, <b <b, b -a :béza, f(a)<0, f(o,)>0.
Pazo0beM oTpe3ok [al,bl] IOI0JIaM U IPHUMEHHUM MPEIbIIYIINE PAacCyKICHUS U

Tak gainee. Takum o6pa3oM, 1100 HA KOHEYHOM IIare HaiiJieM TOUKY, I1e QyHKIUs

oOparaercs B HYJIb, 100 HOCTPOUM 10CJIeI0BATEeIbHOCTH
a<a <..<a,<..<b, <..<b <brakue, uto

b-a

f(a,)<0,f(b,)>0; b, —a, =——.

2n

Tocnenosatensuocts @, (D,) Bospactaer  (yOblBaeT) M OrpaHMuEHA CBEPXY
(cum3y) umcmom b(a). IlostoMy mo Teopeme 0 mpexese MOHOTOHHOI

orpannmyeHHoi nocnenoBarensHocty U lima, = A, U limb, = B. [Tokaxewm, urto

n- oo n- oo

3HA4YCHUA ITUX IIPCACIIOB PABHLI.

B —A =limh, ~lima, =lim(, -a,)=lim>=> @ & B COa, -Ch, -C.
n-oo n-oo n-oo n-oo
PaccmarpuBaemas ¢pyHKIus HerpepbiBHA Ha oTpe3ke. [1o Teopeme o mpeaensHOM

3HaYEHUHN HENPEpBhIBHON (DYHKLIMU Ha CXOMSAIICHCS MOCIEA0BATEIbHOCTH HUMEEM,
uto f(a,) ~ f(C) f(b,) - f(C). Hanee,

ffa, )00 fl€) o, f(k,) @ f(Q o O f(C)=0.

3ameuanue. dTa TEOpEMa UCIONB3YETCS MPU JOKA3aTEIBCTBE TOTO, YTO KAKOE-TO
YPaBHEHHE HMMEET KOPEHb. B IIKOIBHOM Kypce MAaTeéMaTMKM HMMEHHO HAa HEW
0a3upyeTcsi METO UHTEPBAJIOB JJIsl PELLICHUS] HEPABEHCTB.

Teopema (06 oepanuuennocmu HenpepvieHOU Ha ompeske Gyukyuu). Ecim
byHKIHS f(x) HETIPEPhIBHA HA OTpPE3Ke [a,b], TO OHA OTpaHWYEHA HA STOM
OTpE3Ke, TO eCTh

0 >M of [a,b] O [f(x) <M.
Jokazamenvcmeo. IlpennonoxxkuM, 4to (yHKIUS HE SABISETCS OTPaAaHHUYECHHOM.
Torma nns kaxxaoro yucna N =1,23,.... HaligeTcs Touka X J [a,b] ] |f(XnX >n.

W3 ston OFpaHquHHOﬁ MOCJICAOBATCIIBHOCTU MOKHO BBIACIINTL CXOIAINYHOCSA
MOoAIIOCICI0OBATCIBHOCTD Xnk_’ CD[a,b] . 13 TECOPEMBI O MMPCACIbHOM 3HAYCHHNH
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HENpepbIBHOH (yHKIMM Ha CXOIMmIeiics MOCIEeIOBATENbHOCTH CIIENYeT, YTO
f(Xnk) - f(c). C apyroit cropoms, f(Xy )N —» 0 O f(X, ) - +oo.

[Tonyuynnu npoTuBOpeUueE.

Teopema (Betiepuumpacca). Ilycts GyHKITHS f(X) HEenpephIBHA Ha OTPE3Ke [a,b].
Torma cymecrsyer Touka [ C[] [a,b], B KOTOpPOH (YHKIMS NPUHUMAET
HanOoJbIee (HAMMEHbIIee) 3HAUCHUE, TO €CTh

X [ab]O f(c)= f(x) (f(c)< f(x)).

Jlokazamenvcmeo. Tak xak (GyHKIUS HEMPEpbIBHA HA OTPE3KE, TO OHA HA HEM
orpanudeHa. [loaToMy ee MHOXKECTBO 3HAYCHHH SBISICTCS OTPaHUYEHHBIM
YUCJIOBBIM MHOXeCTBOM. ClieioBaTeIbHO, y HEro CYIIECTBYIOT KaK BEpPXHSs
M =sup t(X), Tak 1 HrKkHAg M=Inf T(X) rpanu. PaccMOTpUM BEPXHIOIO TPAHb.
N3 ee onpenenenus cueayer, yro X |a,b|0d M = f(x). Ilootomy HyX)HO
nokasarb, urto [J cOlab|, tne f(c)=M. U3 onpeneneHus BepxHEHl rpaHH
CllelyeT, 4To Ajs aro0oro yucna N =1.23,...Haiinerca Touka X, U[a,b] Takas, uto

M—%sf(xn)sl\/l. ()

N3 3TOl 4MCIOBOM MOCHENOBATENLHOCTA MOHO BBIJICIUTH CXOJSIIYIOCS

IOJIOCTIEI0BATEIBHOCTE X, — CD[a,b]. W3 HenmpephIBHOCTH paccMaTpuBaeMoOmn

dynkuumn nomyuum, uro (X, ) - f (C) Otcrona u U3 HepaBeHcTBa (4) crenyer,
aro f(c)=M.

3ameuanue. 1Ipn HaX0XKACHUU MaKCUMaIbHBIX U MUHUMAJbHbBIX 3HAYEHUN BaXKHO

3HaTh, YTO OHM CYHIECTBYIOT. OTBET Ha 3TOT BONPOC YACTO MOYKHO IOJIyYUThb
IIPUMEHMB Teopemy Beliepmrpacca.

Teopema (0 npomedscymouHvix 3Hauenusx HenpepvisHou @yukyuu). IlycTsb
byHKIUSA f(x) HEIpEPBIBHA HA OTpPE3KE [a,b]. O6o3naunm yepes M (M) ee

MakcHUMalibHOe (MUHHUMAIIbHOE) 3HAUYe€HHE Ha 3TOM OTpeske. Torma mas mr000ro
yuciaa p L] [m,M Halinercs Touka t [ [a,b] takas, uro f (t) =p.

3ameuanue. Dta TEeopeMa TOBOPUT, UYTO HEMpEpbIBHAs Ha OTpe3Ke (QYHKIUA
HMPUHUMACT BCE CBOU MPOMEKYTOUHBIC 3HAYCHUS (CM. pHC.).

f(X)
M
P
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Jloxkazamenvcmeo. COriiacHO NPEIBIAYIIEH TEOPEME CYHIECTBYIOT TOUKH
xw () [2b] O flay)=M (f(xy)=m).
PaccmoTtpum HETIPEPBIBHYIO byHKITHIO F (X) = f (X)— p. Torna
F (Xm) =m-p<0,F (X,\,I ) =M —-p>0. Ilo Teopeme 0 Hyne HENPEPBLIBHOW Ha
oTpe3ke pyHKuuU Tpedyemas Touka | HaXOAUTCSA MEXIY TOUKaMU X, Xy -

Henpepvignocmo oopamnou ¢gynkyuu. B Teopeme 00 oOpaTHOW (QYyHKIHMH
TpeOOBaIOCH, YTOOBI UCXO/HAA (QYHKIHS MPUHUMAIA BCE CBOM MPOMEKYTOUHbBIE
3HAYEHHUs. DTUM CBOMCTBOM, KaKk Mbl BUJIEIH, 00J1alaeT HENpepbIBHAS (DYHKITHSI.

Teopema (o cywecmeosanuu u nenpepvisHocmu oopamuou @yuxyuu). IycTh Ha
uaTepBane (a,b) ompenenena  menpepwienas eospacmarowas (yovisarowas)

bynxims y = (x). O6o3Haunm

A=inf{ly:y=f(x),a<x<B, B=sup{ly:y=13,a<x<t. (5
Torna Ha uHTEpBaje (A, B) ompenesieHa oopamuas PyHKUIUS X = F(y), KoTopas
Bo3pactaeT (yObIBAacT) Ha STOM HHTEPBAJC W SBJSCTCS HEMPEPHIBHONW B KaXKIOU
TOYKE ITOTO UHTEpBAJIA.

Jlokazamenvcmeo. PaccMoTpuM citydalt, korja GyHKIUs Bo3pactaer. [lokaxkem,
aro s mo6oro y[1(A,B) cymecrsyer uncio x 0 (a,b) taxoe, uto y = f(x) (cm.

puc.) . y

a X b

B camom nene, u3 (5) cnemyer, uto HaiimyTcs uucna a <a, <b, <brakume, 4to
A<f (al) <y<f (bl) < B. /lanee Hy)kHO IPUMEHUTH TEOPEMY O MPOMEKYTOUHOM
3HAYEHWH I HENpPEphIBHON (YHKIMM Ha OTpE3Ke [al,bl]. [To Teopeme 00
oOpaTHOM (pyHKIIMHM Ha WHTEpBaJe (A, B) ornpezeneHa gospacmarowas GyHKUus
F (y) TaKas, 4To

F(¥) (abfd yo(AB) = F(f(x)axO(@b)  y=f(F(y)lD yO(AB). (6)
[Toxaxem, 4TO OHA HeNpepbIBHA. J[OMyCTUM, YTO B HEKOTOPOM TOYkKe Y, [ (A, B)
OHA SIBJISIETCSI PA3PbIBHOM. DTO 3HAYMT, UTO cyujecmeyem 4ucio €, > 0Takoe, 4To

sl Kaskcooeo ducna O, :1 (n=1,2,3,...) Hatioemcs TOYKa Y, D(A, B) Takasd,
n

qTo
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Yool <0 [F()-F(yo) 2. o

Cuuraem, /U ONPEACIICHHOCTH, 9TO BCE Y, >Y,. Toraa HepaBeHCTBA (7) MPUMYT
CIEIYIOIINN BUA!

1
Yo <¥a <Yot—. Flva)2F(yo)*eo. ®
B cmny nepBoro HepaBeHcTBa (8) MOXeM cuuTaTh, YTO  YHUCIIOBAs
II0CJICIOBATCIBHOCTE Y yobiBaeT. bymem paccMmarpuBaTh HOMepa N
1
JIOCTAaTOYHO OO0JIBIINMU, 9TOOBI Yo +—<B. Torna qH1CJIOBas
n

nocnenoBatensocth X, = F(y,) Takke yObiBaeT M, COMNACHO MEPBOMY
HepaBeHCTBY (8),

b>F§yo+§§>xn =F(y,)>F(y,)>a. ©)

[Io Teopeme o0 mpenene MOHOTOHHOM OTpaHUYEHHOW IOCIEAOBATEIBHOCTH
Xa— Xo U (a,b). [To ycnoButo Teopembl GpyHKius f (X) SBJISIETCSA HEMPEPBIBHOM.
[loaTomy, mpuMeHsis TeOpeMy O MPEAeIbHOM 3HAUYECHHWU HENPEPHIBHON (pyHKIMU
Ha CXOJSIIIEUCS MTOCIEN0BATEIBHOCTH, IIOJYYUM, YTO

lim f(x,)=f(x,) - (10)
Hanee, cormacuo (6), f(Xn)= Y,. Otcioga u u3 nepBoro HepaBeHcTBa (8)
crenyer, uto f(x,) - Y,. YuuteBas paencrso (10), 6ynem umets f(X,)= Y,
WIIN
Xo = F(yo)- (11)
C npyro¥ CTOpOoHBI, CCOTIIACHO BTOPOMY HEpaBEeHCTBY (8),
xz F(ys) & O x =2F(y,)+&, > F(y,).
[Mosyuwnnu npotuBopeurie ¢ paBeHcTBoM (11).

Onpeodenenue cmenenHoll, NOKa3amenvHoul QyHKuuil u nozapugpma

Hcnonb3ys TeopeMy O HENPEPHIBHOCTH OOpaTHON (PYHKIIMH, JaTuM cenldac
OTpe/ieNIeHUE 3TUX (PYHKIIHA.
Kopenwv n-it cmenenu. Ilpu mobom uucine N=123,... cterieHHas QyHKIHUS TPU
aro6oM X > OcTporo Bo3pacraer, HeNpepbIBHA M NpuHUMaeT 3HadeHue nu3 (0;+00).

[lo TeopemMe O CylIeCTBOBAaHUU M HEMPEPHIBHOCTH OOpaTHOW (DYHKIIMM Ha 3TOM
1

MPOMEXYTKE orpeneseHa oopatHas Gpynkuus X = Y". OHa HenpephIBHA B KaXKIOU

ero TOYKe U cTporo Bo3pacraeT. llepeoOo3Hayas nepeMEHHbIE, MOIYYUM
(GYHKIUIO Koperb N-u cmenexu

y=x" o y="x.

82



1 1
OtMeruM ( ¥ ATO manblie OyIeM HCIIOJIB30BaTh), uTto X" >1 < X" <1 mpu
y H p

x>1 (0<x<1).
Cnyuaii PaAyUOHAIbHOZO0 nokaszamens. [Tpu TEJTBIX
n=123,... m=12g3,...paccMoTpuM (PyHKITHIO

m
y=xn= X1 xn
m
Ora ¢yHKuus omperneneHa mpu Bcex X>0 M mo TeopemMe O HENMPEPHIBHOCTHU
MIPOM3BEICHUS HEPEPBIBHBIX (PYHKIIMI OHA HETIPEPhIBHA.

JUis OTpUIATeNbHBIX HENbIX YUCeNl M 3Ty PYHKIIUIO orpenessieM GopMyioit
m

y:x;:—m, x>0.

X n
[TIo Teopeme 0 HEMmpPepBHIBHOCTH YAaCTHOTO 3Ta (YyHKIMS OyAeT HENPEpHIBHOW B
Ka)KJ10 TOUKE 00J1aCTH ONpEeEICHUS.
Ilokazamenvnaa @ynkyusa. Bozpmem uucno 0<a#1l. Torma mpu Kaxiaom

m
palMOHAJIBHOM YHUCJIC X = — OHNPECACICHO YHCIIO
n

m

a¥=an.
Jdemma. Ecmn X, =—, X, =—=, TO a“a*e = ght*e
n n,
Jlokazamenvcmeo. PaccMoTpum ciiydail OJ0KUTENBbHBIX yncen. Toraa
1 1 1 1 My +Mpry
n n — . MmN +Mpry
Xl = rT}I- 2 ,XE M |:| axlaXZ :(arh_n2 ”.arh_nz )(arh_nz “.arh_nz ) — a Ny — aX1+X2 .
nn, nn,

Jemma. Jljia 1r1000r0 MOJOXKHUTEIBHOIO PAalMOHAIBHOTO YHCIIA X BBIIOJHEHO
HEpaBeHCTBO a* >1 (ax < 1), ecn a >1(0<a<1).

Jloxkazamenvcmeo. PaccmotpuM ciydait a>1. Torna
1 101

m — — —
x —,a®» 1 0 a*=an.an>1.
n

Jlemma. Ecm a >1 (O <a <l), X; <X, — 1Ba pallMOHAJIbHBIX YMCIIA, TO
a®<a® (a"1 > aXZ).
Jlokazamenvcmeo. Paccmotpum cityvait a>1. Torna
Qe = a(xz‘X1)+X1 — g2 ™Mg% >1a% =%

Ilyctp umcino X sBIAE€TCS UPPALMOHAIBHBIM. BO3bMEM BO3pacTaroulyrO
IIOCJIEA0BATEIBLHOCTD PALMOHAIIBHBIX YUCEN X, — X. Torma uyucioBas IocieaoBa-
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TEeNLHOCTH A" B ciaydae a >1 (0 < a<1) Bo3pacraeT (yObIBaeT) M OrpaHUYEHA

cBepxy (cHuzy). Ilo Teopeme o mpenesie MOHOTOHHOM OrpaHUYEHHOW IOCIIEN0BA-
TEJIBHOCTU y HEe CyLIeCTByeT npezei. JlokaspiBaeTcs, 4YTo 3HaU€HUe 3TOro Ipeje-
Jla HE 3aBUCHUT OT BbIOpaHHOM MOCien0BaTeNbHOCTH. Ero 3HaueHue u npuHuMaeT-

cs 3a ynenno @*. Dra GyHkuus onpenaenena npu Bcex X[ R u sBiusercs Henpe-
PBIBHOM.

Jozapughm. ITpn a >1 (0 <ac< 1) crenenHas QyHKims Y =a” Bospacraer (yObl-
BA€T) U IPUHUMAET 3HAYEHUS U3 MHTEpBaJIa (O, + 00). [To Teopeme 06 obpaTHOI
(GyHKLIMK Ha 5TOM MHTEpBase onpezaeneHa oopaTHas (GyHKIHs, KOTopas 0003Hava-
erca X=log, y,y>0.

[Tepeobo3nauas mepeMeHHbIe, MoayYnM QyHKIHIO Y =109, X, KOTOpas  om-

penenena rpu Bcex X > 0 u sBseTCS HENPEPBHIBHOM.
Ecnu B34Th B KauecTBE OCHOBAHMS B34Th YUCIO €=2,718, TO moay4um jora-
pudM log, X, KOTOPBII HA3BIBACTCS Hamypanibhvim JorapudmMoM u 0003HaAYaeTCA

Inx.

Tema 15
MNPOU3BOJHASA ®YHKIIUU

Ilpumep. PaccMOTpUM MPOU3BOJICTBO, B KOTOPOM HCITOJIb3YyEMbIE PECYPCHI Xapak-
TEPU3YIOTCS OJHUM YHCIOM X, a MAaKCUMAJIbHO BO3MOXXHOE KOJUYECTBO BBIITYC-
KaeMO# MPOIYKIMH MPH WCIOJIb30BAaHUU 3TOTO KOJUYECTBA PECYpCOB 3aJIaeTCs
npouszsoocmeennou pynxyuetr 'y = f (X) [Tpusneuenue HoBoro AX >0 koiudect-
Ba pecypcoB (nbo cokparienue, eciim AX<0) mpuBener K TOMy, Y4TO MaKCH-
MaJIbHO BO3MOJKHBIH BBIMYCK OyaeT paBeH f (X + Axi a ero MPUPOCT COCTABUT
O (x) = £ (x +Ax) - f(x).
VYpoBeHb OpraHu3alyy MPOU3BOJCTBA XapaKTEPU3YeT N0JiA MPUPOCTa, MpU-

XOOAIECTOCA Ha OAHY CAWHHUIY BHOBB IIPUBJICKACMOI'O KOJHMYCCTBA PECYpPCOB, a
HUMCHHO

f(x+Ax)—- f(x)

1
A~ (1)
Jlnst mpou3BoICTBEHHOM GQyHKIMU Y = X* Gopmyna (1) mpumeT clienyrommii BU/I;
(x + Ax)* - X2
AX '

[Tpu a =2 umeem
f(X+Ax)— f(X) _(x+Ax)*—x?
Ax AX

=2X + AX.

IIpu a=3 dopmymna (1) mpumeT Bu



f(x+Ax)- f(x)
AX
Jnis 60s1ee CIOXKHBIX 3aBUCUMOCTEN 1018 npupocTa (1) Beuucisercs ropas-
10 cioxHee. OKa3bIBa€TCs, YTO JTOCTATOYHO IMPOCTO BBIYMCIAETCS MPEAEIIbHOE
3HAYCHHUE

= 3x® +3x Ax+(Ax)?.

RO ) = F(x)

AI>I( 0 ’ (2)

KOTOpPOE HA3bIBAETCS npedeibHbiM npodykmom. 1lpu He3HAUUTEeIbHOM MPHUPOCTE
Ax mpenenabHOe 3HaueHue (2) OyaeT Malio OTJIMYaThCs OT BeMUYUHBI (1).

Ilpumep. Paccmotpum rpaduk QyHKIuu Y = f(X). XOTuUM omnpenenuTsb yroia o ,
KOTOpBIN 00pa3yeT ¢ ockto OXKacaTesbHasi, poBeAeHHas K rpaduky QyHKIuu B
touxe A(x, f (x)) (cm. puc.).

y

g X
0 /T x+ X X

Jlist 3TOro BO3bMEM Ha IrpadUKe TOUKY B(X +Ax, f (X + AX)). VYroun, koTopslii 00-
pasyer cekyias BA ¢ ocero OX, o6o3naunm f3. Toraa
f(X+Ax)—- f(x
gp= (CHAO= 1)
AX
Yerpemut -x Q@ B A3 a U tgB - tga (3mech HMCmonb3yeTcs Hempe-
PBIBHOCTH QyHKIMH tg ). Takum oOpazom,
+ -
tga = lim fix+2x) f(x)_ (3)
Mx-0 AX
Nwmeercs ewe psia 3a1a4, KOTOPbIE NPUBOJAT K BBIUMCIEHUIO MTPEAEIIOB BU/IA

(2). OtBiEKasICh OT 3THX KOHKPETHBIX 3aJlad, JajJuM CIEIYyIOLIee OIpe/eIeHuE.
Onpeoenenue. Ilycts QyHkius f ompesaeneHa B OKpeCTHOCTH Touku X. Ecim cy-

HIeCTBYET mpefen (2) , TO ero 3HaYeHHe Ha3bIBACTCS MPOU3BOIHON QPyHKIMKU f B
Touke f m oGo3nauaercs f'(x). Takum oOpasom,
f(x+Ax)— f(x)

I — H 4
F(x)=lim A (4)
, o (X+AX) =X
11 U = —=
Ipumep. Umeem  (X) Alitno A 1,
2 _ 2
(x2) = lim BT TXT i (x4 %) = 2x.
AX-0 AX AX-0
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Ilpumep. Ilycts f (X) = |X| u Touka X =0. Torma
f(0+Ax) —f(0) _|AX _ %1, Ax >0
AX AX [T1Mx<0
Otcrona BugHO, uTo npu AX — Ompezaen OTHOILIEHUS HE CYIIECTBYET (CYIIECTBY-

10T TOJILKO OJHOCTOPOHHUE MPEJIEbl U OHU HE paBHBI). CliemoBaTeNbHO, PYHKITHS
|X| HE UMEET MPOou3BOAHON B Touke X = 0. 3HAUUT, He 6ce pyHKYuU umerom npo-

U3600HbIE.
C npuBieYCHUEM TOHATHS KacaTeIbHON K rpaduky (YyHKIHH, TaTuM T'€O-
METPUYECKOE 00BSICHEHUE TIPEABIAYIIIEMY IIPUMEDY.

Ypasnenue kacamenwvnoii. 13 popmynsi (3) cineayer, 4to

tga = f'(x). (5)
[ToaTomMy ypaBHEHHE KacaTelbHOM, MPOBEACHHON K rpaduKy QyHKIUU B TOUYKE C
KOOpAMHATaMU Xg,Y, = f(xo) (cM. puc.)

Y

Yop----------

LA

UMEET BUJ] y:(x—xo)f'(xo)+ f(XO). (6)

3ameuanue. Eciu B TOUKe X, CyLIECTBYET MPOU3BOJHAS (DYHKIHH, TO B COOTBET-
CTBYIOLIEH TOUKE Ha ee TparKe MOKHO NMPOBECTH KACATEIbHYIO M TOJBKO OJHY.
I'paduk pyHkmm y = |X| B Touke X =0 umeer «yrom». B 3Tol Touke MOXKHO

MIPOBECTH CKOJIb YTOJHO MHOTO TIPSIMBIX JIMHUM, UMEIOMUX ¢ Tpaduxom QyHKITIN
TOJIBKO OJTHY OOTIIYIO TOUKY (CM. PHC.).

3ameuanue. JIns onpeneneHys NpOU3BOIHON UCIIOJIB3YETCA U TaKasl 3aIllCh:
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, . f(t)- f(x
f (x)=I|mM. )
tex  t-x
HpI/IBeI[eM CcIIC OJHO IMPUMCHCHUC ITOHATHUA HpOI/ISBOI[HOﬁ B OdKOHOMHWYECCKUX
HUCCIICOOBAHUAX.

ITpumep (31acmuunocms cnpoca no yene). Ilyctb CBA3b MEXKIY KOJIMYECTBOM ]
MOKyNnaeMoOi MPOAYKIIMM TpU JaHHOW IeHe ( 3amaercsa (yHKIMEH cropoca
p=f (q) [Ipu u3MeHeHuu 1eHbl Ha BenuuuHy AQ Crpoc M3MEHUTCS Ha HEKOTO-
pyto BennunHy Ap. B kadyecTBe mokasareneld, KOTOpbIE XapaKTepU3ylT YPOBEHb
W3MEHEHUSI LEHbl M CIPOCA, UCIOJIb3YIOTCS MX MPOLEHTHBIE W3MEHEHUS
Ag.Ap

g’ p

OTHoIIEHHE MPOLIEHTa MPUPOCTA CIPOCca K NPOLEHTY HNPUPOCTa LIEHbI Ha3bl-
BAETCS 21ACMUYHOCNbIO CHPOCA NO YeHe U €€ BEJINYNHA PABHACTCS

Ap
P _fpa.
Ag  Aqg p
q

[Ipenen storo otHomenus npu Aq — O paBeH

E=f(q)fo e29=2P
P q p
CreoBaTeNnbHO, €clM 3HaueHne E Majo, To MpoIeHTHOE M3MEHeHHe crpoca Oy-
ACT MaJIbIM IIPHU JOCTATOYHO OOJIBIIINX IMPOUCHTHBIX M3MCHCHUAX LCH, U Ha000-

pOT.
Buviuucnenue npouszeoonvix npocmeiimux ynkyuii. I1okaxem, 4to
(ax) =a"lna, O<a#l. (8)
B camom neine,
1 ! (x+Ax)ina _ .xIna Axlna _ t
. e e : e -1
@) =) =i =e“"Inalim ————=a*Inalim =a*Ina
X0 AX -0 Axlna t-o t
B yvactHOCTH,
(ex) =e*. 9)
Hanee,
1
(log, x) =~ log,e, 0<azl (10)

JlefcTBUTENBHO, UCTIONB3YS (HOPMYITy Mepexo/ia K HOBOMY OCHOBAHHUIO, MTOJTYyYUM

InB,+A—XH

(log, x)' = ((log, &)Inx) :Iogaelimw(w‘)()_lm(— 1IogaeIimD)(D:ilogae-

-0 X X -0
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B gactHocTH,

(inx) =1 . (11)
X
JIJ1st TPUTOHOMETPUYECKHMX (DYHKIHMI HMEEM
(sinx) =cosx, (cosx) =-sinx. (12)
JleCTBUTENBHO,
_ 25 nBA—X B:osB( + Ax
(sinx) = lim n(x+Ax)—smx_| 20 O 20
AX -0 AX A~ 0 AX
S nBA— H:osB( +—
= A|)I( O Ax D— COSX.
2
AHaJIOrnyHo,
AX gx+Ax
. cos(x+Ax)-cosx _ . ZsmH— ES 0 2 H
(cosx) = lim = lim
X0 AX X0 AX

Tema 16
INPABUJIA BBIMUCJIEHUS ITPOU3BO/AHBIX.
JTUNOOEPEHIIUAJI ®YHKIINN

HenpepeiBHast B Touke X Qynkuus f npuaumaer 3naveHus f(t): f(X)
Ut Becex U tocTaToyHo ONM3KUX K 3TOW Touke. YacTo BO3HHMKAET MOTPEOHOCTh B
0o0Jiee TOYHOH OLIEHKE Pa3HOCTH 3HAYEHHUUN (PYyHKIIUU.
Onpeoenenue. I'oBopsT, uTO QYHKIHSA f(X) oughgepenyupyema B TOUKe X, €CIU
OHa ONpe/IeIieHa B HEKOTOPOM OKPECTHOCTH A3TOM TOYKHU M CYLIECTBYIOT uncio F
1 OECKOHEYHO Majiasi B 3TOW TOUKe QyHKIIHS a(t) Takue, 4yTo
ft) =f(x)+@t -x)F +{-xal), (E R at) O) (1)

JUISL BCEX TOYEK t U3 3TOM OKPECTHOCTH.
3ameuanue. VI3 hopmynsl (1) cremgyer, 4To B OKPECTHOCTH TOUKU X nuddepen-
HUpyeMyro (PyHKIMIO MPUOIU3UTEIHHO MOXKHO 3aMEHUTH JIMHEHHON (yHKIMEH, a

MMEHHO
f(t)=f(x)+({t-x)F.
Ilpumep. Ilycts f (X) = x+ x?. Torna
fle)+t & +x ** t 1 -t O E t 2xaE + x@IX 0.
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Teopema (kpumepuii ougghepenyupyemocmu pynuxyuu). OyHKIHS f(X), ompeie-
JICHHAs1 B OKPECTHOCTH TOUKK X, auddepeHmnupyema B 3T0OH TOUKE TOr/Ia U TOIBKO
TOI/1a, KOT/Ia CYIIECTBYET MPOU3BOIHAS f’(x). [Tpu stom F = f'(x).
Jlokazamenvcmeo. I1ycTh CyIecTByeT IPOU3BOTHAS f’(x ) O603HaYNM
ft)- fix
alt)= M_ f'(x).

t—X

f(t)=f()+{t-x)f' )+t -xp ), ) o). 2
ITycts Teneps BeinoaHeHo paBeHcTBO (1) . Torna
%;(X) “F+a).  limaf)=0.
CrnenoBarenbHO, CyliecTByeT Ipon3BoaHas f '(X) =F.

Torma

Ceoiicmea ouggepenyupyemoix ynkyuii
Ceoiicmeo 1. Eciiu pyskus quddepeniupyema B TOUKe, TO OHA HEMPEpPHIBHA B
JTOM TOUKE.
Joxazamenvcmeo. 1lpaBast yacts paBeHcTBa (1) cTtpemutcs K Hymo npu t — X.
CrenoBareipHo, !im ft)=f(x).

X

Ceoitcmeo 2 . Ilycts GyHKIUSA f(X) =c=const B okpectHocTH TOukH X. Torma

oHa audepeHIrpyeMa B 3TOI TOUKE U €€ MPOU3BOIHAS paBHA HYJIIO.
Jlokazamenvcmeo. V3 onipenienieHus IpoOU3BOAHOM

, ) f(x)
f'(x)=lim——— 3
() =lim—"— (3
M M3 PaBCHCTBA f(t)— f(X)= O nns MOCTOSHHOW (DYHKIIMH TIOMYyYUM, YTO

f'(x)=0.

Csoiicmeo 3 (meopema o npou3800HOU CyMMbL, PA3HOCMU, NPOU3BEOCHUSL U YACTI-
Hoeo 08yx ¢yukyuii). Ilyctb GyHKIMM u(x),v(x) nuddepeHrpyeMbl B TOUKe X.
Torma B 3T0# TOUkKe nuddepeHIpyemMbl UX CyMMa, Pa3HOCTh, MPOU3BEIACHUE U
BBITIOJTHCHBI PABEHCTBA

(£ v(x) = u(x)= v (x)
(UOMO) = U (M) + UGV (x).

Ecnu pynkuus V(X) OTJIMYHA OT HYJS B TOUKE X, TO B 3TOM Touke AuddepeHu-
pyemoii pyHKIMEN SBIsSETCS YACTHOE U BBITIOJIHEHO PAaBEHCTBO

%E _ u'(><)V(>\</)2—()l:)(><)/’ (x)

Jlokazamenvcmeo ipoBEEM TS Cydas ipousBeneHus. U3 popmyiel (2) umeem

u(t) =u(x) + (t = xpu'(x) + (¢ = xr (), a(t)d> O;
v(t) =v(x)+ [t -3 (x) + (- x)B(). BH)IE ©.
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CrenoBaTeiibHO,

(Ev(t) =uvlx) + (£ = xfu' (Xx) + v () + (£ = x)x (),
X (1) =u(x)B (1) +v(x)ar(t) + (£ = xKu (X (x) + 0’ (x)B (t) + v () (t) + a(0)B(E)) 02 ©.

Otcrona u u3 kputepust 1uddHepeHIpPyEeMOCTH ody4yaeM TpedyeMoe paBEHCTBO.

Ynpasicnenue. IlpoBectu 10Ka3aTeNbCTBO OCTABLIMXCS CITy4YaeB.
Cneocmeue. 1lycts dyHKUHA f(x) muddpepenunpyema B Touke X. Torma mpu

moboM unciae C Qynxuus Cf (X) saBisieTcs quddepeHupyeMoit B 3TOM TOYKE U

(cf (x)) =cf'(x).
Jokazamenvcmeo. HykHO IpUMEHUTD (OPMYITy BEIYHCIIEHUS IIPOM3BOIHOM IIPO-
M3BEJICHUS IBYX (yHKIHIA u&) = f(x),v(x)=c.

BBIIIOJIHCHO paBCHCTBO

Ilpumep. I1okaxem, 4TO

o) ==, (ctge) =——~ . ()

B camowm neie,

. ! . ! . ! 2 . 2
! SIN X SINX) COSX — SN X{COS X COS™ X+ 39N~ X 1
(tg)() = H = ( ) 5 ( ) = 5 = >
[ICOSX[] COS™ X COs™ X COos™ X
Ynpaswcnenue. Beisectu BTOpyto hopmyiy (4).
Ipumep. Boravcauth npou3BogHyo GyHknun f (X) = X|X| B Touke X =0. [Ipous-

BOJHAs (GYHKIIUM MOMYJSI B 3TOM TOYKe He cymiecTByeT. [loatomy dhopmymnoit ams
MPOW3BOAHON TPOM3BENICHUS HE MOXXEM BOCIOJB30BAaThCHA. byneM BBIUMCIATH
MIPOM3BOJHYIO UCXO/I U3 OMPECIICHUS
£'(0)= lim 1Q+&)-1(0) _ jim 2% 2o,
Ax-0 AX -0 AX
B stom nmpumepe onna dyskius He nuddepeHuupyema, apyras GyHKIUS
muddepennupyema, HO ux npousBeneHue qudGepeHmupyemo.

Teopema (0 npouzsoonoi croxcrou ¢yuxyuu). Ilycts pynkmus f (X) mubdepen-
nupyema B Touke X, a pynkus U (y) mupdepennupyema B Touke Yy = f (X) To-
raa cioxkHasi QyHKuus u(X) =U (f (X)) auddepeHnrpyeMa B TOUYKEe X U BBITIOJHS-
€TCsl pAaBEHCTBO

u'(x)=U"(f (x)) 0 (). (5)
Jlokazamenvcmeo. V3 popmyinel (2) uMeeM paBEHCTBO

U(z) =u(y)+(z-yW'(v)+(z-y)B(2), B2 o.

[MToxcrasum croga z = f (t), y=f (X) Torma
u(t) =U(f (1)) =0 (f (<)) +(f () £ OPU(F () + () - F(A(F(E). B(FE) IS O

CrienoBaTeibHO,
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) =tim =4 i B0 6 (1 ) D 100 ()

t—X t-X
Takum obpazom, ¢popmyna (5) nokazaHa.

Ilpumep. Ilpumenum dopmyny (5) K BBIYMCICHUIO TPOU3BOJIHON CTEIEHHOM
¢bynkuuu. [Mokaxem, 4To

(x“) =ax® ™, (6)
B camowm geine,

' ' roa a -
(Xa) — (ealnx) — (ealnxXalnX) =_ealnx =_Xa :axa 1.
X X

Jugpppepenyuan pynkyuu. lagum Gopmyie (2) reoMeTpudecKyr0 UHTEpIIpETa-
nuto. Cnaraemoe (t — X f'(X) B (opMmyie (2) HaA3bIBAETCS 21ABHOU YACMbIO TIPU-
pamenust pyakuuu. [Ipu t = X umeem (cM. puc.)

f(t)=f(x)+(t-x)f'"(x). )

Y
i 4)a (t)
4 (t-x) f'(x)= (t-X)tgB
1) |
Tt

Onpeodenenue. I'1aBHast 4acTh NpUpaleHUs] (YHKIUU B TOUKE X HA3bIBACTCS €€
ougpgepenyuarom B ITOU TOUKE U 0003HAUAETCS
df (x) = f'(x)(t - x).
[Tpupamenue He3aBUCUMON TIepeMeHHO 00o03HauatoT dX =t — X. Toraa
df (x)= f'(x)dx. (8)
B cootBercTBUM € 3TOI (opMyJION HCHONB3YETCA IPyroe 00O3HAUYE€HUE IMPOU3-
BOJIHOM

f’(x):dfd—s(x). (9)

3ameuanue. Ilonnoe npupaiienne QyHKIUU

N (x) = £ (x +Ax) - f(x)
BO MHOTHX CJIydasix ObIBAeT TPYIHO BBIYHCIUTH. [loaTOMY NpHOIMKEHHOE paBeH-
ctBo Af (X) = df (x) MO3BOJISIET 00JIee MPOCTO BHIYMCIUTD MpUpAIeHHE (QYHKIIH.

Ilpumep. 1lycTb 3aBUCUMOCTD KOJIMYECTBA Y €IMHUIL BBIITYCKA€MOTO MPOAYKTA OT
HCTOJIb30BAHHOTO B ITPOU3BOJCTBE KOJIMYECTBA €AUHUI] X ChIPbS 33/1a€TCS CTEIIECH-

HOM (yHKIMEH Y = 03Vx. [TycTh k KONMMUYECTBY ChIpbs X =100 eauHuUIl TprudaBU-
ma eme AX=0,05enunun. Torga nOpupocT BBITYCKAa MOPOAYKIHH COCTaBUT

Ay =03y100,05 -0,3v100. ITpubmmxeHHas dopmyiaa 1y npupamieHus (yHK-
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[IMU B paCCMAaTPUBAEMOM Cllydae mpuHUMaeT Bua Ay = 03— 1 0,05=0,00075.

> e

' 1
31ech ObLIa UCOIB30BaHa (hopMyIia (\/;) =—.

2/x

Teopema. Ecnu pynkuuu V(X),U(X) auddepeHuupyeMsl B Touke X, To nudde-
PEHIMAIIBI KX CYMMBI, Pa3HOCTU U HSOI/IBBCI[GHI/IH paBHbBI

d(u(x) £ v(x)) = du(x) = dv(x),

d(u(x)v(x)) = v(x)du(x) + u(x)dv(x).

d %jgg E: v(x)du( i</ ;2 (—Xu)(x)dv(x) |

Otu GopMyIIbI CIEAYIOT U3 COOTBETCTBYIOMIUX (OPMYII AJIs TPOU3BOIHBIX.

Ecmu v(x)# 0, 10

Uneapuanmnasn ¢opma ougpgpepenyuana. Paccmorpum muddepeHnupyembie
byHKIIMH Z =U(y Y = f(X). Torma, npumensisi Gopmyny (5) ans BBIYMCICHUS

npousBoHoit croxkro# dyrxian u(x)=U (f (x)), momyuum

du(x) = u'(x)dx = U’ (f (x))f"(x)ax =U"(f (x))df (x)=U"(y)dy.

Hpyrumu cinoBamu, popmyna auddepeHinana octaeTcsa TOH Ke camMoid, eciu ap-
T'YMEHT, B CBOIO OUYEPE/ib, SBJISIETCS 3aBUCUMOMN MTEPEMEHHOM.

Teopema (o npouzsoonou obpamnou ¢ynxyuu). Ilycts GyHknus y = f(X) SIBJISI-
€TCsl HEMIPEPHIBHONW B HEKOTOPOW OKPECTHOCTH TOYKH X W Bo3pactaer (yObIBaeT)
HEH U UMeeT NMPOor3BOIHY0 f '(X) # 0. Torma obparnast pynkmmst X = F (y) TaKxe
UMEET B COOTBETCTBYIOIIEH Touke Y = f (X) IPOU3BOHYIO, IPHUEM
oy 1
F'y)= TR (10)

Jloxazamenvcmeo. 13 onpenenenus oopatHoit GyHKIuu ciaeayet, uro t = F (f (t))
JUTSI BCEX TOYeK t 13 okpecTHOCTH ToukH X. [loaTomy,

F@-FO)_FO)-F(R) . t=x _ 1

z-y -t f)-fl) FO-T0)
t—x
OO6parnas pyHKIUS SABISETCS HepephiBHOW PyHKIMEH. [TloaTomy,
z, yot=f(z) - f(y)=x.

ITepexons B popmyne (11) x npeneny, noayuum tTpedyemyro ¢opmyiy (10).

Ilpou3zeoonvie 0opamnvix mpuzonomempuyecKux QyHKyu

. [0 Tl
@yHKIUA Y = SINX BO3pacTaeT Ha OTPE3KE H_E Py Y IPUHUMAET BCE 3Ha-
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YeHUS U3 OTpe3Ka [— 1,]]. [TosToMy Ha 3TOM OTpe3Ke omnpeeneHa oOparHas QyHK-
st X = arcsiny . CornacHo ¢opmysie (10),
oy 1 1 :
(arcsiny) = = ,X=arcsiny.

ITockosbky COS(arCSin y): \1-y? , To, mepeobo3Hayas mepeMeHHbIE, TOMyHHM

(arcsinx) = _.
1-x
Ynpasicnenue. Jlokazars, 4to

I I

(arcctgx) =-

(arccosx) = SN (arctgx) =

Ji-x2 1+x%

1+ x2

Tema 17
TEOPEMbI O IN®OOEPEHIIUPYEMbIX ®YHKIHUAX

Oyukuus crpoca P=f ((), koTopas ycTaHaBIUBAeT CBSA3b MEXKIY LIEHOH ( Ha
KOHKPETHBIN TOBap M CIPOCOM [) Ha HETro MPHU JAHHOU 1I€HE, T0JKHA YOBIBATh MPHU
yBEJIUYEHUHU 1IeHBI. [103TOMY BO3HUKAET MOTPEOHOCTH B MAaTEMAaTHYECKOM armapa-
T€, C MOMOIILI0O KOTOPOTO MOKHO BBISICHSITH BO3pacTaHHWE WM YObIBAHHE KOH-
KpeTHOU (pyHKiMu. OKa3bIBa€TCS ATO MOXKHO JelaTh C MOMOIIBIO MPOU3BOIHOMN
GyHKUIHUU.

Teopema. Tlycts pyuxuus f(X) onpenenena Ha uaTepBaie (a,b), muddepenuupye-
Ma B KaXJIO# TOYke 3TOro mHTepBaia. Toraa, eciu oHa yowisaem (6o3pacmaem)
Ha >TOM MHTEpBaie, To ee npomspomnas f'(x)< 0 (f'(x)=0) mis Bcex Touek X u3
3TOTO WHTEpBAJIA.

Jokazamenvcmeo. Paccmotpum citydaii, korna GyHKus yosiBaet. 3adukcupyem
JTr00YI0 TOYKY X M3 3Toro mHtepBana. Torma f(t)= f(x) npu t<x u f(t)<f(X) npu
t>X. CnenoBaTensHO,

(- o im0 &) £'(x)< 0.
t—X t-x  t—=X

[Tpu 3amanHoi nene  BenwunHa F(Q) = q f(Q) onpenensier BEIpydKy OT peainsa-

K ToBapa. [Ipenmnonoxum, 4To XOTUM OTNIPENETUTh IIeHY, TPH KOTOPOH BBIpYUKa

Oyznet HanOombIIel. Kakum ycnoBusM J0MKHA yAOBIETBOPSTH 3Ta IieHa?

PaccmoTtpuM 3Ty 3a7a4y B 00111€M BH/IE.

Onpeoenenue. Ilycts hyHKIMSA f(x) omnpejieieHa B OKPECTHOCTH TOYKH X. JTa

TOYKA HA3BIBAECTCSI TOUKOU JI0KATbHO20 MUHUMYMA (IOKANbHO20 MAKCUMYMA), €C-

. (%)< 1 () (F (%) ()

JUISL BCeX X U3 ATOM OKPCCTHOCTHU TOYKHU X.
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3ameuanue. Ha cnegyronieM puCyHKE TOUKA X, SIBJISIETCS TOYKOW JIOKAJIBHOTO MaK-
CUMYMa, a TOUYKa X, — TOYKOH JIOKaTbHOI'O MUHUMYMA.

y

Teopema ®Depma. Ilyctb
1) dbynkuus f X) OnpenesIeHa B HEKOTOPOU OKPECTHOCTH TOUKHU X.

2) oTa TO4YKa X SBIAETCA €€ TOUKOH J0KANbHO20 MuHumyma (10KanwbHO20
MAKCUMYMA).
3) B Touke X CyIIeCTBYeT Mpou3BojHas f '()?)
Torma sta mpownsBoanas f '()?) =0.
Hokazamenvcmeo. PaccMoTpuM citydal JIOKaJbHOTO MUHUMYMa. Torma
f(x)-f(x) [E0, xX<X

X — X 0, x>X%
CrienoBaTeiibHO,
|imf(x)_f(x_ 0 0 f(x)20: |imf(x)_f(x_ 00 f'(x)<0
XX+ X=X X X— X=X
0 f'(x)=0.

Ipumep. JlonycTuM, 4TO NpHU LeHE (| BBIPyYKa OT pealM3alldy ToBapa OyaeT

HanGonsmeit. [Tockomexy npomssomnas (qf (q)) = f(q)+ of '(q), To, npupasuuBas
ee K HyJII0, HOJTy4uM
- 10 E=r@)-d -
q (@)

Takum 00Opa3oM, IpH ONTUMANBHOHM IIEHE >IACTUYHOCTH CHpOCa IO IEHE
paBHa —1.
OT0 03HAYAET, YTO IPH ONTHMAIBHON II€HE YBEIHMUCHUE €€ Ha OJJUH MPOLEHT IpH-
BOJWT K YMEHBIICHHUIO CIIPOCA HA ONH MPOIIEHT.
IIpumep. Iyctob f(x)=|x.

y
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Touka X =0 sBiseTCA TOUYKON MUHUMYMa 3TON (DYHKIIMHM, HO IPOU3BOIHAS Y pac-
cMaTpUBaeMOil GyHKIIUU B 3TOM TOUKE HE CYILIECTBYET.

Ilpumep. Paccmorpum pyHKIIMIO, Tpaduk KOTOpOM n300pakeH Ha pucyHke. Tou-
Ka X = asBISAETCS €€ TOUKOM MUHUMYMA.

y

—

O a tl) X

®dyHKIMA He onpe/esieHa B OKPECTHOCTH TOYKM & W MPOM3BOJHAS B TOUKE & HE
paBHa HYJIIO.
Ilpumep. Ilycth X XapaKTepu3yeT 3aTpaThl )KUBOTO TPyna B MPOHU3BOACTBE, a f(X)

f(x

3aa€T KOJIMYECTBO BBITYCKAEMOIO MPOJyKTa. Torma BeauyuMHA L;nsJI;[eTc;{
X

MPOU3BOJIUTENBHOCTBIO TpyAa. JJomycTum, 4To npu X [IPOU3BOAUTENBHOCTD TPYAa

nocturaet Hanbonbluee 3HaueHue. Torga mo teopeme depma ee mMpoU3BOJHAS B

ATOU TOYKE paBHa HYJIIO. [TockoIbKY

0F (9 X9 1 ()
Ox O x?

TO B ONTHMANBHOM TOuKe GyaeM uMets paBerctBo f'(X)=
X

Jpyrumu ciioBaMH, B ONITUMAJIBHON TOYKE MPEACIbHBINA MPOIYKT PABHICTCS MaK-
CUMaJIbHOMY 3HAY€HUIO MPOU3BOAUTEILHOCTU TpyAa. Jlanee, nmpu manbix npupa-
meHuax AX nmeem
f(x+0ax)-f(X) _ £ f (%) - f(x+0x)- f(X) _ Ax
X X f(%) %
Takum 00pa3oM, B ONTUMAJILHON TOUKE YBEJIWYEHUE UCIIOIb3YEMOT0 KHUBOTO
Tpy/Jla Ha OJWH MPOIEHT MPUBOJAUT K MPUPOCTY HA OJMH IMPOIEHT BBIMTYCKAeMOMN
POTYKITUH.

Teopema Ponnsa. Ilycts QyHKIMSA f(X) HenpepbIBHA Ha oTpeske [a,b], auddde-
peHImpyeMa B Kaxoii Touke untepsana (a,b) u f(a)= f(b). Torna cymecrsyer
Touka C[] (a,b), rzie mpou3BogHas paBHa (.

Joxazamenvscmeo. HenpepbiBHas Ha OoTpe3ke (YHKIMS JOCTUTaeT CBOMX Hau-
OobILIETr0 M HaUMeHbIIero 3HayeHui. Ilycte M — HauMmeHblee 3HaueHNe QyHK-
mun f (X), a M — ee Han0oJblIee 3HaUeHHE Ha 3TOM OTpE3KE.

[Iycte m=M . B sToMm ciyuae ¢yHkuus sBisgercs noctosHHon . Crnenona-
TEJIbHO, €€ MPOU3BOHAS TOXKJIECTBEHHO paBHA HYJI0. B KauecTBe TOUKH C MOXK-
HO B34Tb JIIOOYIO TOUKY.
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ITycte mM< M . Tak kak Ha KOHIIAX OTpe3Ka (PYHKIUS MPUHUMAET OJIMHAKO-
BbI€ 3HAYCHUS, TO, JIMOO HaWMEHbIee, JTMO0 HauboJbllee 3HaYeHHue (CM. puc.),
JOCTHTAeTCsI BHYTPH OTPE3Ka.

[Tycts BHYTpH OTpe3Ka (PyHKIMS JOCTUTAET HauOoJIbIIIee 3HaYeHHE (CM. pHC. ).

|

0 ¢« ¢ b

Torna mo Teopeme depma B 3T0M TOUKE Tpon3BoAHAS (GyHKIMHU paBHa (.

Teopema Kowwu. Ilycts QyHKINH f(x), g(X) HETPEphIBHBI Ha OTpe3ke [a,b] u

auddepeHIpyeMbl B KaXI0H Touke HHTepBaia (a,b), mpuyem ¢ '(X) Z 0 npu

Bcex XU (a,b). Torna cymecrtByer Touka C L (a,b) TaKas, 4YTo
f(b)-f(a)_f(c) 0
g(b)-g(a) g'(c)

Hoxkazamenvcmeo. 11okaxxem B Havalle, 4To g(b) % g(a). B camom zene, eciau Obl

g(b) = g(a), To mo Teopeme Pomst g'(x)=0 B Hexoropoii Touke x[1(a,b). Onua-
KO 3TO 3aIPEIICHO YCIOBUEM TEOPEMBI.
Paccmotpum dyHKIHIIO
f(b)-f(a)

F(x)=f(x)-f(a)-(g9(x)—-g(a)) :
g(b)-9(a)
JUis Hee BBINOIHEHBI PABEHCTBA F(a)= F(b). ITo teopeme Pomig cymecTByer

touxa ¢[1(a,b), rze F'(c)=0 mm
f(b)-f(a)_,

oy
(©)=900) by~ g(a)

Ortcrona mosryunm Tpedyemoe paBeHCTBO (1).

IIpumenenue npou3eo00HbIX NPU EbIYUCTEHUU NPEOETOE

Teopema (npasuno Jlonumans). Mycrs dyaxuun f(x),g(x) onpenenensr u mud-
(GepeHIMpyeMbl B HEKOTOPOW IPOKOJOTOM OKPECTHOCTH TOUKU Xy, MPUYEM
g(x)# 0, g'(x) # OB 3T0it MPOKOTOTO OKPECTHOCTH.

[TycTh cymiecTByIOT )!ir)r(l f(X) =0mu )!irpo g(x) =0. Torga, ecnu CymecTByeT KO-

HEYHBIA WM OCCKOHEYHBIN TIPEIeIT

f'(x)

lim —-—~=A, 1o cymecTByer
x=% g'(x)

lim M: A.

x=% g(x)

96



Jlokazamenvcmeo. Jloonpenenum 1Mo HENPEPHIBHOCTH B TOUYKE X, 3TU (YHKIUH,
noJjioxkuB f (XO) =0, g(xo) =0.Torna >tu ¢pyHKIMHU OyayT HEIPEPHIBHBI B HEKOTO-
pPOU OKPECTHOCTH TOUYKH X, . IlycTh, Hampumep, X > X,. Torna no teopeme Komm

D o 10 10=1() _

g(x) g(x)-g(x) g'(c)

[ockomeky €O T2 Xy, TO
Iimﬂﬂim ,
% g(x) e g'(c)

—h

—~
(@)

N—r

3ameuanue. llpapuno Jlonurans ocTaeTcs cripaBeUIUMBBIM, Koraa |lim f(X)=o u
X- Xg

lim g(X)=o0, a Takxe a1 ciydas lim (X)ZOO, |img(x)=oo,
X—> 00

X— Xp X — 00
Ipumep. [1ns byskium
in X
&, npu X # 0,
foo=0 x "
H , npux=0

BBIYUCIIUTH MTPOU3BOJIHYIO B Touke X=0.
Pewenue. meem

sinx HeonpeoeleHHOCHb
, . f(x)-f(0) . T dnx—=x 0 . (sinx-x
f (O)=I|mM=I|m X =lim >— = |6uda —. IIpumenum :llmgz
X-0 X X-0 X X-0 X 0 X-0 (XZ)
npasuno Jlonumans
HeonpeoeieHHOCb
. cosx-1 0 . (cosx -1 . —sinx
=lim =|euoa —. [lpumenum :|Im( ; ) =lim =0.
x-0  2X 0 x-0 (2X) x-0 2

npaesuno Jlonumans

Teopema Jlacpamsica. Tlycts pynkmms f (X) HEenpephiBHA Ha oTpe3ke [a,b] u
nuddepennupyemMa Ha uHTEepBaie (a,b). Torma cyiiecTByeT TOYKa CD(a,b) u3
ATOTO MHTEpPBAJIA TaKasi, 4To
fo)-f(a)=(b-2)f"(c). 2

Jokazamenvcmeo. Bo3pMéM g(x) = XU npuMeHuM Teopemy Koin

f(b)-1f(a) f'(c), f(b)-1f(a)_ £ (c).

g(b)-g(a) g(c) b-a
Orcroaa nosyuum hopmyiy (2).

Hccnedosanue nosedenusn ougpghepenyupyemoii hynkyuu
Teopema. Ilycts pynkuus f (X) mudepeHnrpyeMa Ha HHTepBae (a,b). Torma
f(x)=const - f'(x) 0, O xO(a,b).
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Joxazamenscmeo. Ecmu f(x)=const, ro f'(x)=0.
ITyctp f ’(x) 0, O xO (a,b). Bo3pméM nBe Toukn a <X, <X, <b. Toraa u3 teo-
pembl Jlarpamika cieayer, 9To
0 8 (4.%)0 fx)-fx)=1(c)(x-x). (3)
Fx)=x).

Otcrona u u3 paserctsa f'(c) =0 momyumm, uro

Teopema.
1.Ecmu f'(x)20(f'(®) 0

ITOJIHCHO HCPABCHCTBO

0 xO (a,b), TO JJIsl MOOBIX & <X; <X, <b BHI-

(4) < f(x)).

f
), TO JJIsl MOOBIX & <X; <X, <b BHI-

(f () > (x,)).

1
2.Ecm f'(x)<0(f'(x) 0
TIOJTHEHO HEPABEHCTBO

Jloka3zaTenbCTBO ciieayeT U3 paBeHcTBa (3).

Hccnedosanue nosedenusn zpagpuka gynkuyuu 661u3u mouex J10KAiIbHO20 MU-
nHumyma u makcumyma. Paccmorpum pyukuuro f(X), ornpenencHHy0 B OKpeCTHO-
CTH TOYKH Xy, B KOTOPOH f'(xo)z 0. O603HaUYUM TOYKY JIOKAJIBHOTO MUHHUMYyMa
nocpezcTBoM 3anucu locmin f, Touky okanpHOro Makcumyma — locmax f . Bos-
MOKHBIC CITy4au U300pa’KEeHBI Ha CICTYIONINX PUCYHKAX.

f'(X) f'(X)

f(X) X f(x)

1
[}
[}
[}
[}
[}
[}
[}
[}
. I
locmin i
1
[}
[}
[}
[}
[}
[}
[}
[}
[}

<\
& X
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f(x) f(x)

Xo

f(x)

locmax

Xo
X f(x) / \ X

Xo X Xo X
3ameuanue. Touky JOKATLHOTO MUHUMYMA U JIOKAIBHOTO MakcumyMa GyHKIuu f
HA3bIBAIOTCS TOYKAMHU JIOKAIbHO20 dKcmpemyma v 0003Hadatorcs locext f.
Ilpouseoonvie evicuiezo nopsaoka. Ilycte pynkuums f (X)z:mp(bepeﬂunpyema B
KaX01 Touke nHTepBal (a,b). Torma B Kaxk10¥ TOYke 3TOr0 MHTEpBAIA ONpeJIe-
JIEHA €€ MPOU3BOIHAS f'(x). [lycTe oHa B cBOIO ouepenb aAuddepeHuupyema B
I

KaKJIOM TOYKE ATOr0 MHTEepBaia. Toraa ee mpon3BOIHAs (f '(x)) Ha3bIBAETCS BTO-

w (v n ~
poii npou3BoHON (yHKIHMK f (X)H obo3znavaercs f (x) [IpousBoaHas OT BTOPOW
IIPOU3BOJHOM HA3bIBACTCA TPETHEW NMPOM3BOAHOM M Tak nainee. I[IpousBomHas oT
(n—l)—ﬁ NPOM3BOJAHOM HA3bIBACTCA N-H NPOM3BOJHOM M 0003HAYAETCS £V (X)
d"f(x)

dx"

X

Hpumep. (ex )(n) =e".

50) 050

Tema 18
BbBIITIYKJIBIE U BOTHYTBIE ®YHKIINU

DKOHOMHUYECKHI 3aKOH YOBIBAIOIIECH OTJAA4M TIACUT, YTO C YBEIWYCHUEM
KOJIMYECTBA UCTOJIb3YEMOTO B IPOU3BOACTBE PECypca NPEAECIbHbBIN MTPOAYKT C HE-
KOTOPOr0O MOMEHTa HavMHaeT yObIBaTh. I1ycTh F( X) — KOJIMYECTBO BBITyCKAaEMOM
MPOIYKIIMU TIPU 3aTpare pecypcoB X. BozeMem X, <X<X,. Torma u3 3akoHa yObI-
BAIOLLIEU OTAAYU CIEAYET HEPABEHCTBO

FOR)=F(x) L FOO=F(x) F(X)ZE E:( X )+ L < FOx).

X, = % X=X,
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BBeneM HOBYIO TEPEMEHHYIO

A="2720 = Axt+ (F A)x,,A0[01.

X ™%X

Torna ¢pynkuus F (X) ynoBieTBopsieT HEpaBEHCTBY

Fx +IL-A)x) 2AF(x) +(1=A)F(x,).
Oynknus f (X): — F(X) ynoBrneTBOpsieT HEpaBEHCTBY

FOAx +(1-A)%) <2 () +({1-2)F (x,), D

KOTOpPOE Ha3bIBAECTCS HEPABEHCTBOM leHceHa.
Onpeoenenue. Oyukuus f(X), ONpENCICHHAs: HA WUHTEPBAJIC (a,b), HAa3bIBAETCA

8bINYKJIOL HA TOM MHTEPBaJle, €CIIU /s JIOOBIX TOUEK X;,X, M3 2TOr0 MHTEpBasa
u 1714 oboro uncna A [ [0,1] BBINIOJJHEHO HepaBeHCTBO Mencena (1).
I'eomempuueckuit cmoici 3mozo onpedenenusn (CM. PUC.) 3aKIIOYAETCS B TOM,
4TO KyCOK rpaduka QyHKIUH, COEMHAIOMINNI

nBe Jo0ble Touku A U B Ha 3TOM rpaduke,

JIC)KUT HHUIKC XOPIbI, COCI[I/IHHIOH_[eﬁ 9TH TOY-

X KH.

Teopema. Ecnu pyHkuus f(X) ABJIAETCS BBIIYKJIOW Ha MHTEpBAJe (a,b), TO JJISI
TIOOBIX TOUEK a <Xy <X <X, <D BBIIOIHEHO HEPABEHCTBO

f(Xl)—f(X0)<f(XZ)—f(XO)<f(X2)—f(X1) )
X = Xo - X; = Xo - X =% .
JMokazamenvcmeo. imeem

A=2272% Jodh x= Axg (2 A)x, O f(x)<Af(x)+(@-2)f(x,)0

Xo =X

0t e & ANF() fho)D 1P T00)  The)= Tlg)

X = Xo X, =%

Hanee,
g A0t @ A)fx) O f(xz)—f(xl)M(f(&)—f(&)ﬁ%(f(xﬁ fx)C

l)-160)., 1le)- 1) 2
X X X =%

3ameuanue. IlosicHUM reOMETPUIECKHUI CMBICI HEpaBeHCTBa (2) (CM. puc.).




Torna i yrios
as as a, 0O tga, <tga, <tgas,.
C npyroii CTOpOHHI,
f - f f - f -
(x,) (Xo)’ tga, = (X;) (Xo)1 tgaszf(xz) f(xl).

tga, =
X — Xp Xo = X Xo =X

Ilpumep. Oyukuus Yy = |X| SIBJISIETCSL BBIMYKJIOM HA BCEW YMCIIOBOM ocu. B camom

JieTie, U3 CBOMCTBA MOIYIIS clienyeT, uto mpu 0 <A <1
Ax, +L A )| x| #@ A )%, | =A% |+ @-A)x,].

Teopema (kpumepuii svinykiocmu ouppepenyupyemorni gynrxyuu). Ilycts QyHk-
st f (X) muddepenimpyema Ha uatepsaie (a,b). Torna ona sBiseTCs BRITYKIIOM

Ha HEM B TOM M TOJILKO TOM CIIy4ae, €ClIi €€ IPOU3BO/IHAs He YObIBaeT.
Hoxazamenvcmeo. 3aduxcupyem Be TOUYKU X, < X, U3 3TOr0 WHTEepBaia. Bo3b-

MEM JIOCTaTOYHO Maible TMOJOXUTeNnbHbIe uwucna h,h, Takwe, d9ToOBI
X, +hy <X, —h,. Torna u3 HepaBencTsa (2) Oyznem UMETh
Fix +h )= f(x) f(xz)_f(xz_hz)
hy h, |

Otcrona, yerpemsist wucia hy,h, k mymo, monyunm f'(x )< f'(x,).

[Tycth Teneps mpou3BoaHAs He yObIBaeT. Bo3bMeM IBE TOUKH X, < X, U3 3TOTO
WHTEpBaJa U paCCMOTpI/IM GbyHKIIIO
) =fx +@L-A)%)-Af(x)-0-2)f () A0[0L. @
Ecnu mokaxkem, 4to ¢( ) 01 A [0,1] , To moayunm HepaBeHCTBO (1). [Ipumenss
Teopemy 0 nudepeHIpyeMOCTH CIOKHON QYHKIIUH, OyIeM UMETh

$'(A)=—1"(Ax +L-A)x, )% =x) = f(x)+ Fx,)=
=0 - ) o o)
X ™%X
[TpumenuB Teopemy Jlarpansxka, Halijem Touky C[J (Xl X )TaKy}o, 4TO

f (%)~ f(x) = £'(c).

X =X

$'(2) =06 —x Nf'(c)= f'(Ax, +{@-2)x,)).

Tak kak npomssogmas He ybwmaer, 0 @'(A)20 mpu c2Ax +(1-A)x, u

CrenoBaTeibHO,

¢'(A)< 0 B npoTuBHOM cryuae. OGo3HAUIM

X, —C

X, =X

Torma ¢yHKIUS ¢()\) yobiBaeT mpu 0<A < A, unpu A, <A <1 oHa Bo3pacraer.

A* =

Hanee, u3 ¢Gopmyisl (3) HOJyduM paBEeHCTBA ¢(0):¢(1):0. CrnenoBarenbHO,

(k) 0o A D[O,ZI] (cM. puc.).
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o'(A)

d(A)

Teopema (xpumepuii evinykiocmu 06a pasa ouggepenyupyemori Gyukyuu).
[Tycts pynkums f(X) nBa pasza nuddepennupyemas Ha UHTEpBaje (a,b). Torna
OHa SIBJICTCS BBIMYKJIOH HA HEM B TOM U TOJILKO TOM Cllydae, KOrja ee BTopas
IPOM3BOIHAS f"(k o] XD(a,b).

Joxazamenscmeo. Umeem f(x) Bomykma < f'(x) me yGpBaer o

(') = £"(x)>0.

— 2 ~ ~ ~
Hpumep CDYHKI_II/ISI f (X) = X" SABJISIETCA BBIIYKJIOM Ha BCCHU YHUCIIOBOU OCH .

Onpedenenue. Oyuxuus f(x), onpenenennas na unrepsane (a,b), HassBaetcs
602HYMOT Ha YTOM MHTEPBAJIE, €CIM JUIA JTIOOBIX TOYEK X;,X, M3 OTOrO MHTEPBAsA
1 A7t mo6oro uucna A [ [0,1] BBIIIOJJHEHO HEPABEHCTBO

fAx +[L=A)x,) 2 Af (%) + (1= 2)f (x,). (4)

TI'eomempuueckuii cmvici 3mozo onpeodenienus (CM. PHC.) 3aKIIOYAETCSI B TOM,
YTO KyCOK Tpaduka (yHKIIHH, CO-
SIUHSIOMNN JBE JIIOObIE TOUKH A U
B Ha »TOM TpaduKe, JICKUT BBIIIES
XOPIbI, COSAUHSIONIEH ITH TOUYKHU.

Ynpasicnenue.  Jlokazatp, 4TO
byHKIUS f(X)HBJI}IeTC}I BOTHYTOM

TOT/Ia U TOJIBKO TOrja, Korjaa (yHK-
X LU ¢(X) =—f (X) SIBJISIETCS BBITYK-

JIOH.
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Teopema (kpumepuii 6oenymocmu ouppepenyupyemo hyHKyuu).
1. lubdepenmupyemas Ha uHTEepBajie (PYHKIUS SBISETCS BOTHYTOM Ha HEM
TOTJIa ¥ TOJIbKO TOT/Ia, KOT/1a €€ MPOM3BOIHAS HE BO3pacTaeT Ha 3TOM MHTEpBAJIC.
2. [IBa paza auddepeHiupyemass Ha UHTepBayie (QYHKIUS f(x) SIBJISIETCS BO-

THYTOM Ha HEM TOTJa U TOJBKO TOIAA, KOTJa €€ BTOpas IIPOU3BOIHALA f"(X)S 0

JUTS BCEX TOYEK X W3 ATOTO MHTEpBaJIA.
Jlokazamenvcmeo cienyer M3 MPEbIIYIIEro yIPaXHEHUS W U3 KPUTEPUEB BHI-
nykjaocTu guddepeHpyemMoit u ABax sl 1uddepeHnupyeMon QyHKITUM.

Onpeodenenue. Touka X, Ha3bIBaCTCAd MOYKOU nepezuda (HyHKIUU f(x), eCIIH

CJie€Ba OT 3TOW TOUYKH (PYHKIMS SBISETCS 8bINVKIOU (802HYMOIL), & CIIpaBa — G0-
2HYmMOU (8bINYKIIOL).

Ynpasxcnenue. 1lokazats, uto ecnu QyHKIus nBa paza muddepennupyema, To B
TOYKE nepernda ee BTopas MPOU3BOHAS PaBHA HYJIIO.

Ynpasxicnenue. 1lokazats, yTo AUHEITHAS (QYHKIUS SBISETCS M BBITYKIOW, U BO-
THYTOM.

Ilpumep. Ilyctb X — KOJHUYECTBO pecypca, UCMHOIb3yeMOro B MPOU3BOJICTBE, a
f(X) — TPOU3BOJICTBeHHAs] QyHKIMsA. Torga mpousBogHAs f'(x) SBJISICTCS TIpE-

JIEbHBIM MPOJAYKTOM. DKOHOMHUYECKHI 3aKOH IJIACHUT, YTO HpedenbHblil RPOOYKm,
HAYUHAA C KAKO20-MO KOAUYECmea X., UCHOAb3YeMOo20 6 nPou3e00cmee pecyp-

ca, Hauunaem yovigams. 3HAUUT MPOM3BOJICTBeHHAs (yHKIUs f(x) Ha WHTEpBae
(x. +00) Gymer BOrHyTOi.

Ipumep . 13 ycinoBust 0JHOPOAHOCTU MPOU3BOACTBEHHOW (PyHKIMM paHee ObLI
BBIBeeH ee obmmii Bua f(X)=bx?, rae b u a monoxuTenbHbIE TOCTOSHHBIE.

Jlanee, moTpeGoBas, utobsr Bropas mpomssoxnas f"(x) =a(a—1)bx*? Geua o1-

PUIIATENILHOM MPH MOJOKHUTEIBHBIX YHCIaxX X, Mody4dum ycioBue 0 <a<l,
Teopema. Ilyctb Ha unTepBaine (a,b) pynkuus f(X) sBusercs quddepenmpyemoit
U BBINTYKJIOM (BOTHYTOM) M IycTh B Touke CL/(a,b) mpousBoanas f '(C) =0. Torna
f(x)=f(a) (f(x)<f(a)) ana Bcex XU (a,b). 4)

Jokazamenvcmeo . Paccmotpum citydail Beimykioi ¢yHkiuu. Toraa ee mpowus-
BOJIHAs HE YObIBAET. DTO 3HAYUT, YTO

f'(x)< f'(e) oQ xO(ac); f'(x)= f'(e) 02 xO(c,b).
Crano ObITh, cii€Ba OT TOYKH ¢ (YHKIUS yObIBAeT, a clipaBa OT 3TOM TOYKHU OHA
Bo3pacTaeT. OTCIo/1a MOJy4aeM HEPABEHCTBO (4).
3ameuanue . JIns BbIMYKIIBIX (BOTHYTBIX) (PYHKIIMM TOYKA JOKAJIBHOTO MUHUMYMa
(MakcuMyMa) SIBIISIETCSA U TOUKOU abOCOIIOMHO20 MUHUMYMA
(maxcumyma).

Apugmemuueckue oelicmesus c evitnyxavimu (602Hymolmu) ynKuusmu

1. [TycTte yHKIMS sABIAETCA BBITYKION (BOrHYTOM) Ha mHTEpBaie . Toraa npu
YMHOXKEHHHM €€ Ha HEOTPULATEIbHOE YHUCJIO MOJy4yaeTcsl BBIMyKJas (BOTHYTas)
¢bynkuus. B camom gene, npu ymHOXKeHUM HepaBeHCTB (1) u (4) Ha HeoTpuua-
TEJIBbHOE YMCJIO UX 3HAK COXPAHSIETCS.
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2. CymMa JBYX BBIMYKJIBIX (BOTHYTBIX) Ha OJJHOM M TOM K€ MHTEpBajie (QyHK-
Ui sSBIISETCS BBINYKJION (BOrHyTOM) (yHKIMeH. B camom jerne, mpu ciaoKeHUU
nByx HepaBeHCTB BHja (1) Buaa (4) moaydyaeTcsi HEpaBEHCTBO TOT'O JK€ BH/IA.

Teopema (o svinyknocmu (6oenymocmu) cinodxcrou @yukyuu). Iyctb QyHKIHS
F(y) Bo3pacraer (yoniBaet) Ha unteppaie (A,B), Beimykia (BOrHyTa) Ha 3TOM HH-
tepBaie, a ¢pyHkiusa f(X) sBisercs Bbimykioi (BorHyToi) Ha uHTepBajie (a,b) u
npuHUMaeT 3HaueHus u3 uHTepBaia (A,B). Torma cioknas QyHKIHsS

w(x) =F(f(x))
SIBJISICTCS BBIMYKJIOH (BOrHYTOM) Ha HHTEpBase (a,b).
Jlokazamenvcmeo. lpoBeaem i ciydast BeITYKIION pyHkunu. BozpmeM mro0Obie
yucia a<x, <X, <b,0<A <1. Torxa BeimonaaeHo HepaBeHCTBO (1). OTclona nmeem

widx, +L-2)x,) = F(f (x, +{L-2)x,)) < < F(M () +@-2)1 ()<

no ycjlo6uio eblnyKiocmu

<
Qynryuu F (Y)

no ycioeuro 603pacmaHusl

pynxyuu F (Y)

< AF(10a))+ @=2)F (1 0¢)) =Awl(x) + 0= Aw(x, ).

Ipumep(maxcumuzayus npudviiu @upmet). IIycTh CBSI3b MEKAY KOJIUYECTBOM X
MCTIOJIB3YEMOTO CHIPhSI U KOJIMYECTBOM Y BBITYCKA€MOH MPOIYKIIMH 33/1a€TCs MPO-
u3BojcTBeHHON pynkmueit y=F(X). LleHa equHUIIBI ChIPbs paBHA P, a ICHA CAWHH-
16l TOTOBOW MPOAYKIMH paBHa (. Ha mpuoOpeTenue X enuHMIl ChIphs upMa Tpa-
TUT PX ACHEXHbIX enunwuil. [Ipu peamusamuu f(X) eauHUI] TOTOBOM MPOTYKIMH
dupma nonyuaer gf(X) neHexHbix emuHui. ClemnoBaTeabHO, MPUOBUTE (HUPMBI
paBHa R(X) = gf(X) — px. [Ipou3BoacTBeHHast GyHKIHUs SBIsETCS BBIMTyKIIOH. [o-
sromy (yHkims R(X) kak cymMMa JIBYX BOTHYTBIX (DYHKIIUI SIBISICTCS BOTHYTOM
dbynaknueii. [lens mpon3BOACTBA 3aKITIOYAETCS B TOJYUYCHUH MaKCHUMAJIbHOW TPH-
obutn. B ontumansHOM Touke mpomsBoaHas (f'(X) — p = 0. Orcroga moay4mm,

YTO B ONTUMAJIbHON TOUKE

a(f (x +ax)- £ (x))= pax.
JpyruMu cioBaMy, B ONTUMAIbHON TOYKE HUYETO HEJb3s JOMOJHUTEIBHO MOJTY-
YUTh OT BHOBb IIPUBJIEKAEMOIO CBIPbS, IOCKOJIbKY BBIPYYKA , ITOJIy4€HHasl OT J0-
MIOJIHUTEJIBHOTO MPUPOCTA MPOAYKLMH, paBHA 3aTpaTaM Ha 3TO JOMOJIHUTEIBHOE
CBIPBE.

Tema 19
GdOPMY.JIA TOUJIOPA

HuddepenurpyeMyto B TOUKe a (QPYHKIHMIO MOXKEM MPHUOIU3UThH JTMHEWHOM
¢byuxueit. Ecnu e QyHKIMA MMeeT mpou3BOAHbIE O0Jiee BHICOKHX MOPSIIKOB, TO
€€ MOXHO MPHUOIN3UTH MHOTOUYJIEHOM 00Jie€ BHICOKOW CTETICHH.

Teopema. llycte Gyukius f(X) n pa3 nuddepeHnupyemMa B OKPECTHOCTH TOYKH .
Toraa g KaXJ0M TOYKU X U3 3TOM OKPECTHOCTU CYLIECTBYET UHCIIO C, JIEHKAILEE
MEX1y TOUKaMU d U X TaKOE, 4TO
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f(X):f(a)+f(a)(x a)+ ”(a)(x a) + +f—
1 2! n

Jokazamenvcmeo. Paccmorpum QyHKIINIO

(n-1)
B(0)=1(x)- (1) =1 )

(x-t)- S (x—t)"* -

' (n-1)
) T f(a)—f](_'a)(x—a)—...——f(n_i)?)(x—a)”‘l

(x-a)" g 0
Nmeem, @ (a)=¢ (x)=0. ITo Teopeme Pomist cyiecTByeT TOUKa ¢, JIexkKaras MEKITy
TOYKaMH a U X, Takas, uro ¢’(c)=0. CnenoBarensHo, nuddepenuupys mo t GyHk-
Ui @ , HonquM

__fl(c) (C)

nl f(n l)(c) n—- 2
(x-c) ﬁ( -C)

(x-a)=.— @) qy B

(x-a)’ (n-1)

f(n)(c) o n(x C) - 1 (2)- ()x o)~ _f(n—l)(a) x—a”‘1D

OTcroza Mmoay4um Tp€6y€MYIO (l)opMyJ]y (1).

f'tc) . _f"(c)
TR e
(

a)

(x-c)+

L nx=c)™ O

f(x)—f(a)—

3ameuanue. CiaracmMoe
f (n) ( C)
n!

(x-a)"

B popmyne (1) HaspiBaeTca ocmamounvim uneHom 8 gpopme Jlacpamdica, a cama
dopmyna (1) HaswsiBaeTcs gopmynoii Teinopa ¢ ocTaTo4HbIM 4WieHOM B (hopme
Jlarpanxa.

Onpeoenenue. Oyuknuio Y(X), OnpeeIcHHYIO B IPOKOJIOTONH OKPECTHOCTH TOUKH
. K
a, Ha30BEM «0 — MaJIcHbKOM OT (X-8) " mpu X — a» ,eciu

B (Xy_();))k =0

Ipumep. (Sn(x-a))*= o(x-a).
Takum 06paszoM, uepe3 o((x-a)¥) 06o3nauaeM n060e BHIPAXKEHHE TAKOE, UTO
OTHOIIICHHE

o((x-a)")
(x-a)"
TO €CTh SIBJISICTCS] OECKOHEYHO MaJIOil B TOUKE a.
W3 cBOMCTB A1t 6ECKOHEYHO MajbIX CIEAYET, YTO, €Cu (YHKIUU

Y, (%) = o((x-8)") (i=1,2),

-0 pun X—- g,
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TO UX cymma Takxe ssisercs o((x-a)¥). Jlasee, TPOH3BE/ICHIE (GYHKIUH, OTpaHH-
YCHHOM B HEOKOJ'IOTOI/I okpecTHOCTH ToukH &, Ha o((x-a)) B CBOK ouepenp SIBIIs-
etcst o((x-a)").

Bepnaemcs x popmyne Teitnopa. [Ipeanonoxum, 4to N-s mpor3BoAHAsS PyHK-
wn  f(X) HempepsiBHa B Touke a. Torma f(c)- () opu  (X-
a) - 0.Cnegosarensto, {7 (¢)=f"(@)+ |(x-a), rxe 1(X) - 0 mpu X - a.

[ToxcraBuM 31O paBeHCcTBO B hopmyiy Teiinopa (1). Byaem umers hopmyity

' _ (2) _ 2 (n) _ n
(o=f@y L (@x=a)  fP@)(x-a)? | t0(@)(x=a)" o
1 2! n!
KOTOpas Ha3bIBACTCA @OpMyJZOIZ T edﬂopa C ocmamoy4HbIM YTIEHOM 8 quPMe Ileano.

Paznoscenue nekomopwix pynxuyuii no gpopmyne Teitnopa. Bozpmem a=0. Toraa

2 n
=1+ 2+ X 4, +X_+0(x)
il 2I
2k+1
Sin x= x——+—+ A+(-1)* o).
2k+1)I
2
cosx—l—X—+X—-X—+ +(-1)" +o ().
21 4 6 (k)l
ITpumep (npumenenue gpopmynol Teiinopa 0ns evivucieHUs NPeOeos).
_A 3y_
. SINX—X_ . X 6 HO(X7) X o(x) 1
lim————=1im = lim (——+ )= —=
X-0 X3 X-0 X3 X-0

Ilpumep. O603HaunM uvepe3 f(X) KommuecTBO BBITyCKaeMOM HpO,[[yKI_II/II/I npu Ko-
JIMYECTBE X UCIOJIb3yeMoro pecypca. CoriacHO 3aKOHY YOBIBAIOIICH OT/Ia4yH Mpo-
I n
u3BoaHas f'(X) yOwiBaer ¢ poctom x. CiaenoBarensho, " (X)<O.
[Tpenmnonoxum, 94TO B TEUYEHUE KAXKJIOTO I-T0 W3 N JHEH UCIONB3YeTCsl CBOE

n

X+Y, KOJWYECTBO PECYpPCOB TakK, 4TO z y, =0. Ucnonszys gopmyny Teiinopa,
Bl

HOJTYYHM

f(x+y;) Hf(x)+f(><)y. ( ) ZH<f £'(y;
[Ipocymmupyem Bce 3TU HEPABEHCTBA. HOJIyIIHM
3 f(x+y,)<nf(x)
=1

Takum o0pa3oM, eciy B T€YEHHE BCEX JTHEH HCIOJIB3YETCS OJHO M TOKE KOJIH-
YECTBO PECYPCOB, TO CYMMAapHBIN BBIITYCK MPOIYKIMU OyJeT OOJbIlIe, €Xer B IPO-
1iecce POU3BOJICTBA KOJINYECTBA UCIIONIB3YEMBIX PECYPCOB KOJIEOIIOTCS OKOJIO X.
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Tema 20
CTEIIEHHBIE PsIbI

Cmenennbim ps0om Ha3bIBACTCS BHIPAKCHUE
Ao+ ax+ ax+ as x>+ .+ an XM ..., (1)
rlIe a; —3aJaHHbIe YUCIIa.
CrenieHHbIC psiibl BO3HUKAIOT U3 (hopMyibl Teiiopa, eciii ee pacrnuchiBaTh
1o 6eckoneuyHoctu. Hanpumep,

bepem konkpeTHOe 3HaueHue x, Tornaa psaj (1) mpeBpariaercs B unuciaoBoi psa. OH
MOXXET CXOJHTHCS, a MOXKET U He cxoauThes. [lpu x=0 mro0oil cTremeHHOU psif
CXOIUTCH.

Teopema. Eciu creniennoii psa (1) cxonutest B ToUke xoZ 0, TO OH cxX0auTCs abco-
JIOTHO TIPH JII0OOM X, Y KoToporo [X[X [ [

Hoxazamenvcmeo. Ilycto psn (1) cxoaurcst B Touke Xo. Torna, mo HeoOXo1uMomy
MPU3HAKY CXOIUMOCTU YMCJIOBOTO psifa, ero oommi uineH [@,Xy [ 0 mpu n— oo,

CrnenoBatenbHo, cymectByeT unucio M >0 takoe, uro Bce [AX[ X M. Bozpmem
mr000e gucio X, y koroporo [X [K[¥,Ll Torma

(A" A = EAX] q&
X X,

X

”<Mg”,g=x0 <1.

YucnoBou psn ZMg” SABIIIETCS. PSIIOM TEOMETPUUYECKOW IMPOTPECCUM, KaXKIbIU
1=

YJIEH KOTOPOH YMHOXEH Ha oHO u Toxke yucyio M > 0. 3naunt, oH cxomurcs. 13
OLICHOYHOT'O NMPHU3HAKA CXOAUMOCTH PSAO0B C HEOTPUUATEIbHBIMHA YIECHAMU ClIE-

a"x"| cxoauTcs.

JyET, 4TO P Z
1=
Paouyc cxooumocmu cmenennozo psaoa. Onpenenum 4ucio

R= SupEp(O >0: S aX - cxodumc;z%
U n=0 0
Torma U3 npeapAyIIe TeOpEeMBI CIEAYyET, YTO
1) ecmu R=0, To psia cxomutest ToabKo npu x = 0;
2) eciii R=+00, TO psii CXOAMTCS MPH BCEX X;
3) ecu O<R<+o0 [1 mpu  [X[XR psn cxomures, a mpu [(X[(PR psg pacxoaut-
col.
Uucno R HazwiBaeTcs paduycom cxodumocmu CTEIEHHOTO Psifa, a UHTEpBal
(-RR) HaswIBaeTcs unmepsarom cxooumocmu CTEIICHHOTO Psa.
Ynpasicnenue. Tlokazarp, 4To paguycel cxoaumoctu psga (1) u psiga, cocTaBieH-
HOT'O U3 MOAYJIEH
(o3 Chax o3 Caax ..+ a3 . (2)
OJIMHAKOBHI.
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Buviuucnenue paouycoe cxooumocmu
Teopema. IlycThb CylIeCTBYEeT KOHEUHBIN MM OCCKOHEUHBIN

a'n+1

a

lim

n- oo

:q_

n

Torna
(0, npu Q=+

R=0-, npu 0<q<+o. 3)
A

Hro, npu q=0
Jlokazamenvcmeo. 3adukcupyeM 4UCIO X U paccMOTpuM psf (2). D1o psaa ¢ mo-
JIOKUTEIBHBIMU KO3 duiinentamu. [IpuMeHUM K HeMy MpeaeabHbIl npu3Hak [la-

nambepa. Umeem

n+1l
Ani

[im

n- o

=qX.

a,x" ‘
Otcroga cienyer, 4yTo

1) ecim g=0, To qLX[F0 mns moboro x. CinemnoBatenbHO, psan (2) cxogutes
pH JF000M X. 3HAYHT PagnyC CXOAUMOCTH R=+00;

2) ecmu 0<q<+oo, To qLX[X1 npu DcB:é (psax cxomurest) u QL1 npu |X|>%

(psim pacxoauTes) . 3HAYUT PAIUYC CXOIUMOCTH R=1;
q

3) eciu g= +00, To mipu Jr0O60M [X[Z 0 psin pacxoautcsi.

Teopema. IlycTh CylIeCTBYEeT KOHEUHBIN MM OCCKOHEUHBIN
limy/la,| =q.
Nn— oo

Torma pamamyc cxomammocTH psga ompenensercs (opmyoi (3). JlokasaTenscTBo
TIPOBOJIUTCS C TIOMOIIBIO TPUMEHESHHS TIpeieIbHOro pu3Haka Ko juist psina (2).

Hugpgpepenyuposanue cmenennvix paoos. Paccmorpum crenennou psn (1) ¢ un-
TepBasioM cxoaumoctH (-RR).
Teopema (6e3 ookazamenvcmea). Ha nHTEpBaAIC CXOAMMOCTH CyMMa CTEIIEHHOTO
psana
S(X)= aptaxtas S ran

apisieTcs: AuddepeHuupyeMod QyHKIUMEH U ee NMPOW3BOJHAS SIBISETCA CYMMOM
CTENEHHOTO psijia:

S(X)=a1+2az x+3as x*+ ...+ Nap x4+ (N+ Daneg X"+ .. 4
[Mpuyem psin (4) UMeeT TOT xKe WHTEPBAT CXOAMMOCTH, 94TO U psf (1).

Cneocmeue. [IppMeHIM TPEABIIYIIYIO TEOPEMY K CTEIICHHOMY psy (4), moirydaum
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S"(X)= 2ay+6as x+...+nl{h-L)an x>+ (N+ 1) Napeq x4+ .. (5)
u tak panee. CiieZ0BaTEbHO, €CIM KaKas-TO (YHKIHS 3aJaeTCS B BUJE CYMMBI
CTENIEHHOTO Psi/ia, TO OHa OeckoHeuHo pa3 nuddepeniupyema. O6paTHoe, BooOIIIe
roBopsi, He BepHO. MmeroTcss nmpumepsl OeckoHeUHO U depeHIpyeMbIXx QyHK-
U, KOTOPBIE HEJIb3s IPEACTABUTH B BHJIE CYMMBI CTETIEHHOTO PSI/Ia.

Botuucnenue xorgppuyuenmos cmenennozo paoa. llonoxum B Gopmynax s
HMPOU3BOIHBIX CYMMBI CTE€IIEHHOTO psifa x = 0, moxyuum

' ' (n)
a,=50), a;= S](_IO); azz%;...; an:Sn—!(o);....

Paznooscenue nekomopuvix hynKuuil 6 cmeneHHbvle paovl
2 3 n
X X5 X X
=1+ -+t . A+
1 2 3 n!

3 5 7 9
sinx=x——+x— _X X )
3 5 79
x> x* x5 X3
cosSx=1-—-—+"— - —"—+"—"— - ...
21 4 o 8

Ynpaoicnenue. Jloxazars, 4T0 paguyCcel CXOAUMOCTH 3TUX CTEIIEHHBIX PSAOB paB-
HBI +00,
3ameuanue. loncraBum B Gpopmyiy 1 € uucno x=1. [lonyunm mpeacraBieHne

4ucCia e B BUJAC CyYMMBbI YHCJIOBOI'O psiaa.

e=1+1+l+l+...+l+...
21 3

n!

®Dopmyna Jiinepa. [oncrasuMm B paj 18 € BMecto X=i¢, tne ¢LR, i>=-1. Torna
0-14i? _ ¢0° _ ¢—3i+ ¢’ —.=(1- ¢—2+ ¢—4+...) +i(¢ —¢—3+ £+...).
r 2 3 4 20 4 3 9

Otcroaa u u3 popmy (5) momyunm hopmynny Diiepa:

€?= cosp+i sing . (6)
B obmem citydae, it JTIF000TO KOMILIEKCHOTO 4HCia Z=a+iw dopmyna Diinepa
UMEET BH]I

e’=e’(coswrising).

3ameuanue. ®opmyna Ditnepa «3aBA3bIBACT» BOZHUKAIONINE B Pa3HBIX paseiiax
MaTeMaTuku uncia —1, 7T e, | onHoM hopMyIoii d"=—1,
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Tema 21
HEOHPEI[EJIEHHl)Iﬁ HUHTEI'PAJL IIEPBOOBPA3HAS

beprymnu cran pemats 3amady o0 onpenenennu Buaa Gpynkmun F(X) , pa-
HOM KOJHMYECTBY YAOBOJIbCTBHS , KOTOPOE MPUHOCUT YEJIOBEKY OOJaJaHHUE CyM-
MO JieHeT paBHOM X NEHEXHbIX eAuHHI. OH MPEeAnooXKuiI, YTO MPUPOCT YI0-
BOJIBCTBHUSI TPOTIOPIIMOHAJIEH MTPOLIEHTHOMY MPUPOCTY JEHET, TO €CTh

F(x+Ax)-F(x)= k%,k >0- congt.

PaznenuB 310 cooTHomenue Ha AX u yctpemuB 3areM AX — O, momydum, 4TO
POM3BOAHAs UICKOMOM (PYHKIIMM JOJIKHA PABHATHCS

Kk
F'(x)==.
X
Takum 00pa3oM, NPUILIM K 3a/]a4e BOCCTAHOBJIEHMS (DYHKIMH 10 U3BECTHOH ee

npou3BoIHOM. OTHOM U3 TaKUX (QYHKIUHN SBIISIETCS
X
F(x) =kIn=,a >0-const.
a

PaccMoTpuM Takyro 3ama4y B o0miem Buje. [lycts Ha nunTepBaie (a;b) ompe-
nenena ¢pynkius f(X).
Onpeoenenue. Oyuxiusa F(X), nuddepeniupyemas Ha uHTepBaie (a;h), Ha3bIBa-
eTCs ee MepBOOOPa3HON Ha ITOM MHTEpBaje, eciu ee¢ mpousBogHas F'(X)=f(X) ams
mo6oro x[(a;b).
ITpumep. Ilycts f(X)= —Sin X, Toraa F(X)=cos X.

Teopema. Eciu F1(X) u F2(X) nBe nmepBooOpasHbie ogHOM 1 Toi xe pynkmun f(X)
Ha MHTEpBaje (&;h), TO OHU OTIMYAIOTCS HA 3TOM MHTEPBaje Ha MOCTOSHHYIO.
Jlokazamenvcmeo. imeem Fi' (x) — F,'(x)=0. [Toatomy F1(x) — Fo(x)=const.
Onpeodenenue. MHOXeECTBO BceX mepBooOpasHbix (GyHkiuu f(X) Ha wuHTEpBase
(a;b) HasbIBaeTCs ee Heonpedenennvim unmeepaiom u 0003HaYACTCS

I f(x)dx.
W3 npenpinyiieit TeOpeMsl ciieayeT, uro eciu F(X) — HekoTopas mepBooOpa3Has
¢byukiuu f(X) Ha nHTEpBae (a,b), TO HeonmpeAeIeHHbIH HHTETPa €CTh

If(x)dx=F(x)+C, C — const.

Ceoiicmea neonpedenenno2o unmezpana. VI3 onpeneneHus HEOINPEACICHHOTO
MHTErpaja U U3 CBOMCTB MPOU3BOJHON (PYHKIIMU MOJYYHM CIIEIYIOIIUE CBOICTBA
JUTSl HEOTIPEAEJIEHHOT0 UHTEerpaa:

1. d_[ f (x)dx=f(x) dx.
2. _[dF( X)=F (x)+C.

3. J’( f(x)xg(x))dx= J’f(x)dxij’g(x)dx.
4. J’af (x)dx=a J’ f (x)dx, a = const.
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Ynpaosicnenue. 11IpoBeputh 3TH CBOMCTBA.

Tabauya neonpedenennvix unmezpanog. V13 tabnuipl 1151 TPOU3BOAHBIX (DYHK-
U TIOJIyYUM CIIETYIONIYIO TaOIuIy JIJIsl HEONpPEeIeJICHHBIX HHTEIPaJIoB:

1. Ide=c (31ech U B mocaeayoumx Gopmynax C — IpOU3BOJIbHAS IOCTOSHHASA).

2. Ildx= x +C.
a+l

3. Ix"’dx= X +c, a #-1.
a+l

4. I%:InD@-c.

X

5. Iexdx:e"+ C.

6. [a%dx= 2 4c a>0,azl.
Ina

7. Isinxdx=—cosx+ C.

8. Icosxdxz sin X+ C.

dx
0. =tg X +C.
| cos? X J
dx
10. Isinz . —ctg x+c.
11 dx =arcsin x+c = —arccos x, -1<x<1
- ‘r\/l—x2 B ) ’ '
ax _
12. I1+ v =arctg x+c.
dx > .
13. I m =InCx++/Xx° £ 1[0+C (mmuHHBIH JTorapudMm).
dx 1, |1+X
14. =— |n|——|+C (BbICOKUI JTOTapudM).
Il— x> 2 |1-x ( pHpM)

15.[v1 +x2dx =%§<\/1 +x°2 +In‘x+\/1+ NG

dx 1 X
,—— =——arctg—+c,az0.
X“+1 a a

Ot popmyssl oKaszbiBaloTCA myTeM IuddepeHIMpOBaHUS BBIPAKEHUM,
CTOAIIUX B MPaBBIX YaCTAX COOTBETCTBYIOUINX (DOPMYIL.
Ynpasicnenue. 11poBeputsb 3T CBOKCTBA.

=+,

16. I

@Dopmyna 3amensvl nepemeHHoll 8 Heonpedenennom unmezpane. 13 Gopmymst
g depeHIMPOBaHUS CI0KHON PyHKINN

(G(¢(x))'=G'(¢(x)) 9" (x)
noJryanmM, uto eciia G(y)= Ig( y )dy,
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TO
Ja(@(x)p'(x)dx=G(p(x))+C. (1)
VYuuteiBas, uto @' (x)dx=d@(X), 3TO paBeHCTBO MOYKHO 3aIUCaTh
Ja(g(x))dg(x)=G(é(x))+C.

[Ipu BBIYHCIIEHUH HHTETPAIOB 3TO O(OPMIISIOT B BUE 3aMEHBI ITEPEMEHHOM:
, y =9(x),
j'g(¢(X))¢(X)dXZ‘ ‘ng(y)dyzG(¢(x))+C.

dy = ¢'(x)dx
Ipumep. Berancium
y=x°

i xe* dx =
dy =2xd

><| :I%eydy :%J’eydy:%eX2 +C.

Dopmyna unmezpupoeanus no YACmMAM
J’ u( X )V'( x)dx= u(xX)v(x) — I v( X )u'( x)dx. (2)
B camom nene, u3 ¢Gopmynsl A MPOU3BOAHON MPOU3BEACHUSA ABYX (DyHKIMN
UMEEM, UTO
(UGYV(X))' =V (XJu(x)+U' (X)V(X).
HuTerpupys 3T0 paBeHCTBO, Hoaydum U(X)V(X)= IV’( x)u( x)dx + Iu’( X( x)dx.
Orcroaa cienyet popmymna (2).
Oty dhopMyIly 3alUCHIBAIOT U B CIEAYIOLIEM BUJIE:
Iu( x)av( X) = u(X)v(x) — J’v( x)du( x).

ITpumep. Ixcosxdx=J’xd Sinx =xsinx —Isinxdx =XSINX +COoSX +C.

Teopema 06 unmezpuposanuu cymmovl cmenennozo psaoa (6e3 0okazamenbemaea).
[IycTh cTenenHom ps
S(X)= agt+ aix+ aC+..+ an X'+... 3)

uMeeT uaTepBai cxoaumoctu (-R;R). Toraa Ha aTOM HHTEpBaje

[S(x)dx=c+ a0x+la1x2+la2x3+...+Lanx“+1+... (4)

2 3 n+l

U psj (4) UMEeT OJIMH U TOT K€ MHTEPBaJl CXOJIUMOCTH, 4TO U psif (3).
Ilpumep. Vicnonb3ys 3Ty Teopemy, NpeICTaBUM YHCIJIO TI B BHJI€ CYMMbI YHCIIOBO-
ro psaa. Ilpu |g)<] umeem

1+aq+aP+g+.. +q'+..= L
1-q
[ToncraBum B 3Ty hopmyny = —x npu [X[X1. [Tonyuum
N T (5)
1+ X

Brruucnum paguyc R cxonumocTu 3Toro creneHnoro psaga. Umeem ap=1, ay=-1,
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an +1

a,=1,..., a,=(-1)". CnenosarensHo, =10 R=1. Janee

n

(arctg x)'= ! S=1—x+ X - (6)
1+X
31ech nenois3oBad Gopmyiy (5) ¢ 3aMeHOi B Heil x Ha x°.
[IpounTerpupyem psia (6). [oxyuum arctgx =C + x — %Xg + %XS-. .

[Tonoxxum B 3T0M hopmyse x=0. [Tomyuum arctg 0 = 0 [J C= 0. Takum oOpaszom,

arctg x=x- 8+ L. (7)
3 5
B031>M€:M)c=L Torna m_ 1 _ 1 + 1 1 +
V3 6 V3 V3 53)° 73)
CienoBaTensHo, TE=24/3 (1—%+ %-%+ o)
3 35 37

Humezpuposanue opoono-payuonanvrvlx yukyuii. PaccMoTpuM mnpaBHIIBHYIO
poOb

RY(x) = a,x" +a, X"t +..+a,
byX™ +b, X" + ..+ b

[IpencraBuM 3HaAMEHATENb B CJICIYIONIEM BU/IE:

m>n. (8)

s

beX™ +o,x™* +.. +b =hy(x =x ). (x = x, )" (x2 +p X+ ql)rl ...(x2 + P X+ qs) .
3mech X — JIEHCTBUTENbHBIE KODHH MHOTOWIEHA, a |, — uX KpaTtHOCTH. Jluckpu-
MUHAHTBI KBAAPATHBIX MHOT'OYJICHOB X2 + pJ X+ q] SABIIAIOTCA OTPHULATCIIBHBIMHU
quciiaMHu, TO €CThb

Dj = pj2 —4qj <0,j=1..,s.

Cymma kparHocredd |, +... +l, +2(rl +___+rs): m.

Teopema o pasznoxcenuu npagunbHOU OpoodU HA CymMMYy RpoOcmeuumux Opooeil
(6e3 doxazamenvcmea). BepHo paznoxeHue

b,Ry(X) =
H ¢ - G, Lo MIXEND O MpXEN, M-+ Ng +H
Hoxo (el (o)t T R rpxra (Capxrqf  (Crpxtq)t H

3nmeck ¢! ,M,',N;! — HekoTOpBIE BIIOJIHE ONpPEIEIEHHBIE YHCIIA.

C ydeTroM 3TOil TeOpeMbI 3ajaua MHTETPUPOBAHUS MPABWIBHOW paluoHab-
HOM ApOoOU CBOJUTCS K HHTETPUPOBAHUIO BBIPAXKCHUHN CIIEAYIOIIETO BUAA:
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I.I£:In|x—aj+c.
B 1
e a) T —Kx-a)"

[IycTh KBaJApaTHBI MHOrOWIEH X + PX+( HMeeT OTPHUATeIbHbIH IHCKPHMH-
p?
HaHT, TO ecThb A =( —7 > 0.

+c,k>1.

N—M X+B
Mx + N M 2 2
. Ixz+—m+qu_7|n\x2+px+q\+ A=t
Hanee,
V. [, M XD M d(t2+A)+H\I_Mp§ ot
(X +p><+0|) dt=dx | 2 (t2+A)k t +A)

IlepBbIit HHTETPAI, CTOSIIIUM B PABOM YaCTU 3TOTO BBIPAXKEHUS, UMEET BUJI NHTE-
rpana u3 nyHkra ||,
OGo3HaunM A =a® u paccCMOTPUM BTopoﬁ I/IHTeraJI
)= dt 1 d(t2 + az)
L()_I 2I k-1 2It I\
(et} @ fes ) 2287 12 +a?)
Brtopoii uHTErpal B 3TOM BBIPaKEHUU UHTEIPUPYEM MO YACTAM
o o)

It( =- t s 1 L(k -1).

2+a2) (k-2 +a?)” k-1

CrnenosarenbHo, OyieM UMETh

t 1 1
(k)= O a2)+¥%_ 2(k—1)%(k 1)

L) = [ a =1arctg§+c.

t?+a%? a
W3 3TOro peKyppeHTHOTO COOTHOIICHUS MOXEM BBIYHCIUTH JIFOOOH WHTErpas
L(K).

ITycTe Teneps B (8) N=m. Torga, pa3aenuB YUCIUTENb HA 3HAMEHATENb, IIPEICTa-

BHM (8) B BUE fOXd + flxd_l +...+ f4 + npaBunbHas 1poOs.

Humezpuposanue mpuzonomempuueckux yukyuii. Ynueepcanvnaa noocma-
Ho6Ka. PaccMOTpUM BBIpaKE€HUE, 3aBUCSIIECE OT JABYX NEPEMEHHBIX, CIECIYIOIIETO
BUJIA:

2 2 n
! 2 2 m
boo Hoou +oy,v +b,ou® +byuv +by,ve + .+ by U
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Ipumep.
2 2
us+2v
R(u,v)=——=".
uv
PaccmoTpum uHTErpan
J = [R(sinx,cosx)ix.
Ipumep. PaccMOTpUM NpEABIAYIIIANA TPUMED
i 2 2
n°x+2 X
J= J, Sl . Ccos dx.
SINXCOSX
PaccmoTpum yrusepcanvrhyio noacmanoeky

dt
1+t°

t tg [0 x=2arctgt,dx =2

Torma
2

snx=

,COSX =
1+1t2 1+1t2

CreoBaTesbHO,
2t 1-1t2 H 2

Eil+t 1+t2Eil+t

[Tpunuiu k 3a7a4e UHTErPUPOBAHUS PATMOHAIBHOU JPOOH.

[R(sinx,cosx)dx =

Tema ZUZ
OINIPEJEJEHHBIN UHTEI'PAJI

[Mycts dynkmus f(X) onpenencna Ha otpeske [a,b]. PazoObem 3TOT 0Tpe3ok
TOYKAMH
a=X< X< ... <X <Xi11<...<X;=D.
HazoBem ouamempom 31oro pa3oueHus: YUCII0
d= max(Xi+1—X), 1=1, ....n-1.
Bozbmem [7[]X,X+1] ¥ COCTaBUM CyMMY

5 ()% —%). ®

KOTOpasi HA3bIBACTCS UHMESPAIbHOU CYMMOU.

Onpeoenenue. Yucno | Ha3pIBaeTCs MpeIEioM HUHTErpajibHBIX cyMM (1) npu aua-
meTpe pasouenus d - O, eciu s (@ >0 [ = O(€) >0 takoe, 4To IS BCEX pas-
ouenuii ¢ nuamerpom d <O wu as ar060ro Habopa Touek ti X, Xi+1] BHITOTHICTCS
HEPaBEHCTBO

n-1
D=3 (4 XX, =% ) XE. 2)
i:=0
T eopema. Ecim npeacia HHTCIrpaJlbHbIX CYMM CYHICCTBYCT, TO OH CAMHCTBCHCH.
,Zlomwameﬂbcmeo. Hpe,HHOJIO}KI/IM, 4qTO CYHICCTBYIOT ABa IIpEaciia | 1< |2.
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Bosbmem mo6oe uucno € > 0. Toraa s Bcex pa3OMEHUI ¢ TOCTATOYHO MajbIM
JIMaMeTPOM HepaBeHCTBO (2) BoinoaHsaeTcs u A |4, u ais |,. CnenoBarensHo,

o=li= 15 14 XX =X )A 1S (6 X% =%, )| S 46 =26,

i:=0
Yerpemum € — 0O, monyunm npotuBopeune l—l; < 0.

Onpeoenenue. Ilpenen uHTErpaibHBIX CyMM (1) Ha3bIBACTCS OnpeoeeHHbIM UH-
mezpaiom U 0003HAYAETCS

j)’f(x)dx.

Oyukuus f(X) B 3T0M ciiyuae Ha3bIBaeTCs urmezpupyemotl na ompeske [a, by.

I'eomempuueckuii cmvicn onpeodeneHno2o unmezpania

PaccMoTpuM 3amady 00 omnpeaeneHue MIIOLAAN KPUBOJIMHEWHON Tpamnenuu
aABD (cwm. puc.).
3aMEHUM KpUBOJIMHEWHYIO TpaIELUIo
T CUCTEMON MpPsAMOYTrOJbHUKOB. CyM-
MapHasl TUIOIIAb 3TUX MPSIMOYTOJIbHU-
KoB ompenensiercs dopmynoin  (1).
[Ipenen uHTerpansHbix cymm (1) mpu

I
I
I
I
I
i
|
! muametpe d— 0 u Ha30BeM IUIONIAJIBIO
I
I
I
I
I
I
I
I
|

KPUBOJIMHEVMHOW TpaIleluu.

Urak, ceomempuueckuu cmwvici onpe-
0elleHH020 uHmezpana — 3mo Niouads
a X tXa b X kpueonunetinot mpaneyuu aABD.

IKoHOMUYUECKOEe npUNodCceHUe onpedelenHo20 unmezpana (3adaua o codbupae-
Mot cymme Hanoeog). Ilycts T(X) — cymMMa TO0BOro Hajiora, BBIIIJIAYHBAEMOTO
roCyJapCcTBY HAJOTOIUIATENBIIUKOM C TOJIOBOTO J0XOJa PABHOTO X JIEHEXKHBIX
equauI]. CyuTaeMm, 4TO MaKCUMaJIbHO BO3MOXHBIM TOJOBOM JOXOJ B CTpaHe HE
IPEBOCXOIUT uncia b.

O003HaunM Yepe3 F(X) KoarMuecTBO HAIOTOILIATEIbIIIMKOB, HMEIOIIHUX T0JI0-
BOI JJ0X0Jl cTporo MeHblne uncia X. [IycTb Bcero HajmoromnaTeNbIMKOB B CTpaHe
paBHo N. Torga ¢pynkuus

P (X) :%X)

npuHUMaeT 3HadeHus u3 otpeska [0,1] u ee 3HaUeHME B TOUKE X PaBHO JI0JIe HAJIO-
rOIJIATENBIIMKOB C TOJOBBIM JOXOJIOM CTporo Mmensiue X. Ilpeamonoxxkum, 4to
¢ynkuus P(X) sBisercs nupdepenumpyemont. 3adukcupyem nBa uncia 0< y <z
Torna pa3HOCTh

F(2) - F(y) = (P2 —P(y))N
paBHa KOJMYECTBY HAJOTOIUIATENBIIMKOB, TOJOBBIE JOXOJbl X KOTOPBIX YIOBIE-
TBOPSIIOT HEPABEHCTBAM Y < X < Z
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Bosbpmem pazouenne 0<x;<...< X,< b. Tormaa, o Teopeme Jlarpanxa, KOJIUIECTBO
HAJIOTOTLJIATEIIBIIUKOB C TOJIOBBIM J10X010M X[[X;, Xi+1) paBHO

F(Xi+1) —F(X) =(P(x..) =P ))N=P'(t:) (xi+1-%) N, 60X, X+ 1)
[Ipu masniom nuaMmerpe 3TOro pa3doMEeHHs MOXKHO CUUTATh, YTO BCE HAJIOTOILIA-
TEJBIIUKHA C TOJOBBIM J0X0JI0M X[I[Xj, Xi+1) IUIATAT OAHY M TyKE€ CYMMY PaBHYIO
T(t). TTosToMy npHOIM3UTEIILHOS 3HAYCHHE COOMpPAEMOM TOCYIapCTBOM CYMMBbI
paBHO

N T Pt X =)
IIpenen aTol CyMMBl pH I[I/IaINInge pa3obuenus d - 0 paBeHn
N}T( X)P'(x)dx.
Ota ¢popMyiia 3aJa€T BETUUUHY cogﬂpaeMoﬁ roCy1apCTBOM CyMMBI.

Jluneiinvle ceoiicmea onpeoeyieHHO20 UHMeZPala
1. Ilyctp ¢pynknus f(X) maTerpupyema Ha otpeske [@,b]. Torna mns [c=const
UHTErpupyemMoin sieisiercst pyHkims Cf(X) 1 BBINOJHEHO paBEHCTBO

}cf(x)dxzcj)’f(x)dx.

b
Jlokazamenvcmeo. Ilycts 1= J’ f(x)dx.
a

Torma mist (@ >0 [J = O(€) >0 Takoe, uyTo 1 Bcex pa3doueHuii ¢ quamerpom d <O
U Ui 11000ro Habopa touek G/ [X, X+1] BbimoHseTcs HepaBeHCTBO (2). CieaoBa-
TEJBHO,

n-1 n-1 b
Lel - iZon(ti XX, —% ) xele D Ci:Zof(ti XXy = %) —»C!f(x)dx npu d- 0.

2. Ilycts dyukmun fi(X), f2(X) uarerpupyemsl Ha oTpeske [a,b]. Torma Ha
3TOM OTPE3KE MHTETPUPYEMBI HX CyMMa M Pa3HOCTb M BBIMTOJIHICTCS PABEHCTBO

}( f(x)+ fz(x))dxz} fl(x)dxi} £,(x)dx.

b
Hokazamenscmeo. O6o3uaunM | = J’ f.(x)dx,s=12. Torna [ >0 [ ==9(c)
a

>0 Takoe, 4TO JUISI BceX pa3ouenuii ¢ quamerpoM d <O u s roboro Habopa To-
uek t[]X, Xi+1] BBIIOJHSIOTCS HEPABEHCTBA

n-1
i:=0
CrenoBaTeibHO,

(14125 (16)+ L6 ) =x) < 3

n-1

=5 1,0 ) —xi)( <2

=1 s=1 =1
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910 O3HAa4acT, u4To
n-1

> (fut )+ 206 )X —%) - Jj(fl(x)"' f,(x))dx mpu d - O.

=1

Teopema 06 ouenke onpedenennozo unmezpana. Ilycrs pynkuus f(X) uarerpu-
pyema Ha otpeske [a,b] u ynosierBopsier HepaBencTBy M<f(X)<M. Torna
b

(b-a)ms [ f(x)dx<(b-a)M . (3)

Jlokazamenvcmeo. Kaxnas uarerpainbHas cymma (1) yoBierBopseT 3ToMy Hepa-
BeHCTBY. ClieioBaTeNIbHO, EMY YIOBJIETBOPAET U UX MPEJEN, TO €CTh HHTETpal.

Teopema 06 unmezpupyemocmu nenpepwvlénoil pynkuuu (Oe3 ookazamenbcmea,).
Ecnu ¢pynkius f(X) HenpepsiBHa Ha oTpeske [8,b], To oHa UHTErpUpyeMa Ha ITOM
OTpE3KE.

Teopema o cpeonem 3HaueHuU ONPEOENEHHOZ0 UHMEZPANA OM HENPEPbIGHOll
¢yuxyuu. Iycts dynkuus f(X) HenpepsiBHa Ha otpeske [8,b]. Torma Halgercs
gucio tl[a,b] Takoe, uto

j)’f(x)dxzf(t)(b—a). (4)

Jokazamenvcmeo. O603HaunM uepe3 M (M) MunumanbHOe (MaKCHMaabHOE) 3HA-
yeane pynkmum f(X) Ha orpeske [@,b]. Torma m<f(x)<M. U3 (3) cnenyer, 4to
m<p<M, rae

_ 10
p—mlf(x)dx.

HenpepwiBHas QyHKIHS NMPUHUMAET HA OTPE3KEe BCE MPOMEKYTOUHBIC 3HAYCHUS
MEXJy MUHUMAJIBHBIM U MaKCUMaJIbHbIM CBOMMH 3HaYeHHSIMHU. CIIe0BaTEIIBLHO,
[t0[a,b] rae f(t)=p. Orcrona ciieayer TpedyeMoe paBeHCTBO (4).
Teopema (6e3 ookazamenvcmaa). Ilycts pyHkius f1(X) nHTErpUpyemMa Ha OTpe3Ke
[a,b], a hbynkms fy(X) maTerpHpyema Ha [b,C], Torna ynkmms (cMm. puc.)

% Of,(x), as<x<b

X)= []
Of,(x), b<x<c

SIBIIICTCS MHTETPUPYEMO Ha OTpe3Ke [a,C| ¥ BBITIOJHSACTCS PABEHCTBO

c b c
f(x)dx = f(x)dx+ [ f,(x)dx.
! (x)dx !; (x)dx %’ (x)dx

St
—~
X

o t-------

f1(x)

m —_———————
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Humezpan ¢ nepemennbiM 8EPXHUM HpeOeoM OH HENPEPLIGHOU QyHKuuu.
[Tycte dynknus f(X) HempepbiBHa Ha oTpeske [@,b]. Torma mms modoro a <x < b
CYILIECTBYET UHTErpal

X
FO9= [ F(t)c.
a
OH HA3vleaemcs uHmezcpaiom ¢ neEPeMeHHbIM 6EPXHUM npedeﬂOM. HonaraeM

}f(t)dt:O.

Teopema o oughhepenyupyemocmu unmezpana ¢ nepemeHHblM 6epXHUM npede-
J10m om Henpepvienoii ynkuuu. Ilycts ¢pynkuus f(X) HenpepblBHA Ha OTpe3Ke
[a,b]. Torna uHTErpasl ¢ MEPEMEHHBIM BEPXHUM IPEIEIOM sBJseTcs nuddepeH-
nupyeMoi (yHKIMEH U BHIITOJIHEHO PaBEHCTBO

F'(x)=f(x). (5)

X+AX X X+AX

FOx+ ) —F()= [ f(t)dt-[f(t)dt= [f(t)dt.

Mokazamenvcmeo. Imeem

CormnacHo dopmyie (4) LT[ x,x+ AX] Takas, uyto
X+AX

[ f(0)dt = (1A

[ToaToMy
F(x+AX)—-F(x) _ £(1)
= _

Hanee, mpu AX— 0 Touka T—- X [ f(7) - f(X) O F'(X)=f(x).

IJHmezpan C NEPEMEHHBIM HUINHCHUM npederM. Taxum HazpIBaeTcsa
D(X)= } f(t)dt.
Nmeem PaBCHCTBO ’
D(X)+F(X)= } f(t)dt.
:

Orcrozia mosryyaem
(D(X)+F(X))'=00 @'(X)+(x)=0 1 @'(x) = —(X).

Teopema (hopmyna Heromona — Jletionuya). Iycts dyukuus f(X) HenmpepbiBHA Ha
otpeske [a,b], a dyHkiusa Y(X) ee mepBoodpasnas. Torma

b
[ F(x)dx=¢(b) — (). (6)
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Joxazamenvcmeo. Vlaterpain ¢ nepeMeHHBIM BEPXHUM TPECIIOM, SBJISICTCS Tep-
BooOpazHoi.  IToaromy  F(X)=(X)+c, rme c=const. CremoBaTelbHO,
Y(a)+c=F(a)=0. Crano 0b1Th, F(X)=(X)—(a). TTonoxum, X=Db. TToxydrum paBeH-
ctBo F(b)=y(b)-y(a). Orcrona cnenyer hopmymna (6).

a b

[To omnpeneneHnto moJiararoT {f(x)dX:—J' f(x)dx. Ipyrumu ciioBamu, npu 3ame-
a

He mecmamu npedeﬂoe UHmMecpupoearusl unmezcpal MeH;iem 3HAK.

Tema 23
MHOKECTBA B R"

Eciu B mpou3BOICTBE MCIIONB3YETCS OJUH BHJ] ChIPbS, TO KOJIMYECTBO Y BbI-
yCKaeMOW MPOIYKIINHU SBJISCTCS (PYHKIIEH OJTHOTO MEPEMEHHOTO OT KOJIMYECTBA
X UCIIOJIb3YEMOTO ChIpbsi. ECITH ke B MPOM3BOICTBE MCIIOIB3YETCs N BHIOB CHIPHS,
TO KOJIMYECTBO Y BBIITYCKACMOW MPOIYKIIUU 3aBHCHT OT TOTO, KAKOE KOJUYECCTBO
X kaxmoro I-ro (i = 1,..., N) Buga ChIpbs OBLJIO MCHOJIH30BAHO B MPOHM3BOJICTBE.

JpyruMu cioBaMy, Y 3aBUCUT OT Habopa
X = (X, X0 X, ), X OR. (0)
Kaxapiit Takolr Habop paccMaTprBaeM KakK TOYKY JIMHEHHOTO apHU(PMETHUECKOTrO

npocrpanctea R".
Onnaxo He kaxaas Touka (0) MoxeT 3amaBaTh BO3MOXKHBIN HAGOp PECYPCOB,
MCIIOJIb3YEMBIii B pou3BocTBe. Hampumep, yeiosus X =0 (i=1,..., N) BbIAENsAOT

MHOJKECTBO TOUYEK C HEOTPHUIIATSIILHBIMU KOOpAMHAaTaMu. Jlayiee, eclii KasK bl 1-i
BUJ] CBIPBS 3aKyMaeTcs Mo IeHe [, a IpeAnpuHUMAaTeIh 00Ja1aeT CyMMOM JeHer

Q, To Bo3MokHbIe HaOOpHI (0) ¢ HeoTpHIATEAbHBIMUA KOI(D(OUIIMEHTAMHU JTOKHBI
€Ille yIOBJIETBOPSTH HEPABEHCTBY

iHNSQ-

[TosTomy paccMoTpuM MHOKecTBa B R", nelicTBUS ¢ HUMU M MX CBOMCTBA.
Wrak, kaxzapii Bekrop X [ R"3anuceiBaem B Buge crpoku (0). Jnsd AByX Bek-
topos il R",XOR" onpeneneno ckarsiprnoe npoussedenue

<ﬁw=gm&-

Hopma Bextopa 3agaetcst hopmysioi

Paccrosinue Mexay 1ByMsi ToukaMu X, YB R" 3amaetcs hopmyioit

% =9 =y/0 = y2)? *o (% = Vi )
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Ilpumepot mnoxcecms. 3abvkcupyeM HeHYIeBOH BekTop P LI R" u neficTBUTEIH-
Hoe uucio b. Torna mHOXECTBO

M:{XIZI R”:<E,X>=b} (1)
B CJy4ae JBYX NEPEMEHHBIX SIBJSETCS MPSMON Ha IJIOCKOCTH. B ciydae Tpex me-
PEMEHHBIX OHO SIBJIICTCS IJIOCKOCTBIO B TPEXMEPHOM IpocTpaHCTBe. B oOmiem

CJIy4ae 3TO MHOYKECTBO HA3bIBACTCS cUNEPNIOCKOCMBIO.
MmuoxectBo N, 3a1aBaeMoe JTMHEHHBIM HEPaBEHCTBOM

N={xOR": (p.x)<b}, e
HA3BIBACTCS NOJIYNPOCMPAHCIMBOM.
MHuoxecTBO
P={xOR": (p,x) <b} &)
HAa3bIBACTCSI OMKPLIMbIM HOJYNPOCHPAHCHIBOM.
MHOXeCTBO
G={xOR": (p,x)>b} (3%)

MOJKHO 3amucarh B Buje Ghopmyisl (3):
G ={x OR": ((-p).X) <(—b)} :
¥ 3HAYUT, OHO TAKXKE SIBJISICTCS OTKPBITHIM TOJIYIPOCTPAHCTBOM.
Badukcupyem Touky a JR" u uucno b > 0. MuOXkeCTBO

x={xOR": [x~a] =} @
Ha3bIBaCcTCs chepotl paduyca b ¢ yenmpom 6 mouxe a .
MHoxecTBO
v={x OR" : |x -2 < b} (5)
HA3bIBACTCS wapom paouyca b ¢ yenmpom 6 mouke a .
MHoOxecTBO
Z={x OR": |x -a] <13} (6)

HA3bIBACTCSL OMKPLIMbIM wapom paouyca b ¢ yenumpom ¢ mouxe a.

[Ipu wm3yyenuu mpezaena (QyHKIUU OJHOTO MEPEMEHHOIO MCHOJIb30BAIMCH
MOHATUSL OKPECTHOCTH U MPOKOJIOTOM OKPECTHOCTH. AHAJIOTMYHBIE MOHSTHUS IMO-
TpeOYIOTCS U NMPHU U3yUYeHUH (YHKIIUU MHOTHX MEPEMEHHBIX.

HasoseM &-oxpecmuocmpio (Wn okpecmuocmoio) Touku @ u3 R" OTKpBITHIN
map paauyca € > 0 ¢ HeHTpoM B 3TOH Touke. Jpyrumu cioBamu, 3T0 MHOKECTBO

touek X JR" Taxux, uto |X-a| <& (cm. puc.).
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AHAQJIOTUYHO,  E-MPOKONIOMOU  OKPpeCMHOCmbl0 TOYKH @  Ha3bIBAaeTCAd €€
£-OKPECTHOCTh 0€3 caMoi 3TOM TOYKHU. JIpyruMu CjIoBaMH, 3TO MHOKECTBO TOYEK
XxOR", YAOBJIETBOPSIOMUX yciaoButo O < ||)_( - a|| <E.

Ilpumep. Tlokaxem, 9To Kaxaas TOYKa X OTKPBITOrO MOJIyIpocTpaHcTBa (3) mpu-
HAJJIE)KUT EMY BMECTE C HEKOTOPOU OKPECTHOCTHIO. B camom nene, mycThb

<E,)_(> <b. Bo3smem yncno € > 0 takoe, 4TOOBI <F),)_(> +£||F)|| <b. Torna, ecnu

yOR", |[y—-x|<e, (7)

TO
no HepaeeHcmey

(p.9) =(p.X)+(p.y - %) < <(P.x) +[ [y =] <(p.x) + || <b-

Kowu — Bynskosckozo

IIpumep. TlokaxeMm, 4To Kaxkaast TO4ka X OTKPHITOro Imapa (6) mpuHauIeKUT eMy
BMECTE C HEKOTOPOH OKPeCTHOCTbI0. B camom gene, mycts |X —a| <b. Bosbmem

ancno € > 0 Takoe, 4ToGbl [X —&] +& <b. Torna ans moGoit Touku (7) BbImON-

HCHO

no HepageHcmey

ly-als< <|x -a +|y -x| <[x -a] +& <b.

mpeyeonbHuKa
Ilpumep. ITokaxxeMm, 4TO KaXk1as TOYKa X MHOYKECTBA

A= {)‘( OR":|x-a|> b}, (b>0) (8)
NPUHAIICKUT €My BMECTE C HEKOTOPOW OKPECTHOCTBIO. B camoMm nene, mycTh
||X —é” >Db. BoseMeM unciio € > 0 takoe, 4TOOBI ||)_( —ﬁ” —& >b. Torma nus mro-
0ot Touku (7) BBIMOJIHEHO

| als |y |y ax & [y a] Oy -a] >[x-a]-¢>b.

,,,,,,,,,,, . B o6mem ciayuae muHOkecTBo X B R"HasweiBaerca om-

S / KpblmbiM, €CIIM KaKJIas €ro TOYKa MPUHAIJICKUT eMy
/ BMECTE C HEKOTOPOW CBOEH OKPECTHOCTBIO (CM. pHC.).

~< -

3ameuanue. CaMo IMPOCTPAHCTBO Rn SABIIACTCA OTKPBITBIM MHOXKCCTBOM.

Teopema. Ecnn nepeceueHue
K
X=X,
i=1

KOHEYHOT'O YMCJIa OTKPBITBIX MHOKECTB HE SIBISIETCS IIyCTBIM MHOYKECTBOM, TO
OHO SIBJIIETCSI OTKPBITBIM MHOXECTBOM.

Jlokazamenvcmeo. Ilycts Touka X[ X. Torga oHa NpHHAMIEKUT KaXKIOMY OT-
KpbITOMY MHOXeECTBY X;. CieoBaTeIbHO, OHA IPUHAIEKHUT EMY BMECTE C HEKO-

TOpOfI Ei -OKPECTHOCTEIO. PaCCMOTpI/IM MNOJIOKUTEIBHOEC YUCIIO &€ = minsi .
I<i<n
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Torma € -OKpeCTHOCTb TOUKH X COIEPKHUTCA B KAKAOU & -OKPECTHOCTHU ITOU TOU-
KU U, CJIE0BATEIbHO, COJEPKUTCS B KAXKIOM MHOXKecTBe X;. CTasio ObITh, TOUKA

X TPUHAIJIEKUT NEPECEUECHUIO 3TUX MHOKECTB BMECTE C 3TOM & -OKPECTHOCTHIO.
3ameuanue. 1o omnpenesieHUIO MOJAralT, YTO MYyCTOE€ MHOMKECTBO SIBISETCA OT-
KPBITBIM U B (OPMYJIUPOBKE TEOPEMbI TPEOOBAHUE HEMYCTOTHI IMEPECECUCHUS
OITYCKalOT.

3ameuanue. llepeceuenne 6ECKOHEYHOTO YMCIIA OTKPBITBIX MHOKECTB MOXKET U HE
ABJISITHCSL OTKPBITHIM. B camoMm jene, paccMOTpUM OTKpBIThIE IIapbl paguyca

==,1=123,... c IEHTPOM B HavaJie KOOpAWHAT. Torja ux mepecedyeHnue cocTo-
|

UT U3 OJIHOM TOUYKHU (Kakoil ?) v HE SIBISETCS OTKPBITHIM MHOKECTBOM.

Teopema. O0beHEHNE JIFOOOTO YKCIA OTKPBITHIX MHOXECTB SIBJISICTCS OTKPBI-
TBIM MHOXECTBOM.
Joxazamenvcmeo. Ilycth TOUKAa TPUHAIICKUAT OOBEAMHECHUIO OTKPBITHIX MHO-
xecTB. Torma oHa MPUHAUICKHUT OJHOMY U3 STHX OTKPBITBIX MHOXKECTB U , CJIE/IO-
BaTEJILHO, MPUHAICIKUT €My BMECTE C HEKOTOPOU CBOEH OKPECTHOCThIO. 3HAYMT,
C 9TOM OKPECTHOCTHIO OHA MPHHAICKUT 00BETUHEHHUIO.
HamomMHHMM, YTO MHOXECTBO TOYEK, HE
Xn npuHaIeKaIUX MHOXKeCTBY Y u3 R naspiBaer-
csi ero donoanenuem (CM. puc.) U 0003HAYACTCS

Y.

MHoxecTBO Y Ha3bIBACTCS 3AMKHYMbIM, €CIH
\ ero JOMOJHEHUE OTKPBITO.

Ilpumep. TlomympoctpanctBo (2) sBiseTcs
3aMKHYTBIM MHOXXECTBOM, ITOCKOJIKY €ro J0-
TIOJIHEHHEM SIBIISICTCS OTKPBITOE MOJIYIPOCTPaH-
ctBo (3*). 3amkHyTBIM siBisieTcst map (5), Tak
KaK €ro JIOTIOJTHEHUEM SIBIIIETCSI OTKPBITOE MHOKeCTBO (7).
3ameuanue. Tax Kaxk NOMoJHEHHEM Bcero npocrpanctsa R" sBisercs mycroe
MHOECTBO, KOTOPOE O ONPEICICHUIO SBISICTCS OTKPBITHIM MHOXKECTBOM, TO Ca-
MO TIPOCTPAHCTBO SIBJISICTCS 3aMKHYTBIM MHOXKECTBOM. Jlaiiee, JOMOJTHEHUEM ITyC-

TOI'O MHOKCCTBaA ABJIACTCA BCC IPOCTPAHCTBO. CHCI{OB&TGJ’IBHO, ITyCTOC MHOKCCT-
BO ABJICTCA 3aMKHYTBIM MHOKCCTBOM.

X1

Teopema. O6beTMHEHUE

k
x =X (©)
i=1
KOHEYHOTO YuciIa 3aMKHYThIX MHOXkecTB X; [ R" sBisieTcst 3aMKHYTBIM MHOXKe-
CTBOM.
Joxazamenvcmeo. Jlonyctum, 4To i1t MHOKecTBa (9) BEpHO paBEHCTBO

X=X, . (10

123



Tak KaK KaxJ0€ W3 MHOXKECTB X, SIBJSICTCS OTKPBITBIM, TO MX nepeceueHue (10)
TaKXe SBISICTCS OTKPHITHIM MHOKECTBOM.
JoxaxxeM paBercTBO (10). Mmeem

Kk
Ox X X % X X (0=12,..ky X X (0i=12..,k) )_(Elﬂ)?i
i=1

Teopema. Tlepeceuenne X m000ro 4mcia 3aMKHYTBIX MHOXECTB X; SBIAETCSA
3aMKHYTBIM MHOXKECTBOM.

Jlokazamenvcmeo. IlycTb TOUKa He IpUHAJICKUT nepecedueHuto X. Torna oHa He
IPUHAJIEKUT KAKOMY-TO U3 NIEPECEKAEMBIX MHOKECTB X, . Jlpyrum cioBamu, oHa
MIPUHAJICKUT €ro JOMOJIHEHUIO, KOTOPOE SBISETCA OTKPBITBIM MHOXKECTBOM.
Crano ObITh, OHA MPUHAIVICKUT 3TOMY JOMOIHEHUIO BMECTE C HEKOTOPOU OKpeCT-
HOCTBIO. Takum 00pa3oM, BCe TOUKH ATOM OKPECTHOCTH HE MPUHAJJIC)KAT MHOXKE-
CTBY X; W, CI€JOBaTEIbHO, HE MpuHaAIexar nepeceueHuto X. I[loaromy, 3ta ok-
PECTHOCTb MPUHAJICKUT JOMOJHEHUIO MHOKECTBA X.

Pacnonosicenue mouex omuocumenbHo MmHoMcecmed. JIns (GUKCHPOBAHHBIX
MHOecTBa X M TOYKM a M3 npocTpancTea R" Beerna BeIONHAETCS OJJHA M3 TPEX
BO3MOKHOCTEH.

1. CymecTByeT OKpeCTHOCTh TOYKH &, COJEpIKalascs BO MHOXKecTBe X.

2. CymecTByeT OKpECTHOCTh TOYKH @, COAEPIKAIIAsACS B JONOJTHEHUH X .

3. Bcskas OKpecTHOCTh TOYKHM & COACPKHUT KaK TOYKH W3 MHOXKECTBa X, TaK U
TOYKH U3 €0 JOIOJHEHHUS.

Touka @, oOnagaromiasi CBOMCTBOM 1, Ha3bIBACTCA GHYMPEHHEU MOYKOLU
MHOXkecTBa X. MHOKECTBO BHYTPEHHHMX TOUYEK MHOXECTBa X Ha3bIBAaeTCA €ro
8HYmMpeHHoCcmbio U 0003HavaeTcs int X.

Touka a, oOnagaroimiasi CBOMCTBOM 2, Ha3bIBAETCS GHEUlHel MOYKol MHOXKE-
ctBa X. MHOKECTBO BHEIIHUX TOYEK MHOKECTBA X HA3BIBACTCS €TI0 6HEUIHOCTIBIO.

Touka a, obmagaromias CBOWCTBOM 3, HA3bIBACTCS SPAHUUHOL MOYKOU MHO-
xectBa X. MHOKECTBO IPaHUYHBIX TOUEK MHOKECTBA X HA3BIBAETCS €T0 epaHuyel
n o0o3HayaeTcs 0X.

Teopema. BaytpeHHOCTS INt X SBISETCSI OTKPBITBIM MHOKECTBOM.
Hokazamenscmeo. Ilycts Toukn allint X. Torma cymiecTByeT 2£-OKpECTHOCTh
ATOW TOYKH, COAEpPIKAIIAsICS BO MHOKECTBE X. DTO 3HAYUT, YTO €CIIU ||)7 —ﬁ” <Z2¢,
to YU X. Bozpmem mo0yio Touky x[IR", yZOBIETBOPSIOIIYI0 HEPABEHCTBY
||X —é” <¢. Torma, ecmn |z2-X| <€, TO ||2 —ﬁ” S”Z —)_(|| +||X —é” <g+¢e=2¢.Cne-
JI0BaTEJIbHO, KaX/as TOYKa Z U3 E-OKPECTHOCTH TOYKM X NPHUHAJIEKHUT MHOXKeE-
ctBy X. IToaromy kaxkast Touka X U3 E-OKPECTHOCTH TOUKHU a SBJISAETCS BHYTPEH-
HEH TOYKOW MHOkecTBa X.

3ameuanue. BHEIHOCTE MHOKECTBA X ABJISACTCSA OTKPBITEIM MHOXKECTBOM, TaK KaK
OHA €CTh HE YTO MHOE, KaK BHYTPEHHOCTb JIOoMoNHeHus: X (Iokasath 3T0). Takum

00pa3oMm, 00bEIMHEHNE BHYTPEHHOCTH U BHEIIHOCTH MHOXKECTBA X SABJISETCA OT-
KpPBITBIM MHOXECTBOM. (CTano ObITh, JIONOJIHEHHE HMX OOBEIUHEHHUS SIBISETCS
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3aMKHYTBIM MHOKECTBOM. JTO JOIMOJHEHUE SIBISETCS TpaHUILIE MHOXecTBa X
(mokazatb 3710). Takum 00pa3zom, rpanuia 0X sBISICTCS 3aMKHYTHIM MHOKECTBOM.

Onpeoenenue. MHOXECTBO X Ha3bIBACTCS 02PAHUYEHHBIM, €CITA CYIIECTBYET YHUC-
sgo L > 0 takoe, 4uto ||)_Q| L] XOX. Ipyrumu crnoBamu, MEHOXkecTBO X n3 R" Ha-

3bIBACTCA ocpaHu4erHHbiM, €CIIM OHO COACPIKHUTCA B IIAapC paauyca Lc LHCHTPOM B
HadaJIC KOOpJAHUHAT.

Boinyknvie mnoscecmea. BaxxHbIM KTacCOM MHOXECTB, BCTPEUAIOIUXCS B MaTe-
MaTUYECKUX MOJIEIISX IKOHOMHUKH, SIBJISTFOTCS BBIMTYKJIbIE MHOYKECTBA.
Onpeoenenue. Muoxectso X [ R"HasbiBaeTcs suinyxiviym, €ClIM BMECTE C IBYMSI
AI0O0BIMU TOYKAMH, €My MPHUHAJJICKALUIIMH, OHO COAEPKHUT BECh OTPE30K, COEIH-
HSIOIIUI 9TH TOYKH, TO €CTh

0 x Xy X@ [od0 x= A% (& A)yOX.
ITpumep. TonynpocTpancTBO (2) SBISIETCS BBIMYKJIBIM MHOXECTBOM. B camom Jie-
Jie, MyCTh TOYKH X M Y YIOBJIETBOPSIOT HepaBeHCTBY (2). Tornma

(p.%) =A(P.X) +@-A)P.y) <Ab+({-A)p=b.
3HAYUT OTPE30K, COSAUHSIOIINN dTH TOUKH, IPUHAJICIKUT MOJYIPOCTPAHCTBY (2).
AHAJIOTHYHO IMOKa3bIBACTCS BHIMTYKIOCTh OTKPBITOTO IMOTYIIPOCTpaHCcTBa (3).

Teopema. Henyctoe nepecedeHue JIIOOOT0 YKCIia BBITYKIIBIX MHOXKECTB SIBJISIETCS
BBIITYKJIBIM MHO>KECTBOM.

Jlokazamenvcmeo. 1lyCcTh 1B€ TOUKM NMPUHALICKAT 3TOMY NepecedeHuro. Toraa
OHM MPHUHAJICKAT KKIOMY U3 MIepeceKaeMblX MHOecTB. CieoBaTenbHo, OTpe-
30K, UX COCIUHSIONINN, MPUHAIJIEKUT KAKIOMY M3 MEPECEKAEMbIX MHOMKECTB.
[ToaTOMY 3TOT OTPE30K MPUHAIICKUT NEPECECUYEHHUIO.

3ameuanue. MHOXKECTBO, KOTOPOE 3aA€TCA CUCTEMOW JIMHEWHBIX HEPABEHCTB,
MO>KHO MPEACTABUTh B BUJE MEPECCUCHUS MOJyIpocTpancTB. Clie1oBaTEIbHO, 3TO
MHOKECTBO SBJSICTCS BBIMYKJIBbIM. CyIIECTBYET Te€Oopema, KOTOpas YTBEpKIAET,
YTO BCSIKOE 3aMKHYTOE€ BBIYKIIO€ MHOKECTBO SIBJISACTCS IMEPECCUCHUEM 3aMKHY-
TBIX MOJIyNpoCcTpaHcTB Buja (2). Ctano ObITh, KaX/I0€ BBIIYKIOE 3aMKHYTOE MHO-
’KECTBO MOJKHO 3a1aTh CUCTeMOH (BOOOIIE roBopst, OCCKOHEUHOTO YMCIa) JIHHEH-
HBIX HEpaBEHCTB BHJA (2).

Tema 24
MMOCJEJOBATEJBHOCTH B R"

PaCCMOTpI/IM IIOCJICA0BATCIbHOCTh TOUCK
Xy =(X1,k’X2,k’---,Xn,k)D R". k=123,.... (1)

Takum oOpa3om, 4TOOBI 3a7aTh MOCIIEI0BATEILHOCTD (1) HY)KHO 3a7aTh N YHCIIO-
BBIX KOOPJIMHATHBIX MOCJIE0BATEILHOCTEH

Paageh b X - (2
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Onpeodenenue. Touka a = (al,a2 ,...,an)D R" HasbIBaeTcs mpenenoM IMocienoBa-

tenpHOCTH (1), eciu
lim”)_(k -a|=0 . ©)

Teopema. Touka a = (al - V- )I] R" sBIseTCs IPENENoM MOCIeN0BaTENLHOCTH

(1) Torma u TOJILKO TOTJA, KOTJA I KaKI0W KOOPAWHATHOW ITOCIIEIOBATEIILHO-
CTH
limx,, =g ,i=1,23,...n . 4)
k*;OO !

Hoxazamenvcmeo. Ilycts Beimonneno (3). Torma, IpuMEHsIst K HEpaBEHCTBAM
0<% —a|<[x -

OLIEHOYHBIN IMPHM3HAK CYIIECTBOBAHHS Ipefelia YMCIOBOM IOCIIEI0BATEIBHOCTH,

OJyduM paBeHCTBa (4).

[Tycts Temeph BhimoHEHBI paBeHCTBa (4). Torma |Xi K —a1-| - 0 mpu k — o0.

CnenoBaTeibHO,
N 2
> beu -a| =[x -a]" -0
1=

npu K — co. Ctajo ObITh, BBIMOJIHEHO paBeHCTBO (3).

W3 31Ol Teopembl, a TakKe M3 TEOPEM O TpeieiaX YHCIOBBIX IOCIEI0BA-
TEJILHOCTEH, MOTyYUM CIIEAYIOIINE CBOWCTBA JIJIsl IPEIEIOB MOCIEeI0BATEIbHOCTEH
(2).

Cesoiicmeo 1. Ecnu nipeaen y nociieqoBarenbHoctd (1) CymecTByeT, TO OH eIuH-
ctBeHeH. [Ipenen o6o3Havaercs

limx, =a .

K- o

Cama OoCJICA0BATCIIBHOCTh HA3BIBACTCA CXO@ﬂW@ﬁC)Z.

Ceoiicmeo 2. 11ycTh CyllIeCTBYIOT MPEJIEIbI IBYX MOCIEA0BATEILHOCTEN
limx, =X, limy, =y . (5)
K- o Koo
Toraa cymecTByIOT MpeAenbl UX CyMMBl, pPa3HOCTH, CKAJIIPHOTO MPOU3BENCHUS U
BBITIOJTHEHBI PABEHCTBA
lim(x £9,)=%£y; lim(%.y,)=(X.y).

k = o0

Ecnu uuciaosas I10CJIECA0BATCIIbHOCTD Ck - C Ipu k - 0, TO
lim(c, %, ) = cX.
Koo

Ynpasicnenue. 1IpoBeputh cripaBeyIMBOCTb 3TUX CBOMCTB.

Teopema. ITycTb Bce 3HAUCHUS CXOsIICHCs mocienoBarenbHocTh (1) comepkarcs
B 3aMKHYTOM MHOxkecTBe X. Torma ee npenen Takke NPUHAJIEKAT 3TOMY MHOXKE-
cTBy X.

okazamenvcmeo. 1lpennonoxum, 4ro npenesl a He NPUHALIEKUT MHOXKECTBY
X. CnieioBaTeNnbHO, OH TIPUHAIEKHUT €ro JOTNONHEHHI0 X , KOTOPOE SBISETCS OT-
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KPBITBIM MHOXECTBOM. CTajlo ObITh, TOUKAa @ MNPUHAMIEKUT JONOJHEHUI0 X
BMECTE ¢ HEKOTOPOH E-0KpecTHOCThIO. U3 onpenenenns npeaena (3) cuemxyer, 4To,
HaYMHAasl ¢ HEKOTOPOT'0 HOMEpPa Bce WIEHBI mocienoBaTenbHoctu (1), OymyT Haxo-
JUTBHCS B 3TOM OKPECTHOCTH U , CIEAOBATENIbHO, HE PUHALJIE!KATh MHOKECTBY X.
[Tonyunnn npoTuBOpeUHe.

Onpeoenenue. TlocnenoBateibHOCTH (1) HA3BIBACTCS O2paHuuenHOU, €CIU CyIIe-
ctByeT yucio L>0 rakoe, uro ||)_(k|| < L s Bcex HOMepoB K.

Ynpascuenue. TlokazaTh, 4TO MOCIIEA0BATEIBHOCTD (1) sIBJISIETCS OTpaHUYCHHOM
TOT/Ia M TOJIBKO TOTJIA, KOT/Ia OTPAaHUYCHHOM SIBJIICTCS KaX1as KOOPIUHATHAS I10-
CJIEIOBATEIILHOCTS (2).

Teopema o évidenenuu cxo0auieiicsi NOONOC1e006ameIbHOCIMU U3 0ZPAHUYEH-
HOIl nociedosamenvhocmu. VI3 orpaHrueHHON TTocienoBarebHOCTH (1) MOKHO
BBIJIEIUTH CXOJISIILYIOCS ITOIOCIIEA0BATENBHOCTb.

Hoxazamenvscmeo. PaccmoTpuM citydan 1Byx nepeMeHHbIX. Kaxnas koopauHar-
Hasl TIOCNE0BATEIbHOCTD SIBIISIETCS OTpaHUYeHHOW. BbiaenuM u3 nepBoil Koopau-
HATHOM  MOCJIENOBATENBHOCTUH Xy  CXOJISLIYKOCSA  MOANOCIEN0BATENLHOCTh

Xlki — al. N3 MMOoAIIOCICIOBATECIIBHOCTH XZk,- BTOpOI>'I KOOpHHHaTHOﬁ mocjacaoBa-

TCJIBHOCTH BBIACIIHUM CXOAAIIYIOCA ITOAITIOCICIOBATCIIBHOCTD sz — az. Torna
li.
J

IMoAIIOCICA0OBATCIbHOCTD Xlki — al. CJ'IGIIOBaTeJ'IBHO, OoAIIOCICH1OBATECIBHOCTD
"]

kxl,k,-j Kok, ) - (ay.a,).

Tema 25

HEITPEPBIBHBIE ®YHKIINN
MHOI'MX IEPEMEHHDBIX

Ilpumep pynkyuu mnozux nepemennwix. 11ycts B MIpOU3BOJCTBE UCIOIB3YIOTCA
N BUIOB CBHIPhSI U HA BBIXOJE MOJyYaeTcsi OAuH ToBap. KoaudecTBo i-ro Buaa Chi-
pbsl, UCIOJIB3YEMOTO B IPOU3BOACTBE, 0003HAUMM 4Yepe3 X . MakcumanbHO BO3-

MOXHOEC KOJIHMYCCTBO BBIHYCKaeMOﬁ IMPpOAYKIIMKU IIPU HCIIOJIb30OBAHMHU 3aJJaHHBIX
KOJIMYCCTB ChIPbiA 6YI[CT 3aBHUCCTHb OT OTHUX BCJIIMYHH, TO €CTb SABJIACTCA (bYHKI_[I/Ieﬁ

n HepeMeHHBIX
f(X)= (%X 00X, ),

KOTOpasi Ha3bIBACTCsI NPOU3B00CMBEHHOU PYHKYUElI.
Hainee, npou3BoacTBEHHas (yHKIMS omnpenerneHa Tonbko npu X = 0. Takum

00pa3oM, OHa oIpejiesieHa He Ha BceM npocTpaHcTBe R", a Ha MHOkecTBe
R£‘={X = (X X 4o X, )JOR" 1 % 2 0,%, 20,...,%, = O}.
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YacTo B KauecTBe NMPOM3BOACTBEHHOU (yHKIMU O6epyT ¢pyHkuuto Kob66a — Jlyrna-
ca (ITOKM)

f(i)z f(xl,xz,...,xn)szf‘lxgz...xr?”, (1)
HA3BaHHYIO TaK MO UMEHH aMepUKaHCKHUX 3koHOMHUCTOB Ko6b6a u Jlyrnaca, mpen-
JIO)KMBIIMX €€ MCHOJb30BaTh B 1929 rogy B SKOHOMHUYECKHX HCCIIEIOBAHMUS.
[Tycts, Hanpumep, K — 00bEM HUCIIONIB3YyEMOTO B IPOU3BOJCTBE OCHOBHOI'O KAaIlH-
Tana, a L — o0beM 3aTpar xkuBoro Tpyna. Torma ans 3aBUCUMOCTH CyMMapHOTO
BBIITYCKaeMOT0 NMPOAYKTa Y UCTIONB3YIOT (hOpMYITy

Y=DbK&%L%,

Tak, HanpuMep, Ha oCHOBaHUM JaHHbIX 10 3koHOMUKe CCCP 3a 1960 — 1985 ro-
161 ObLTH paccunTanbl napamerpsl [TOK/T:

Y: 1’022 K 0,5382 L0,4618 .

Ilpeoen pynkuyuu 6 mouke. Cxema MoCTPOCHHs TEOpUU Tipenena GyHKIIUA MHO-
I'UX MEPEeMEHHBIX B TOUKE Ta XK€ camas, 4TO U B ciydyae (yHKIUU OJTHOTO Tepe-
MEHHOTO.
Onpeodenenue. Oyukuus |(X), onpenescHHas B MPOKOJIOTONH OKPECTHOCTH TOYKH
a, Ha3bIBACTCSI OECKOHEeYHO MAaol B dTOM TOYKE, €ClIM I Jroooro yucna € > 0
MOJKHO yKa3aTh unciio 0 =0 (€) > 0 takoe, uro (X)X € m1s Bcex ToUek X, ya0B-
neTBopstonmx HepaBeHCTBY O0<[x-a|<d (To ecTh It Bcex Touek H3 O-TIpo-
KOJIOTOM OKPECTHOCTH TOYKH a ).
O6o03HaueHNEe OECKOHEUHO Majioi (hYHKITUU:
I(X) > Ompu X - a.
Ilpumep. Jluneiinas GyHKIUSA
()= (p)- ()
SBIIICTCS OECKOHEYHO Majoi B TOUke a. B camom jerne, HCnoiib3ysi HEpaBEHCTBO
Komm — ByHSIKOBCKOTO, MOTyYHM
0f (X) & 0p.x)-(p.a) = |(p.x - )| <[ p] [x -]

CJ'IeI[OBaTeJIBHO, CCJIM B34TH

TO OyJ1IeM UMETh

& [x a& of)0|f(x)<e.
Onpeodenenue. Oynxuus f(X), onpeneneHnas B MpoKOIOTOH OKPECTHOCTU TOUKU
a, Ha3bIBACTCSl O2PAHUYEHHOU B OTON MIPOKOJIOTOW OKPECTHOCTH, €CIIU CYLIECTBY-
et uncio L > 0 taxoe, uto f (X)[2 L ams Bcex Todek X U3 3TOif MPOKOIOTOH OK-

PECTHOCTH.

3ameuanue. TOUHO Tak ke, Kak U B ciaydyae GyHKIIMH OJJHOTO MIEPEMEHHOT0, JJOKa-
3BIBACTCSI, YTO €CJIM JBE (DYHKITMH SBIISIFOTCS OECKOHEYHO MaJIbIMU B OJHOM W TOU
KE TOUKE, TO UX CYMMa, Pa3HOCTh U MIPOU3BEICHHUE SBIACTCS OECKOHEUHO MaJIBIMU
B 9TO# ke Touke. Jlanee, ecnu ¢pynkmus |( X) siBisercss 06CKOHEUHO MaJIOi B TOUKE
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a, a pyHkuus f()_() ABJISIETCS OTPAHUYEHHOM B HEKOTOPOM IIPOKOJIOTOM OKpECT-

HOCTHU 3TOU TOYKHU, TO UX NMPOU3BEACHUE SBISETCS OECKOHEYHO MaJIO B TOUKE a .
[lepeiinem k onpenenenuto npeaena ¢pyHkuuu f (X), ONPEIEICHHON B IIPOKO-

JIOTOM OKPECTHOCTH TOYKH a .

Onpeoenenue. Yucno A naspiBaercs npeaenom ¢pyHkuuu f (X) B TOYKE a, €CIIU

f(i)=A+ I(X), tne I(X) - Ompu X - a.
Kak u B ciayyae pyHKIMM OJHOTO NEPEMEHHOTO JI0Ka3bIBAETCS, UTO €CIIU MpEell
CYILIECTBYET, TO OH €IMHCTBEHEH.

[Ipenen o6o3HavaeTcs
lim f(x)=A.

X-a
3ameuanue. TouHO TaK ke, KaK U B ci1ydae (PYHKIMH OJJHOTO IEPEMEHHOT0, J0Ka-
3BIBAETCS, 9TO eciu ABe pyHkuuu f (X) U g(X) ompeneneHsl B MPOKOJIOTON OKpe-

CTHOCTH TOYKM & M MMEKOT B 3TOW TOYKE MPENEIIbI, TO B 3TOM TOUKE CYIIECTBYIOT
npeaciibl X CyMMBI, Pa3sHOCTHU, MPOU3BCACHHA W OHHW PaBHbI, COOTBCTCTBCHHO,
CyMMe, pa3HOCTHU U MPOU3BEIACHUIO MPEEIIOB 3TUX (YHKIIHIA.
Ecimm g(X) u Llrg g(X) He oOpalarTcs B HYJIb, TO CYIIIECTBYET IPE/Iei YaCTHOTO
18], i 10 10T
g(x) ~ x-a g(x) limg(x)

Dyuxkyuu, HenpepvleHble 8 MOYKe
Onpeoenenue. Oynxnus f ()_(), ONPEAECICHHAS B OKPECTHOCTH TOYKH a , Ha3bIBa-

€TCSl HenpepuvleHol B 3TOM TOUYKE, €CIIU CYIIECTBYET €€ MPeJIel B 3TOM TOUKE U

lim f(x) =f(a).
3ameuanue. ToUHO Tak ke, KaK ¥ B ciiyyae (PyHKIIMHU OJTHOTO IEPEMEHHOI0, JI0Ka-
3BIBACTCSI, YTO eclu ABe GyHKInU f (X) 1 g( X) HempephIBHBI B TOYKE A, TO B 3TOM
TOYKC HCNPECPBIBHBLI UX CYMMa, Pa3HOCTh M MPOU3BCICHUC.

f(x)

9(x)
dbyHKIMEH B TOUKE A .
Ilpumep. Oynxuus Kobdba — Jlyriaca sSBIeTCS HEMPEPHIBHOM B KaXJIOW TOYKE
obOnacTtu omnpeneneHus. B caMom jerne, oHa SIBISETCS MPOU3BEIECHUEM KOHEYHOTO

Ecim g(@) He oOpamaercst B HyJIb, TO YacTHOE SIBJISIETCS HENPEPHIBHOU

qrcia HeMpepbIBHBIX QyHKUUH f; (X)= X2
Xy . .
Ilpumep. OyHxuUA f(Xl,XZ):— ABJIAETCS HENPEPBIBHOU B KaXX0M TOYKE
XX
o0JlacTu onpeaenaeHus, To €CTh IpU X; # X,. B camom nene, BelpaxkeHue, crosiee

B 3HAMEHAaTeJe, SIBJSETCS HeNPEPhIBHON (PYHKIMEN KaK Pa3HOCTb JIBYX HEMPEPHIB-
HeIx Qynkumid. Torna Gyakums f (Xl,xz) SBJISIETCS] YACTHBIM JIBYX HEMPEPHIBHBIX

GbyHKIIUN U, CIeI0BaTeIbHO, OyIeT HEMIPEPHIBHOM.
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Teopema o nenpepvienocmu cnoxcnou gynkuyuu. Ilycte pyakmus f (X) SABJISIET-

Csl HEIIPEPBIBHOM B TOUKE A, a PyHKIUU X(t) = (Xl (t),X2 (t),...,xn (t)) OIIPENIECIICHEI B

OKPECTHOCTH TOUYKH T, HenpepbIBHBI B Hell 1 X (T) = @ . Torna crnokHas GpyHKIus

¢ (t)=f(X (t)) OyneT HenmpepbIBHOM B TOUKE T.

/lokazamenvcmeo. V13 HenpepbIBHOCTH paccMaTpuBaeMbIX (QYHKIUN UMEeM
f(x)=f(a)+I(X), rne I(X) -~ Ompu X - a; (2)
xM=a +y(), rtae y(t)->O0mpn t-T

CnenoBaTenbHO, 1S CII0KHON (PYHKIIMM HMEEM

¢ (O=f(x (1)) =f (a+y(t))=f (@) +1(a+y({))-f(@)=¢ (Dmupn t - T

Teopema o npedeibHom 3HaueHUU HENPEPLIGHOU PYHKUUU HA CX00AUwelcs no-
cneoosamensvrocmu. Ilycts pynkuus f (X) SBJISIETCS] HEMIPEPHIBHOM B TOUKE &, a

MOCJIeIoBaTeNbHOCTh X, — a npu K — oo, Torma f (X, ) - f (&) npu k - .
Joxazamenvcmeo. HyxuHo B popmyiie (2) moJ0KUTE X= X, .

Ceoiicmeéa  ynkyuii, Henpepvi6HbIX HA  3AMKHYMOM  0ZPAHUYEHHOM
MHOMCECmEe

Onpeodenenue. Oynkuys, ONpPEIEICHHAsA HA MHOKECTBE X, Ha3bIBACTCS HENpepble-
HOTi HA HEM €CJIY OHA SBJISIETCS HENPEPHIBHOM B KAXKIOHW TOYKE DTOI0 MHOXKECTBA.
Onpeodenenue. ®ynxuus f(X), onpeneneHnas Ha MHOKeCTBE X, Ha3bIBAaeTCs 02pa-
HUYeHHOT Ha 3TOM MHOKECTBE, €CIIU cyliecTByeT yuciio L > 0 takoe, uto Uf (X) <

L g Bcex Touek X M3 DTOrO MHOXKECTBA.

Ilepeasa meopema Beiiepuumpacca. Eciiu GyHKIMS HENpepbiBHA HA 3aMKHYTOM
OTPaHUYEHHOM MHOKECTBE, TO OHA HA HEM OTPAaHUYCHA.
Jokazamenvcmeo. Ilpennonoxum npotuBHoe. Torma s KaXIOro 4Yucia

k=1,2,3,...Touka X, [JX Taxas, uro [If ()_(k)§ K. Tak KaK MHOKeCTBO X SBJISETCS
OTpaHUYEHHBIM, TO MOJIyUYEHHAs MMOCIIEI0BATEIbHOCTh OYJeT orpannueHHou. Crie-
J0BATE€IbHO, M3 HEE MOXKHO BBIJEIHUTH CXOMSIIYIOCA IOJIOCIEI0BATEIbHOCTD
X, — a.Tak kak MHOXeCTBO X SIBIIICTCS 3aMKHYTBIM, TO Touka @ LJX. Paccmar-

pruBaemas GpyHKuMs HenpepbiBHa B 9Tod Touke. [Tostomy, f (X )— f (&) npu

ki —co. C mpyroii croponsl, Lf (X ) k;. Ilonyunin npotnsopeune.

Bmopasa meopema Beiiepwumpacca. Ecniu QyHKms HempepblBHA Ha 3aMKHYTOM
OTrPaHUYCHHOM MHOXXECTBE, TO OHA Ha HEM JIOCTUTAET CBOCTO Hauborvuteco (Hau-
MeHbuie20) 3HAUCHUS, TO €CTh CYIIeCTBYeT Touka a [1X Takas, 4To

f(x)< f(a) (f(x) = f(a)) g Bcex Touexk XX .
/Jlokazamenvcmeo TipoBeneM Ui HaWOOJIBIIETO 3HAaYeHHs. Tak Kak paccMarpu-
BaeMasi (yHKIUSI OTpaHU4YeHa Ha MHOXeCTBE X , TO YUCIIOBOE MHOXKECTBO

Y=0=f(x): xOX O
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SIBJISICTCSL OTPAaHUYCHHBIM CBepXy. [103TOMY y HEro CymecTByeT TOYHas BEPXHSS
IpaHb, KOTOpYI0 0003HaunM depe3 F. 13 ee onpeaenenus cieayer, 9To I Kak-
noro yncna K=1,2,3,...cymectByer Touka X, [1X Takas, uto

- 1
F>f (% )=F—=. 3

Kk
Tak kak MHOXeCTBO X SIBJISICTCS OTPAaHHUCHHBIM, TO ITOJIYYCHHAS TIOCIIEI0Ba-
TENBHOCTh X, OyneTr orpanumdeHHoil. CienoBaTenbHO, U3 HEE MOXKHO BBIICIUTH
CXOJISIYIOCS MOATOCIENOBATENBHOCTE X, — &. Tak Kak MHOMkeCTBO X ABISETCS
3aMKHYTbIM, TO Touka a[JX. PaccmarpuBaemasi (yHKIHMsS HETNpepblBHA B 3TOM
Touke. [Tosromy, f (X, )~ f (@) . Orciona n u3 (3) nonyunm, uro f (@) = F. [a-

nee, u3 onpenencHus yucia F cnenyert, uto f(X) < F mns Bcex Touek XX .

Tema 26
JMNPOOEPEHIIUMPYEMBIE ®@YHKIIUN
MHOI'UX IIEPEMEHHBIX

ITpumep. Ilycts f (X) sBasAETCS NPOU3BOACTBCHHOM (QyHKIIMEH. M3MeHuM Konye-
CTBO X, IEPBOr0 BUJAA ChIPbS , UCIIOJIb3YEMOI'O B POU3BOJICTBE, HAa BEIMUUHY AX; .
Torma mpupocCT BBIYCKaeMOW MPOAYKLWH, IPUXOISIIEH HA €IUHUILY BHOBb IIpHU-
BJIEKAEMOI'0 B IPOU3BOJICTBA CBIPbsI, PABHACTCS
F(X + DX, X0, Xy )= TOX, X5 400, Xy )
Ax, '

Hanpuwmep, nns [IOK y = Xf ‘3Xg 7 Beipaskenue (1) UMeeT BH

03,07 _ 03,07
(% + A% )X =% "X
AV
Bbonee mpocTo BeIYHCIAETCS TpeenbHOE 3HaUeHHE BhIpakeHus (1), KoTopoe mpu
JIOCTATOYHO MajbIX 3HA4YCHUSAX AX, NMPUOIM3UTENbHO paBHseTcs BenuuuHe (1).

(1)

[IpenenbHoe 3HaUeHUE BETUYUHBI (1) HA3BIBAETCA B SKOHOMUKE NpedenbHOU npo-
U3800UMeNbHOCMbIO TIEPBOTO BHUJIA CHIPhS. B MaTemMaTHnke 3TO mpenenpbHOe 3HAYE-
HUE HA3BIBACTCS YACMHOU npou3800Hot GyHkuuu f mo mepemMeHHOM X; .

Onpeoenenue. Ecnu cymecTByeT npeen
lim FOXp e Xig o X5 FAX  Xig v Xny ) = FOX e X210 X 5 Xy 0een Xy )
TO OH Ha3bIBACTCS uacmHou npoussoonol hynkiuu f (X) B Touke X 1Mo mepemMeH-

HOU X; .

of (X)
oX;

0 ,,_ -
YacTHast npou3BoHas 0003HAYAETCS , WK a—f (X), mmn f, (X).
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Buvtuucnenue wacmmuoit npouszeoonoii. B hopmyie, kotopoit 3agaHa GyHKIUs, BCE
NepeMEHHbIe, KpOME MEPEMEHHOM X;, CUUTAIOTCS MOCTOSHHbIMU. Cama QyHKIus

paccMaTpuBaeTcs Kak (yHKIHUS 3TOTO MEPEMEHHOrO0 X, M OT HEee BBIUUCISETCS

TIPOM3BOHAS IO OOBIYHBIM MTPABUIIAM.
Ilpumep. Vicnonb3ys Gopmyiy Juisi MPOU3BOAHOM CTemeHHOW (yHKIUMU, Oyaem
UMETh
(X °xY’ B}
( 1 2 )=O’3X10,7X(2),7.
0X,

YacTHas mpou3BogHAas f); (X), B cBOIO ouepeib, ABISCTCS (PYHKIMEH MHOTHX IIe-

pemMeHHbIX. OT Hee MOXKHO BBIYUCIATH YACTHYIO MPOU3BOAHYIO MO MEPEMEHHOU
X;, KOTOpas Ha3bIBACTCS CMEWAHHOU YACMHOU NPOU3600HoU W  0003HAYAeTCs

92f(X)
0x; 0x;
Jlanee, IPUHATO CIIEAYIOIIEe 0O03HAYCHHE:
92(X) _ 9%f(X)
oxox x|

WIH f>,<,-,xj (X).

Ipumep. [1nsa dyukiuu [IOK]] umeem
0 (x°x3")

Vv (03)(0,7)x. %" x;,°2.
2Y ™M
62 X0,3X0,7 ~ B
—(axlaxz ) - (0,7)(03)x %" x;°2.
1Y 2

Takum 06p3.30M, B JAaHHOM IIPHUMCPC BLIITOJIHACTCA PABCHCTBO CMCINAHHBIX YaCT-
HBIX ITPONU3BOJHBIX

92f(X) _ 92f(X) )
00X ox0x;
Teopema (0 pasencmee cmewanHvlx 4acmuvix npouszeoonsix). Ilycts GyHkius f
HMECT B TOYKE X HCIIPCPBIBHBIC CMCIIAHHBIC YaCTHBIC IIPOMU3BOAHBLIC
0%f(X) ..
9°f(x) (i,)=12,..
0X; 0x;

,N). Toraa myst Kax 10 mapsl 17] BEIIOJHEHO PaBEHCTBO (2).

Jugpghepenyupyemoie hynkyuu
Onpeoenenue. Oynxuus f, onpenencHHas B OKPECTHOCTH TOYKH X, HA3bIBACTCS
oughgepernyupyemoti B 3TO TOUKE, €CJIM BepHa (Hopmysia

F(X+1%) = F(X) = Y ADX + 3 a, (AR, 3)
B Eil
rae A — uwncina, a pyakuun o, (AX) yI0OBICTBOPSIOT YCIOBUIO
a;(AX) - 0(=12,...,n)npu AX - O. 4)
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Ilpumep. Iycts f (X,X,) = X X,. Torna
CrnenosarenbHo, paccMaTpuBaeMasi GyHKIMS sBIsIeTCs: AudPepeHpyemMon u

A =x, = 000%) oy S00NR) o ) = By (A%, ) =0
0%, 0X,

Teopema. Ilyctb dynkuus f muddepennmpyema B Touke X. Torma B 3TOi TOuke y
Hee CYIIECTBYIOT YaCTHBIC MPOU3BOIHBIE U BBITIOJHEHBI PABEHCTBA

MX) = p (=12, 1), (5)
0X;

|
Joxazamenvcmeo. 113 popmyisl (3) ciaegayer, uyTo
FOX e Xy X5 F DX X 5o X ) = (X ey X 0 X s X 500 Xy )
AX;

1
[Tepexons k npeneny npu AX, — O, moxyuum paBeHCTBO (5).

= At a;(Bx).

3ameuanue. Vimerorcs nmpuMepsl PYHKIHM, Y KOTOPBIX YaCTHBIE MPOU3BOAHBIC B
TOYKE CYILECTBYIOT, HO GyHKIIUHN HE Tu((epeHIIMPYEMbI B 3TOH TOUKE.

Teopema (0Oocmamounvle ycnosus oughgepenyupyemocmu @ynxkyuu). Ecin GyHk-
s f uMeeT yacTHBIC POU3BOHBIC IO BCEM MIEPEMEHHBIM B HEKOTOPOH OKpeCT-
HOCTHU TOYKM X, MPUYEM BCE 3TU YaCTHbIE MPOU3BOJHBIC HEMPEPHIBHBI B caMOu
TOUKE X, TO yKazaHHas QyHKIMs nuddepeHnupyema B 3T0i TOUKE.

ugppepenyuan pynkyuu mnozux nepemennvlx

Onpeoenenue. /lugpghepenyuanom nudpdepeHnupyeMont B touke X ¢yHkiuu f Ha-
3bIBACTCS TJIABHAS JIMHEHHAS OTHOCUTEIIBHO MPUPAIICHUN apTyMEHTOB YacTh MPH-
pauieHust 3Toi QyHKIMH, TO €CTh

o ()= AL . (6)

Ucnionn3ys paBencTBa (5) BeipakeHue aisa nuddepeHnuana 3anumieM B CiIeayro-
1M BHUIC:
_ n of(X)
df (X) =
(X) ; ox

[Mon muddepennumanom dX, He3aBUCUMOW TEPEMEHHON X, MOHMMaeM Jio0oe

AX . @)

npupaiienue A X 1ol nepemMeHHoOH X;. C y4eToM 3T0il JOrOBOPEHHOCTU (PopMy-

na (7) npuHUMaeT BUJl

of (X)
0X;

df(x)zi dx . (8)

Teopema o npoussoonou croxcnoi ynxyuu. Iycts pynkuus f(X) Ha HekoTo-
POM OTKPBITOM MHOKECTBE X M KaXJI0M €ro TOUKE UMEET HENpPEphIBHbIC YaCTHBIC
OpOU3BOJHBIE MO BceM  mepeMeHHbIM. IlycTh  ckaisgpHble  QyHKIUU

133



$,(1),0,(t),....0,(t) onpenencusl u nudpdepeHNIUPYEMbI B KXKI0H TOUYKE UHTEP-
Basia (0, 3) u mpu Bcex t u3 aroro unreppana Touku § (t) = (¢ ,(t),0,(t),....¢, (1))
[OX. Torma cnoxkuas ¢pyuaxiust U(t) = f (@ (t)) auddepenimpyema B Kak 101 TOUKe
uaTepBana (A, B) 1 ee MPOU3BOAHAS BEIYUCIIAETCS 1O GopMyIie
, nof
'@= (¢())¢(t) ©
Eil

/okazamenvcmeo. 13 nmb(bepeHquyeMocm Kaxaou pyHkuuu ¢,(t) cruemyer,
gro @;(t+At) = ¢, (t)+ ¢, (t)At + At B, (At),rne B (At) — 0 mpu At - 0.
U3 muddepenuupyemoctu Gpyukiuu f caemyer, 94to

U(EHAL) = (§y(1)+ @y (DAL + At By(AL),...,,(1)+ 6, (1AL + At B, (At)) =
CACIENCIES af(¢())(¢(t)+ﬁ(At))+

FALY (8(1) + B(a0) @ (400t + o Bl(m),...,m'(t)m + At B, (A1),

[Tpuuem

a. (¢, (DAL + At By(AL),..., ¢ ()AL + At B (At)) - 0 npu At — O.
CrienoBaTeiibHO,
u(t+At) - u(t)
At

Z (af(¢())+ai(¢l'(t)m + Ot By(AL),..., ¢ ()AL +
+At ﬁn(At»(qbi'(t) + B, (A)).

[lepexonas B 3TOM BhIpaxkeHuu K nipeaeny npu At — 0, moayuum popmyny (9).
Teopema (ghopmyna ons KOHEUHBIX NPUPAWEHUTE PYHKYUU MHOSUX NEPEMEHHDIX).

[Tycts ¢ynkims f uMeeT HenpepbIBHBIC YaCTHBIC MPOU3BOIHBIC TI0 BCEM MEPEeMEH-
HbIM Ha BBIMYKJIOM MHOXecTBe X . Torma juist oObIX TOYeK X U Y U3 3TOro

MHokecTBa Haiinercs yncio Al 0,1] rakoe, uro
- _ n of(y+A(X-Yy
() -f(y)=3 TIAX )y (10
=1 aXi

Jokazamenvcmeo. VI3 BRIYKIOCTH MHOXeCTBA X CIIEAYET, U4TO MIPU JIFOOOM YHCIIe
tll 0,1] rouka tX+(1-t) yUX. CnemoBatensho, pyukmus U(t) = f(txX+(1-t) y)
ompenenena npu Beex tl[l 0,1]. Mo Teopeme o nubdepeHIUPYEMOCTH CIOKHOM
byHKIIIN

=3 "f(ygtx(f'y)(xi—yi). (1)

Hanee, npumensisi Teopemy Jlarpamka nist GyHKIIUHU OJHOTO MEPEMEHHOTO, Haii-
aem gucio Al 0,1] rakoe, uto

f(x)—f(y)=u(D) -u©0) = (1-0)u’(A) = u'(A).
Orcrona u u3 popmyssl (11) cnenyer Tpedyemas hopmyia (10).

134



Hesasnvie hynkyuu. PaccMOTprUM ypaBHECHUE

X2 +y?=1. (12)
Ha nockoctu XOy 3TO ypaBHEHHE 3a/1a€T OK-
PYKHOCTh €JUHHYHOTO pajgnyca C LEHTPOM B

M
% Havajie KoopAauHat. PaccmoTpum Tpu Touku M,
N, A Ha 3TOI OKpY>XKHOCTH (CM. puC.) .

Yi

CymiecTByeT MNpsSMOYTOJBHHUK, KOTOPBIH CO-

A nepxuT BHyTpH cebs Touky M, Takoii, 4To me-
pEecedeHne ero ¢ OKPYKHOCTBIO 3a/1a€TCsl B BH-
ne rpaduka 0JHO3HAYHON (PYHKIUH

7 y=A1- .

N — AmnanoruyHoe nepeceuenue s Touku N 3ama-

X1 eTcsl B BUJIe Tpadpyika 0IHO3HAYHON (QYHKIIMH
2
= -41-X".
I[JI}I TOUYKU A TAaKOI'O HpSIMOYFOJ'II)HI/IKa, IIT061>I HGpCCG‘IGHI/Ie 3a4aBaJIOCh B BUJIC

rpadguka 0JHO3HAYHOU (QYHKIIMH, HE CYIIECTBYET.
BoisicHuM, noyemy Tak mnoiyyaercs. YpaBHeHue (12) MOXKHO 3amucath B BUJIE

f(xy)=0,rme f(xy)= x*+y* -1
YacTtHasa npousBoaHas

N

of
(xy)_ 2y
oy
B Touka M u N He paBHa Hy1t0. B Touke A oHa oOpariaercs B HyJIb.
[Mepeiinem Kk paccMOTpeHHUIO 3a1a4yn B o01ieM Bujae. 3aaana yukuusa f (X,y),

2
KOTOpas ompejesieHa Ha HeKOoTopoM MHokecTBe XL/R®. 3amana Ttouka (X,,Y,),
SBIIAOIASICS BHYTPEHHEH TOYKOW MHOKECTBA X M YAOBIETBOPAIOIIAs YPABHEHUIO

f( X9, Yo) =0. (13)
PaccmarpuBaercs 3amada o pa3pemieHnd ypaBHEHUS
f(xy)=0 (14)

OTHOCUTEJILHO MEPEMEHHOMH Y.

Teopema o nessnou pynxkuyuu (6e3 ooxazamenvcmea). Ilycts dynkmus f (Xy) u
€€ YacTHBIC MPOU3BOJIHBIC 110 BCEM MEPEMEHHBIM HEMIPEPHIBHBI B HEKOTOPOH OKpe-
CTHOCTH TOYKH ( Xy, Yp), IpHUUEM

of (X5,Yo)
oy

Torna cymiecTByeT NpSIMOYTOJIBHUK (CM. PHC.)
=0 (xy)OR*: x-x,[¥Xa, b, <y<b,

z0.
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TaKoM, 4To nepeceueHue kpuBoi (14) ¢ atum

YA IPSIMOYTOJIBHUKOM 3aJ1aeTCs B BUAC rpaduka
b, 00HO3HaAuHOU Jughghepenyupyemoti GyHKIIUN
Yo I y= ¥(X), onpeenennoi npu X- X, [¥a n
by \/ yIOBJIETBOPSIONIEH paBeHCTBY Y(Xy) = VY-
a1 Xota XpXo-a & X [IpousBoaHas HESIBHOW (YHKIIMU BBIUUCIISCT-
csi o popmyie
: Fe (% ¥(x))
y(x)=-—r———- (15)
fy(%,y(x))

ITpoBenem BeiBO popmyisl (15). HMmeem Toxkaecto f (X, Y(X)) = 0. [Ipumensisa
TeopeMy 0 U PepeHIupyeMOCTH CIOKHONU (PYHKIIUH , TOJIYyIUM PAaBEHCTBO

0= f (X y(x))+ f,(X, Y(X))y'(X).
Orcroaa cneayet popmymna (15).

I'paouenm ¢ynxyuu muozux nepemennsvix. Eciu pyuxus f iuddepenumnpyema
B TOYKE X, TO BEKTOP

(af(i) of (X) af(X))
ox o ok
HasbIBaeTcs epaduenmom Gynkuuu f B Touke X m obo3nauaercs gradf (x).

Hcnonb3ys 3anuch CKaIsIpHOTO NPOU3BeACHUs, HopMyIy Uil TpupaiieHus QyHK-
U1 MOKHO 3aIlMCaTh B CJIEAYIOIIEM BU/IE:

f(X+5%) - f(X) = (A%, gradf (X)) + (AX,a(AX)).

Onmumanvhoe ceoticmeo epaouenma. byaem IBUTAaThCS U3 TOYKU X IO HAIpaB-
JICHUIO €IMHUYHOTO BeKTopa P, To ecTh bepem AX=1t p,t>0.

Torga f(X+t p)=1f(X)+t (p,gradf (X)) +t(p,a(tp)), npuuem (p,a(tp)) -
Omput - 0. [IpeneOperas MaabIMU 1O CPaBHEHHIO C t crlaraeMbIMH, PU MajbIxX t
uMeeM MPUOIN3UTEIIBHOE PAaBEHCTBO
f(x+t p) =f(X)+t <|_3,gradf(i)> :

Bonpoc. 1o xakoMy HaIpaBJICHHUIO HY>KHO JBUTAThCS U3 TOYKH X , YTOOBI TIpUpa-
meHue GyHKIUHA ObLIO KaK MOYKHO OO0JbIne?
Omeem. 1o HaIpaBICHUIO €TUHUIHOTO BEKTOPA

__ gradf(x)

|gradf (x)|

B camom niene, u3 HepaBeHcTBa Komm — ByHSIKOBCKOTO cienyeT, 4To Jist JIF000ro
€IMHUYHOTO BEKTOpPa P BBIIOJHEHO HEPABEHCTBO

(p,gradf (X))< Mp M Myradf (x)1& Moradf (X)
Ho na BekTope (16) BBIITOJIHEHO PaBEHCTBO
(p,gradf (x))= Myradf (x)I

CrnenoBatenbHO, rpaueHT (QYHKIIUH HAMIPaBJICH B CTOPOHY €€ BO3paCTaHUsI.

(16)
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l'eomempuueckuii cmvic epaduenma. PaccMoTpuM (YHKIMIO JIBYX MEPEMEHHBIX

X2

o1 (5.0 0), 01 s 06)) 5

f (x,,X,). Bosbmem umciio C 1 Ha IIOCKOCTH
PaccMOTPHM KPUBYIO Y , 33[JaHHYIO ypaBHE-
unem f(X,X,)=C. Ora kpuBas HaspIBacTCS
nunueti ypoens GyHKIuH f.

JlomycTuM, 9TO B OKPECTHOCTH TOUYKH X 3Ta
KpuBas 3a7aercsa B Bujae rpaduka auddepen-
mupyemoii  dymkmuu X, =@(x,). Torma
f (x.,¢(x ) = C. Ipumensis Teopemy o muc-
bepeHIUpyeMOCTH CIOXKHOW (YHKIUH, MO-
TYIAM

of (xl Xy )
0X,

x3 00 ¢'(x) =—W. (17)

0X,

C npyroii CTOpPOHBI, e€ciu 4epe3 O 0003HAYUTh YIroJl, KOTOPBIM oOpasyer Kaca-
TeNbHasl, IPOBEJCHHAS K KPUBOU B TOUKE X, C OCBIO X, TO @'( X, ) =tgo .
Orcrona u u3 paBeHctsa (17) cinemayer, 4To

of (x,,%,) Lof (Xl’XZ)tga ~0-

0X,

Bekrop C koopnunaramu (Ltga )= (L ¢'(X,)) HanpaBiieH o KacaTeIbHON K KpH-
Boil. CnenoBarenbHo, gradt(X;,X,) NEepHeHAUKYISAPEH KacaTeIbHOM, MPOBEICH-

HOU K KpUBOM B TOYKE X.

Tema 27
BBIITYKJIBIE U BOTHYTBIE ®YHKIIUHU
MHOI'YX IEPEMEHHBIX

Onpeodenenue. dynxuus f(X), onpenenénnas na seimyknom muoxectse X [ R,

HA3BIBACTCS 6bINYKAOU, €CIu JIg Jo0bix Touek X,y X u mus moboro uyucia

AO[0]1] BeimosnneHo HepaBencTBO MeHceHa:

FOAX +(1-X)Y) SAF(X) +(1-A) (V). (1)

Badpuxcupyem moobie X1 X,pOR" u pacemorpum QyHKLIUIO OZHOrO HEpeMeH-

HOI'O

$(t)=f(X+1p),t0l, rae | =0t % tpOI 0. 2)
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Ynpasicnenue. Vicrions3ys BBITYKIOCTh MHOXECTBA X , IOKa3aTh, uTo | sBisiercs
IPOMEKYTKOM, TO CTh ecii ToukH t,,t, I, To mpu mobom uncne A [ 0,1] Tou-
ka At + (1-A)t, 0.

3ameuanue. Ecn Qpynxuns f onpenenena ma Bcem mpocrpanctee R, To mpome-

KYTOK | sIBJII€TCS BCE UUCIOBOM OCBIO.
Ynpascuenue. llokazarp, uro ecimu ¢yaknus f Beimykma, To i JTHOOBIX

k K k
% UX A 20,5 A =1 somonneno Hepasenctso f(H A% )< H A f(x).
i=1 =1 =1

Teopema. Oynkuus f(X) BbIIykJIa TOrJa W TOJBKO TOI/A, KOTAA JUIS JIFOOBIX
X1 X,pUOR" Bemyknoii seisiercs pynxuus (2).
Jlokazamenvcmeo. Ilycts dyukiusa f(X) Bemmykiaa. BossmémA [1[0,1], Touku
t,,t,0l,. Torna
P(Aty €1 A),) =f(X HAt, {1 -A)t,)p) =F(AX H1-A )X +At, p+(1-A X, P) =
=f(A(X HP) H1 -A)(X +tp)) <Af(X +t,p) +(1-A)f(X+t,p)=
=A0(t,) +(1-A)p(t, ).
Takum obpazom,
P(At +(1-A)t; ) <Ad(t) +(1-A)é(t;). 3
ITycts nng mobeix X1 X, pOR" ¢ynxuums (2) semykna. [okaxem, 94To U QyHK-
st f(X) sBusercss Bbimykiaod. BospméMm moObie TOuku X,y Xwu uwmcio
A 0[0,1]. Toraa, nucnonb3ys HepaBeHCTBO (3), OyaeM UMETh
f(AX {1 -A)y) =F(y +A(X -y)) =¢(A1+(1-A)0) <Ap(1) +(1-A)¢(0)=
=AF(X)+(1-A)f(Y).

Onpeoenenue. Oyuxus f(X) Ha3wpIBaeTCS 602HymoOll, €CIIA JJIA JTHOOBIX TOYEK
X,y O X u qyst mo6oro yucinah [1[0,1] BBIIOIHEHO HEPABEHCTBO

FAR +(1-2)¥) 2Af (X) +(1-A)F (V). (4)
Ynpascuenue. Ilokaszare, uto ¢pyukius f(X) sBisieTcs BOTHYTOM TOTAA U TOJIBKO
toraa, korna Gyaknus (- f (X)) saBiaseTcs BBITYKION.
Ynpaxcuenue. ITlokazate, uyto ecau ¢yHkmus f  BorHyra, To mius JHOOBIX

k K k
X UX,A; 20,5 A; =1 seimonsero HepaseHetBo f(H A% )2 H A (X ).
=1 B B

Ynpascuenue. Tlokaszare, uto ¢pyakmust f(X) sBisiercs BOTHYTOM TOTAA U TOJIBKO
toraa, koraa ¢pyHkius ¢(t) (2) sBiasercs BOrHYTOM MO MepeMeHHOM t 17151 JIF00bIX
X1 X,pOR".

Teopema (kpumepuil evinykiocmu (6ocnymocmu) ouggepenyupyemoni pynkyu).
[Mycts ¢ynkmus f(X) wmeer HenpepbIBHBIC YaCTHBIC MPOM3BOJHBIC. Torma oHa
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ABIISIETCS BBIMYKJIONW (BOrHYTOM) TOTAA M TOJBKO TOTJA, KOTAa JUIS JIFOOBIX
X1 X,pUR" Beipaxkenue
n f(X+tp)
Y———h (5)
= 0X

Bo3pacraet (yobiBaer) 1o t.
Jlokazamenvcmeo. ©ynkuus f Beimykia (BorHyta) Toraa ¥ TOJIBKO TOTJIA, KOT/IA
byakmuad(t) (2) semykna (Bormyra). Ilo Teopeme o muddepeHIpyeMOCTH

CIOKHOU PyHKUIMH, PYyHKIIUS (2) I[H(bq)epeﬂuupyeMa U e€ MPOM3BO/IHAS paBHA
nf(xX +t

Oynkmus ¢(t) BeIyKITa (BorHyTa) TOTJIa ¥ TOJBLKO TOT/Ia, KOT/Ia €€ TIPOU3BOTHAS
¢'(t) Bo3pacraet (yObiBaer) 1o t.

Teopema. Ilycts Boinykias (Boruytas) ¢ynkuus f(X) umeer HenmpepbIBHBIC Ya-
CTHBIE TIPOU3BO/IHBIC. Toma st moObIX X,y U X BBIMOJHEHO PaBEHCTBO

_ A f(x
f(y)- f(x)>z )y, %) (f(y)—f(x)sz—(.,(x)(yi—xi)). ©)
X 1=1 i
Joxazamenvcmeo npoBenéM utst BeIykiaocTH. V3 HepaBencTsa (1) umeem, 4ro

f(X+A(Y—-X))—- f(X _ =
( (yA D=F) ¢ o9y tex).
Yerpemum A — 0. Tornma B JIeBOM 9acTH MOCIEIHETO HEPABEHCTBA OYJET CTOSITH
IIPOM3BOIHAS ¢'(O) byskiuu (2) npu P= Yy — X. DTa Npou3BOAHAS ONPEACIACTCS

dopmymoii (5). Orcroaa monyurm HepaBeHCTBO (6).

Teopema (kpumeputl evinykiocmu (6ocnymocmu) 08a pasa Oug@epenyupyemoi
@yuxyuu). Ilycts ¢ynkmus f(X) mmeer HempepbIBHbIC YaCTHBIC IPOU3BOIHBIC

BTOPOTO TOpsiaKa. Tora oHa sBISETCS BBITYKIIOW (BOTHYTOM) B TOM M TOJIBKO TOM
ciydae, korja juis irooeix X1 X, pU R" BBIMTOTHEHO HEPABEHCTBO

0% f(x) 0° f(x)
le oxox " p; 20 (.,-Z-l pip,-so). (7)

Jlokazamenvcmeo. J1ns pyukiyu (2) umeem

f(X+t . n 0 A%f(X+t
p(=3 g 0 =33 S g
X IEAE! X;
Oyuknus f Beimykia (BOrHyTa) TOr[a M TOJBKO TOrzda, Koraa Gpyukmus ¢(t) BeI-
nykna (Boruyra) < ¢"(t)=0 (¢"(t)<0) mm mobeix X1 X,pOR",0 tOI.

[Tonaras t = 0, moyuum ycnosue (7).

139



n
Ilpumep. Jluneitnas pyHkuus Yy =a, + Z a; X, ABJISIETCSA KaK BBIITYKJIOM, TaK U BO-
=1
raytoit. Kagpar ot nmuueitnoi GyHKumun f(X,...X, ) =(8p +aX +...+a,x, )?
SIBJISIETCS BRIMYKJIOW yHKIMEH. B camom nerne,
0 f(X)
—5;—=2@%+q&+m+%m)%E]
i

CnenoBatenbHO, ycnoBue (7) IpUHAMAET BU]I

n
_ 2
> aa;pp; =(ax +..+ax,)" 20.
NE!
3ameuanue. Cymma KOHEUHOTO YKCIIA BBIMYKJIBIX (BOTHYTHIX) (DYHKIMH SIBISCTCS
BBIMYKJIOHN (BOrHYTOM) (DYHKITUCH.

Kpumepuii nonoxcumenvnoii (ompuuamenvbHoil) OnpedeieHHOCmU Keaopa-
MUYHOU CUMMEMPUUECKOT MAMPUbI.

O6o03HaYNM
_0%f(X) 8
% ox,0X;
Torzma u3 paBeHCTBA CMEIIAHHBIX YACTHBIX ITPOU3BOIHBIX TOIYYHM, YTO
a&; =4a;;. (9)

CrnenoBaresibHO, MaTpUIla

Efill Ao . alnH

a e a
%521 22 2n g (10)

%nl a'n2 ann E
sBIsieTcs cummempuynoul. HepaBeHcTBa (7) mpuMyT BU

_zaij pp;20 (_Zaij pp; < 0).

|,j=l |,J:l

A=

Onpeoenenue. Cummetpuunas matpuiia (10) Ha3sIBaeTCS noroxNcUmenbHoO
(ompuyamenvno) onpedenennoil, ecnu ajs 10000 HEHYJIEBOro Habopa yucen p,

1=1,..., N, BBEITIOJTHEHO HEPABCHCTBO

_zaij pp;>0 (_Zaij P p; <0). (11)

i,j=1 i,j=1

Teopema (kpumepuii NOIOHCUMENLHOU ONPEOeIeHHOCMU K8AOPAMUYHOU Mampu-
ywt). [l Toro uToObl cuMMeTpuyHast KBaapatuaHas matpuna (10) Obiia momoxu-
TEJIBHO OIPEEICHHON, HEOOX0AUMO H JIOCTATOYHO, YTOOBI BCE €€ IIaBHbIE MHHO-
PBI OBLTN TIOJIOKHUTEIBHBI, TO €CTh
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& &y - &y,
a a, .. a

W %50, = SR DY) (12)

A =a,>0 A,=
' ' ? a'21 a'22

a, a, .. a

nn
Jokazamenvcmeo. TIpoBeaeM ero Juis ciaydas MaTPHUIbl BTOPOTro mopsijka. Torma
HepaBeHeTBO (11) mpuMeT BH

au? + 2buv +cv? > 0. (13)
noBus (12) B HOBBIX 0003HAYCHHSIX

a>0,ac-b*>0. (14)
[Tycts BeImonHEHB! yenoBus (14). Torna
_R2
au? +2buv +cv?=(+/au +£v)2+uv2. (15)

Ja a

CnenoBatenbHO, HepaBeHCTBO (13) OyAeT BBIIIOJIHEHO.

[Tycts BhIOMHEHO HepaBeHcTBO (13). Torma, monaras B Hem V = 0 u U =1, mony-

b
yuMm a> 0. Bosemem V=1,u=-——.
a

Torma u3 (13) u (15) moaydum BTOpoe HepaBeHCTBO (14).

Cneocmeue. J{ns Toro uroObl cuMMeTpu4Has kBaapatuyHas marpuna (10) Obuia
OTPULIATETILHO OMNpENIEICHHON, HE0OXO0JAMMO M JOCTAaTOYHO, YTOOBI 3HAKU €€
[JIABHBIX MUHOPOB Y€peI0BANIMCh, HAUMHAS C OTPULIATEIBHOTO, TO €CTh

a, a, a; a, a_
A =a, <0, Azzal a2>0, A, =la, a, ay,<O,... (16)
21 22
d; Qdz Aag

Jlokazamenvcmeo. Matpuna (-A) sSBISETCS TIOJOKUTEIIBHO OIPEICICHHON U €€
rJIaBHBIE MUHOPBI A, CBSA3HBI C IIIABHBIMH MHHOpAaMHU A, MaTpuilsl A ClIeIyromu-

Mmu cootHomeHusaMu: A = (-1)' A,. OTcroa 1 U3 KpUTEPHUs MOJOKUTEIBHO OMpe-
JEJICHHOCTH ITOJy4YUM JOKA3aTENbCTBO YTBEPKIACHHUS CIECACTBUS.

Dynkyusa noaesnocmu u eé ceocmea. PaccMoTpuM pblHOK, HA KOTOPOM UMEETCS
Ha0op N BUIOB TOBapOB U yciyT. [Ipeanonoxum, 94To mpuoOpeTEHHOE KOJIUIECTBO

A KaXJ0r0 TOBapa U KakJAOW YCIYTHd MOXHO
Xn 0XapaKTepU30BaTh HEOTPHUIATEIbHBIM YHUCIIOM.
Torga Habop yciIyr MOXKHO 3a7aBaTh BEKTOPOM
X = (X{,X5 X, ), TOE X, — KOJMYECTBO TIEp-
BOrO BHJIA YCIYTH, ..., X, — KOJHUYECTBO N-TO
BUJIA ycayru. [Ipocmpancmeo moeapog — 3TO

X MHOkeCTBO BekTopoB X JR" | y KOoTOpBIX BCe
» koopauHathl X, =0(cm. puc.). OHo 0003HaYa-

ercsa R!.
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Onnako He Bce HAOOPHI TOBAPOB HY>KHBI HJIM JIOCTYIIHBI TOoTpeduTeto. Cuu-
TaeM, 4YTO 3aJlaH0O MHOXKECTBO JIOCTYIHBIX IJisg MmoTpedutens ToBapoB XLIR!.
OOBIYHO CUYHUTAIOT, YTO 3TO MHOKECTBO JOCTYITHOCTH YJOBJICTBOPSET CIICTYIOITIM
CBOMCTBaM.

1. MHOXECTBO JOCTYITHOCTH SIBJIIETCS 3aMKHYTBIM. DTO O3HAYaeT, UTO €CIIU
JUTsE HAbopa X. MMEETCSl CKOJIb YTOJHO OJM3KHM TOCTYIMHBIA HAOOp, TO M caM Ha-
00p X. SBISETCS TOCTYITHBIM.

2. MHOXECTBO JOCTYMHOCTH SIBJISIETCS BBITYKIBIM. JTO O3HAYAET, YTO €CIIN
HAa0Opbl X W Y SABISIOTCSA JAOCTYIMHBIMH, TO JIFOOAs WX JMHEHHAs KOMOWHAIUS

AX+(1-A)y npu r060M 0 < A < 1 TaKkke sSIBISCTCS JTOCTYITHBIM HA0OPOM.

Korna notpebutenp uaér Ha ppIHOK MPHOOPECTH HEOOXOIUMBIE €My TOBapHI,
TO OJIMH HAaOOp TOBApOB JJIs HETO MpEeANouTUTENbHEE Apyroro. byaem cuurars,
qTo 3amaHa GyHkus U(X), kotopas 3a1aéT Takoe MPeanoYTeHHE, & IMEHHO: Ha-
0op X npeonoumumenvhee HabOpa Y TOrAa M TOJIBKO Toraa, koraa U( X)=u(y).
OTta QyHKIMS HA3BIBACTCS (hYHKYUEl NOAE3HOCTIU.

Ceoticmea pynkuyuu noneznocmu. IKOHOMUCTHI TPeOYyIOT, UTOOBI (DYHKIUS T1O-
JIE3HOCTH ObljIa «IPABUIILHON», TO €CTh UTOOBI OHA YAOBJIETBOPSIA PSITY YCIOBUH.
Ycnosue 1. Henacviuyaemocms. HeHachIaeMoCTh COOTBETCTBYET HECIIOCOOHO-
CTH MHJUBHJIA OBITh MOJHOCTBIO YJIOBJIETBOPEHHBIM. DKOHOMHUCTHI ATO (POpMYJIH-
PYIOT CIEAYIOUIUM 00pa3oM : «HE UMEET 3HAYEHUs , KaK MHOTO TOBapOB U YCIYT
HAaXOJUTCS B MHAWBUAYAIbHBIX BJIAJCHUSX, U3 HOBBIX TOBAPOB U YCIIYI YEJIOBEK
BCETJla CYMEET U3BJIEYDb JOMOJIHUTEIIBHYIO MOJIb3Y».

MareMaTidecku 3To 03Ha4aeT, 9To U( X, + AXy, Xy .., Xy ) SU(X, Xy ey X,) TIPH

Ax,> 0. CnenoarenbHoO,
U( X + AX, X ey X ) = UK X ey X )
AV
DTa BeJIMUYMHA PABHSETCA J0JIe MPUPAIIEHHON MOJE3HOCTH, MPUXOASAIIEH HA KaxK-
Y10 HOBYIO €IMHUILY INEPBOro toBapa. [IpenenpHoe 3HaU€HUE 3TOr0 OTHOLICHUS
npu Ax, — 0 Ha3BIBaCTCS npedeibHOl Noae3HOCMbI0 TIEPBOTO TOBApOB. Takum 00-

pasoM, MpezesibHas MOJIE3HOCTh NEPBOTO BHJIa TOBApa SIBJISIETCS YACTHOM MpPOM3-
BOJIHOHM (DYyHKLIMU TOJIE3HOCTH 10 MEPEMEHHON X;. M3 ycia0BHsI HEHAChIIaeMOCTH

>0 npu mo0om  AX; .

CJICAyCT, 4TO YaCTHasd MPOrU3BOAHAA
OU( Xy, X5 e Xy, )
0X,
AHANOTHYHO ISl IPYTUX BUIOB TOBAapoB. OOBIYHO CYMTAIOT, YTO BCE YACT-
HBIC ITPON3BOAHBIC

> 0.

OU( Xy, X5 s Xy )
0X;

>0 maBeexi=12,...Nn. (17)
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Ycnosue 2. Yovisarowasn npeoenvnas nonesnocms. 310 COOTBETCTBYET TOMY 00-
CTOSITEJIbCTBY, YTO C MPUOOPETEHUEM BCE OOJBIIETO KOJUYECTBA KAKOr0-TU0O0 MO-
TPeOUTENHCKOTO TOBAapa KaXKJas HOBas €IWHUIIA ATOTO TOBapa 0OECHeunBacT BCE
MEHBIIUHN JOMOTHUTEIbHBIN BKJIAl B OOIIYIO MTOJIE3HOCTD.

DTO yCIIOBUE Ha3bIBACTCS nepebim 3aKkonom I'occena (HEMEIKMIT SKOHOMHCT
XIX Beka Ha NpPAKTHKE MOJMETHIJI JCHCTBUE 3TOrO 3aKOHA) WIH 3AKOHOM YObi-
sarowell npedesibHol NOJIe3HOCIU — HPEOebHAs NOJIE3HOCHb 1-20 mosapa yovl-
eaem c ygeauueHuem 00vema IMo020 Moeapa Npu NOCMOAHHBIX KOJAUUECHEAX
Opy2ux 61008 moeapoe.
OTO0 03HAYaAET, YTO

OU( Xy + Xy, X 5oy Xy ) OU(X X 500, X )
0X, 0X,
AV

[Ipenen 3TOro OTHOIIEHUS SIBJISIETCS BTOPOM YAaCTHOW MPOM3BOJHON U, ClIeIOBa-
TEJIBHO,

<0 mpu mobom AX,.

0°U( Xy, Xg 10X, )

<0.
ox,°
AHanornyHo s Apyrux nepeMeHHbpIX. OObIMHO MOJAraroT, YTO
2 4
0 u(zx) <0... 6 u(x) (18)
0X, " 9%x,

Ycnosue 3. Yovisarowas npedenvras zamewgaemocmo. 1lo mepe Toro, Kak npuoo-
peTaeTcs OMOJIHUTENbHAS eIUHAIIA |-TO TOBAapa, OHA CTAHOBUTCS MEHEE IpHBIIE-
KaTeIhbHON 10 OTHONICHUIO K IPYTHM TOBapam. JTO 3HAYMT, YTO MpeAeTbHas T0-
JIE3HOCTH MEPBOTO BUA TOBAPOB PACTET, €CIU PACTET KOJIMUYECTBO BTOPOTO BHA
TOBApOB.

3anuiieM B MareMatuueckoi popme 310 ycnoue. Bozbmem n1Ba Habopa To-
BapoB (X, X5, X3,.., Xy ) U (X + A%, X, + AX,,X3,...,X,, ) OAMHAKOBOH MOJIE3HOCTH,
TO ecTh U( X; + AX, X, + Ay, X300, Xy )= U(X, X5, Xg 40000 Xy, ) -

ou( X ou( X
(X) 5, OU(R)

Otcrona nosy4um, 4o X AX,= 0.
1 X2
W3 ycnoBus nenacviyjaemocmu CienyeT, 4To Ax, U AX, UMEIOT pa3HbIe 3Ha-

KH.
Orcroma moayunMm [Ax, / Ax, [F — (Ax, / Ax) = (aU(X) 6;)((x))
B o0miem ciyuae,
Axk‘ 0X;
= - 19
AX; ‘ ou(x) (19)
0X,
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HpeIICJ'IBHOG 3HA4YCHUC

. |AX =
lim == M¥(X) (20)
Ax;j -0 ij
HA3BIBACTCS npedebHol HOPMOU 3ameuerus |-eo mosapa K-w mosapom. OHa 110-
Ka3bIBaeT, CKOJIbKO eauHuIl K-ro ToBapa 100aBOYHO MOI'YT KOMIICHCHPOBATH
YMEHBIIICHNE KOJIMYSCTBA |-T'O TOBAapa Ha OJHY CJIMHHILY.
N3 (19) u (20) cnemyet, 9TO mpeeiibHAas HOpMa 3aMEIleHHUs |-To ToBapa K-m
TOBapPOM paBHA OTHOIIEHUIO MPEEIbHBIX MOJIE3HOCTEN ITUX TOBAPOB
ou(X)
ME(x)= X (21)
S(X) = —
ou(X)
0X,
VYcnoBue yObIBarolel MNpeaeabHONM 3aMeIaeMOCTH O3HadaeT, 4To  (yHKIUs
M (X11 " J’

BBITMOJIHEHHSI paBeHCTBa U( Xy yeees Xj geees X yeees X ) = const.

X 1+, X,y ) YOBIBAET C YBEJIMUYEHUEM IIEPEMEHHOM X; IPH yCIOBUM

PaccmoTpum ciywai nByx TtoBapoB. Torzma paBeHCTBO U(X,, X,) =COnst 3amgaer
Ha IJIOCKOCTH KPUBYIO, KOTOpasi Ha3bIBAECTCA Kpusou be3paznuuus. 11o Teopeme o
HESBHOW (DYHKIIMM B OKPECTHOCTH KXKIOW TOYKH, JIeKAIIEH Ha ATOW KPUBOH,
KpuBas 0e3pa3inuusi MOKET ObITh 3a/1aHa B BUJE rpauKa 0JTHO3HAYHON (YHKIHH
X, =X, (X,), mpruemM

ou(Xx)
d _ X
d_xl XZ(X]_) - au()—() .
0X,

OyHKIME M2 (X, X,(X)) YOBIBAET C yBEIMUYCHHUEM X,. 3aIHIIEM YCIOBHE OTPHIIA-
TEJIBHOCTHU €€ IPOU3BOIHOM:

6u(>‘<)
d 2 _
d_Xl Ml (Xl 2(X1)) ( aU(X) ) -
0X,
Au(x) ou(x)
9° u(x) 0°u(X) au(x) 0°u(X) _ a°u(x) au(x) au(x)
(( Ox>  0%,0% (OU(X) )) (axax ox2 (au(x) )) y( )
0X, 0X,
0° u(x) ou(Xx) azu(>‘<) ou(x) du(x) 9°u(x) au(x) ou(X)
( ( 0X, ) 0X0X, 0%,  0X, ox? ( ) )/( 0X, ) <0.

31ech 6BIJIO HCIIOJIb30BaHO PABEHCTBO CMEITaHHBIX HpOI/IBBOI[HLIX. OTtcrona u u3
yCIIOBUs HeHachIaeMocTH (17) mosryduM HEpaBeHCTBO
2 N3 o 2. /< — —
0°u(x) (au(x))2_2 0°u(x) du(x) au(x) 9°u(X) (au(x)) <0 (22)
0X,0X, 0%  0X, X’ 0X,
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O0o3HaHM

oo OWE)  _ 0wE)
AMEEF VR LY
Torna nepasencno (22) TIPMMET BN :
i u(.‘i:‘) a’u( %) 1 <o (23)

Bw(r) P2 ——2pprt
T ™
Takim 0GpazoM, ecH GYHKURA NONEIHOCTH ABINETCA CTPONO nomy'roﬁ TO

HepanercTeo (23) BLIMONHEHO. CNEAOBRTENEHO, A CTPOTO BOMHYTOH GyHKIMHM
NONE3HOCTH yenopHe yOrpatomeii npeaesisHol NoNe3HOCTH BRTIOAHEHO.

3ameuanue. Anorna oT GyHKUMHM NONEIHOCTH TPEGYIOT, uTOOs! OHA OTpakana
cnepyoinee CROHCTBO: AYNuie MMemb XOMOUNGWWIO MOSApPO8 Hycmb Oaxce &
MENBUIUX KORUNECTIOON, YeM OONH UI IMUX MOSAPOE HAuMenbuied horesHocms.
Yrobel hOpMATHIOBATE ITO YCIOBHE, 0603HaUYHM uepe3

g =(00,..010..0) ,

¥ KOTOpOro eQMHMIIA CTOHT Ha #-M MecTe. Torza moGoH Habop nMpeacTaEHM B
BAAE X = X, + X3&; +...+ X,8, . OB03HATHM uepes

Qﬂx;+x3+...+x,.
obmee xonadecTBO ToRapOB. TOrxa CHOPMYNHPOBAHHOE YCROBHE PHHHMAET BRI

u(%) > minu(QF, ).

Ecnu yHxmas noneanocm BOTHYTA, TO T0 HCPABCHCTRO BEIMOIHEHO.
B camom pene, nMeeM

4 =’E’zo, N4kttt d =1,0=2-0 =>‘f=§ﬂ,(Q§,).
ozromy,
W(E) =S4 (0% )2 SAu08)2
2(A4+4, +...+&)g§u(%)=$gﬂ(gé}

Tema 28
YCIOBHA BKCTPEMVMA
O VYHKIIAM MHOI'MX IIEPEMEHHbBIX

Onpedenenne. Toura X° eXcR"(T,eXcR") umsmBaercs ToOuKOH ROKARGHOZ0
MaKcumyma (Munumyma) GyHKIMH MHOTHX TepeMeHHsX f(X), onpenmnoﬁ
Ha 3TOM MHOecTBe X, ecnH f(X° )2 f(%) (f(%,)S f(%)) Bns noex TeX uus

HEKOTOpOoH OKPECTHOCTH TOUKH 'X°(X,). TOMKH JOKATHHOTO MAKCHMYMa M
MHEHUMYMA HA3HBAIOT TOUKAMH JOKATONO20 IKCIPEMYMA.
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Teopema. Ilyctb TOUYKA JOKAIBHOTO MakcumyMa (MuHuMyMa) ¢pyHKmu f(X) sB-

JsieTcsl BHYTPEHHENW TOUKOM MHOKecTBa X, a caMa (yHKIUS UMEET B 3TOH TOUYKE
YaCTHBIE IPOU3BOJHBIE. TOr1a OHU BCE PaBHBI HYJIIO.
Jlokazamenvcmeo. 3apukcupyem Bce NepeMEHHbIE, KpoMe MepBoi. bynem nMmertsb

dynkmuio ogHoro nepemenroro f(X,,x%,..,x%n ). Honydennas dbyHKImMs oxHOI

TepeMEHHOI Onpe/ieieHa B HEKOTOPOi OKPECTHOCTH TOUKH X'1 (Xyy) M MMEeT B
3TOM TOYKE JIOKAJTBHBI MaKCUMyM (JTOKaJIbHBIH MUHHUMYM). 3Ha4uT(IO Teopeme
depma) e€ mponsBoaHas (a 3TO M €CTh YaCTHASI IPOU3BOTHAS 110 IEPEMEHHOU X, )
B 9TO# TOYKE paBHA HYJII0. AHAJIOTHYHO JJIS IPYTHX TEPEMEHHBIX.

Takum oOpazom, 1Sl ompeAesieHusl ToueK 3KcTpeMyma auddepeHupyemoit
(GYHKIIMHM N IepeMEHHBIX UMeeM N ypaBHEHUI ¢ N HEU3BECTHBIMU:

-
D e | (1)
[

Onpeoenenue. Touka X OXOR" (X OXOR") HasbiBaeTcst TOUKON abComommozo
maxcumyma (munumyma) QYHKIIME MHOTHX IepeMeHHbIX f(X), ompeneneHHOi

Ha 5ToM MHOxkecTBe X, eci (X )2 f(X) (f(X )< f(X)) amst Beex X OX.
Touku abOCONIOTHOrO MaKCMMyMmMa M MHHUMyMa Ha3bIBAIOT TOYKAMHU aOCO-

JIHOMHO20 IKCMPEeMyMa.

3ameuanue. Kaxknasi Touka abCOIOTHOTO MakcCUMyMa (MUHUMYMA) SIBIISICTCS TOY-

KO# JIOKabHOrO MakcuMmyMma (MuHuMyma). OOpaTHOe, BOOOIIE TOBOPS, HE BEPHO.

Teopema. Ilyctb pynkus f(X) ompesnerneHa Ha BBITYKIOM MHOXECTBE X, HIMEET

Ha ATOM MHO>KECTBE HETPEPHIBHBIC YACTHBIC MPOW3BOIHBIC U SBJISIETCS BBITYKIION
(BormyToii). Torma, ecim B TOUKe X BBIOJIHEHBI paBeHcTBa (1), 3Ta TOYKA ABISAET-
Csl TOYKOH a0COJIOTHOTO MUHUMYMa (MakCUMyMa).

Jokazamenvcmeo npoBeaEM s BHIMYKIONH (GyHKIUH. Bo3bMEM 00YI0 TOUKY
y O X.Toraa u3 Kputepwst BRITYKIOCTH (PYHKIIMU HMEEM

()= 1002 5 Ty ) =le ey 1 00 1(9)2 1(0).

Memoo naumenvuiux keaopamos. IlycTb Tpou3BOACTBEHHAs] (YHKIUS UMEET

Bun Y = AX?, 3necs, Hanpumep, X — seauuuna zampavuéaemozo pecypea, a Y —
00veMm gvinyckaemou npooykyuu. VIMeroTcst CTaTUCTUYECKUE JTAHHBIE, C MTOMOIIIBIO
KOTOPBIX XOTUM ONpeaAeauTh KodhduimeHTs A u a.
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O6o3naunm Yy=InY, x= InX, a,= a, a,=InA. Torma uckomas 3aBHCHMOCTb
OpUMET JIMHEHHBIA BUA Y= a X+ a,. CTaTUCTUYECKUE JaHHBIC 3alMIIeM B BHJIC

TaOJIUIIBI

X X1 Xo Xn

y Y1 Y2 Yn
CocTaBisieM CyMMY I KBaJAPaTOB JUIMH (CM. PUC.) OTKJIOHEHUH A

n
_ 2
y ¢(al'a2)_Z(a1Xi +a, - ;)
------------------------- 1=1
Vi bommmmmoe L E} oY

Kak cymMma BbIMYKIJIBIX (YHKIH 3Ta QyHK-
Usl BBIMYKJIA. 3HAUCHUS MapaMeTpoB 8, U

3.2 HIICTCA M3 YCJIOBHUA MHUHHMYMaA ATOM

X GyHkuMu. 3anumem IS He€ YCIOBHE MH-
HUMyMa
n
m =) 2(ay% +a, —y; )% =0,
0y Eil
n
0a, Ei

OTcro/1a MoJIy4rM CUCTEMY JIMHEHHBIX anreOpandeckux ypaBHEHUM

Sflixiz +a2ixi = ixi Yis
Ei Ei Ei
D n n
%12& ta,n=>%y;.
Ei Ei

OHa cITy’KUT AJIs ONPEAEIICHUS YUCET &, a, .

Yecnoeuwtii skempemym. llpenpiaynmii mpuMep paccmaTpuBaics 0e3 KaKux-1uo0
OTpaHUYEHUI Ha MapameTpsl &, a,. Eciu ke notpedoBaTh, 4TOOBI BBHIIOJIHAIOCH
ycnoBue 0< &, < 1, To moayyum 3aa4dy ¢ OrpaHUYCHUAMHU. J[71s1 Tako# 3a1a4yu yc-
JIOBUA 3KCTPEMyMa MIPUHUMAIOT JIPYTrOM BHI.

3anuinem 3a7ady Ha YCJIOBHBINA SKCTPEMYM B OOIIEM BHJIE

fo(X) — min, f,(x)=0,... f,(x)=0,f,,,(X)<0,....f,(xk 0, xOX. (2
Bce Qyukumu f,(X) onpeneneHsl Ha MHOXkecTBe X. ®ynkums f,(X) HasbBaeTcs

neneBoil pynkmueit. CBsi3u, T€ CTOSIT 3HAKU PABEHCTBA, HA3BIBAIOTCS CBA3SMU
THIA PABEHCTB, A I'JI€ HEPABEHCTBA — CBA3SIMU THIIA HEPABEHCTB.

Onpeoenenue. Touka X [IX sBiseTcs perreHueM 3agadn (2), eciad OHA YAOBJe-
TBOPSIET BCEM CBSI3AM 3TOM 3aJauu M JUIs J1F000# Touku X [IX, Takke yJI0BJIECTBO-
PSIONICH BCeM CBSI3sM B 3aj1aue (2), BBIMOJTHEHO HEPABEHCTBO

f(X )< f(X). 3)
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PaccmoTpum B Havase ciiydail OIHOM NEPEMEHHOM MPU HAJIMYUU OJHOU CBS-
31 THITa HEPABEHCTBRA.
Jdemma. Tlycte dyukmuu f (X) u g(X) onpenenensl u quddepeHIupyeMbl Ha WH-
tepBaie (a, b), a rouka y [I(a, b) sBseTcs pemieHreM ciaeayromieH 3a1auu.

f(X) -min, g(X) <0, xU(a, b). 4
Torna cymecTByeT Henynesol nabop 9ucei A , V Takou, 4To
HDA=0,v=0;
2)voy) =0;

AT (Y+vg(y=0.
Joxazamenvcmeo. V3 nuddepeHnmpyeMocT paccMaTpuBacMbiX (QYHKIHMNA Clie-
JyeT, 4TO OHU HEMPEPhIBHBI Ha HHTEepBae (a, b).
ITyctb g(y) < 0. Toraa u3 HENPEPHIBHOCTH 3TOW (DYHKIUH ClIeayeT, uTo g(X) <
0 mns Beex umcen X, JOCTaTOuHO Oau3kux K Y. CiaenoBaTeabHO, TOUKA Y ABJISCTCS
TOYKOM JoKaabHOro MuaHuMyMa GyHkiwu f (X) . [To Teopeme depma npousBoaHas
f'(y) = 0. Bosemem A = 1v = 0. IIycts g(y) = 0 u g’ (y) = 0. Torna npu

A =0,v=1 ycioBus 1) — 3) BbINOJIHEHBI.
IMycts g(y) =0u @' (y) <O0. Torma npu Bcex X, JOCTATOYHO OJU3KUX K Y, BBIMOJ-
HEHO HEPaBEHCTBO

g(x)_ 9(x)=a(y) _,

X-y X=y

CienoBaTeibHO,

gX) <Onpu x>y u g(X) >0 npu x<Yy.
3HAYUT, IPH TOCTATOYHO OJU3KKX X >y BBINOIHEHO HepaBeHCTBO f (Y) < f(X).
CnenoBaTeibHO,

try) = lim ST S
X - y+0 )(—y

B sTom clIy4dac yucia

A=1y=— 1) (5)

YJIOBJICTBOPSIOT yCIOBUSAM 1) — 3).
Amnanoruuno mokassiBaercs, yto e g(y) =0u g'(y) >0, to f'(y) <0.

Yucna (5) 1 B 3TOM ciIydae ya0BICTBOPSIOT yCIoBUsAM 1) — 3).
PaccMoTpuM Temeph Cilydad JBYX MEPEMCHHBIX MPU HAJIUYUU OJHON CBSI3U
THITa PAaBEHCTBA M OJTHOM CBSI3M THITa HEPABECHCTBA.

fo (x%) =min, f; (x,%) =0, f, (x,%) <0, (x,%)UXOR*.  (6)
Teopema. 1lycTb BHYTPEHHSISI TOYKA (XI ,X;) MHOXeCTBa X SIBJISIETCS PEIICHUEM

3agaun (6) , a Bce pynkuuu f;(X;,X,),1 =0,1,2 UMEIOT B OKPECTHOCTH TOW TOY-
KU HENpPEpPhIBHBIC YACTHBIC MPOU3BOIHBIE M0 TIEPEMEHHBIM X, U X,. Toraa cyiue-
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CTBYeT HeHyaesou Habop uucen A, , 1 =0,1,2 Takoii, 4TO BBIITOJHEHBI CJICTYIOIINE
YCIIOBUS:
1) Ap=0, A ;20 (ycioBue coracoBaHUs 3HAKOB);
2) Axf5 (X ,X,) = 0 (ycrmoBue IOMONHSIONMIEH HEKECTKOCTH);
* *
2 ofi(x ,%;)

3) Z)\ v =0, 1= 1,2 (yciaoBus CTallHOHAPHOCTH).

1
JHokazamenvcmeo. Ecnu

(% %) _ 0% %)
0X, 0X,
to ynucina Ag= 0, A1 =1, A, = 0 ynoBaeTBopst0T yciaoBusm 1) — 3).
ofy(%,% )
0X,
€T OKPECTHOCTh TOUKH (X, , X, ) TaKasl, YTO MHOXKECTBO TOUEK U3 ITOI OKPECTHOCTH,
ynoBieTBopsitonmx ypaBuenuto fi(x,x,) = 0, 3amaercs B Bume rpaduka OmHO-

:O,

ITycTs, Hanpumep, # 0. 1o Teopeme 0 HEABHON (PYHKIMH CYIIECTBY-

3Ha4YHOW (DYHKIUHU X,= Z (X ). DTa PyHKIMS omnpeneneHa u muddepeHnupyemMa Ha

HEKOTOpOM HHTepBae (a,0), mpuueM X, = Z (X, ) 1
ofy (%, 2(%,))

4
of (%, 2(%,))

0X,
Touka x; sSBASICTCS pellICHHEM CIIeIYOIICH 3a1a4H

F(x) = fo (4, 2(x)) »min, g(x) =1, (x, 2(x)) <0, x (@& ,b).

[To npexapinyIeii TeMMe CYIIECTBYET HeH)1esol Hadop Ynucel A , V Takoi, 4To
1)A=0,v=0;
vg(x)=00 v(x,x)=0;
YAt (x)+vg(x)=0
Hcnonp3ys npaBuio qupdepeHIMpoBaHUs CI0KHON (PYHKIINHU, TOCIIEHEE PABEH-
CTBO 3allMILEM B CJIEIYIOIEM BUJE!

FPfO(Xl’XZ afo(xl’xz)zr(xi yd+ v Hofo (%, %, +af2(xl’X2)Z'(X; )=
H 0X, 0X, H 0X, 0X,
[ToncraBum croga popmyiy (7). Bynem nmers

) Epf o( X ) O (X, %5 ) Of(%;,%; ) Of (xl,x2 E

Z(x)=— (7)

0X%, 0X, 0X,

|:pf (X, %, ) Of, (xl,xz) of, (%, ,X, ) Of, (xl,x2 0.
H 0X, 0X, 0X,

910 PaBCHCTBO MOXXHO 3alIMCaTh U TaK.
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AMo(6.%) 00K [,00%) 0L(X.%)
of (%, %) Ofi(X Xz ) of (X, %) Ofi(X,%;)
0X, 0X, 0X, 0X,

Ortcroga cienyer, 4To

Ao X) ,  Oa06.%) . (% %) , M%)

A +v A
0X, 0X, 0X, 0X, .
()\ +V)6f1(X1,X2) (/\ +V)6f1(X1,X2)
0X, 0X,
of( XI ’X; )

Tak kak A +v> 0 m # 0, To mocneqHsAs CTPOKAa B 3TOM OIpPEAeInuTeNe

0X,
HenyseBas. Ceq0BaTeNbHO, CYLIECTBYET HEPABHOE HYIIIO YKCIIO C TAKOE, UTO
afo(X1’X2)+Vaf2(X1’X2) of (X, Xy )

A =¢(A +v)———==,
Xy Xy 0X,

/\afO(X;.’X;)_l_VafZ(XI’X;):C(/\ +V)af1(X;.’X;).
0X, 0X, 0X,

BoszemeMm Ag=A, A1 =—c (A +V), A ,=Vv. Torna 3ToT HAOOP YJAOBIECTBOPSET BCEM
TpeOyeMBIM B TEOPEME YCIIOBHUSIM.
3ameuanue. Paccmorpum QyHKIIHIO

L(X) =Ay o (X)+A f,(X)+ A, £, (%).

Torna ycnoBust 3) MOXKHO 3alKCaTh B CISAYIONIEM BUJIE:
oL(X )

0X;

Ota ¢yHkuus HaseiBaeTcs (yHKIuen Jlarpamxka, MHOXUTENM A, Ha3bIBAIOTCS

=0,i=0,12

mHoxcumensmu Jlazpansrca.

Paccmotpum 3amauy (2) B obmem Buze. OHa perraercs ¢ MOMOIIbI0 Heonpe-
oenénnvlx muoxcumenei Jlaepansica Ao, A1,..., A, ..., Am. CocTaBnsgercs GyHKIUsSA
Jlarpanxa:

L(X) =Aq fo(%) +A, £ (%) +... + A £ (R)+ A Fraa () +.. + A, (%), (®)

Teopema. Ilycts perienne 3agaun (2) X SIBISeTCS BHYTPEHHEW TOYKOW MHOMKE-
cTBa X, a Bce QyHKIMHA UMEIOT HETPEPHIBHBIC YaCTHHIE MMPOU3BOIHBIC TIO BCEM IIE-
PEMEHHBIM B OKPECTHOCTH 3TOM TOYKU. TOrma CyIecTBYET HeH)egoti Hadop
MHOXUTENEN JIarpanxka Takou, 4To

1) 2020, A, 20, ...,A 20 (ycrmoBue corilacoBaHus 3HAKOB);

2) Aif; (‘D)— 0, j=k+1,..., m(ycnoBue JOMONHSIOIIEH HEKECTKOCTH);

3) 6L(x ) _

=0, i=1,..., n (ycloBue CTallMOHAPHOCTH).
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3ameuanue. Ecniu B MCXOMHOW 3ajaue CTABUTCS 3a/Java O HAXOXKJACHHUM MaKCH-
MaJIbHOTO 3HaYeHUsT HEKOTOpoil PpyHkimu f (X) , To B KauecTBe 1e/ICBON (DYHKITUH
CTOUT PacCMOTPETh QYHKIUIO fo(i) =—f(X).

3aoaua nompedumenvckozo evioopa. PaccMoTpuM 3a7ady O NOBEACHUM MOTpe-
ourens Ha peiHKE. [IycTh MHOKECTBO X TOCTYITHBIX TOBAPOB UMEET BUT

X= OX=(X Xy s X ) 2 X 28,1 =1.2,...,n O,
3neck a =0 — 3agaHHble yucia. Hanpumep, ux Habop 3amaeT MoTpeOUTEIbCKYIO
kop3uHy. Ha mHOXecTBe X onpeneneHa GyHKIHS MOJae3HOCTH U(X) . CunTaem, 94To

u(x)>0, ecnu X >a npu Bcex | =1, ..., N, (9
M Ha TPAHMIIE 3TOTO MHOXKECTBA (DYHKIIHS TIOJIE3HOCTH OOpaIiaeTcss B HyJb, TO
eCTh

u( Xy yeees@ 4oy X, )= 0. (10)

Jlanee, cuuTtaeM, 4TO (PYHKIMS TOJIE3HOCTH SIBJISETCS HEMPEPHIBHOM BOTHYTOM
dbyHKIIMEH HA MHOKECTBE X, UMEIOIIECH B KaXKJI0M BHYTPEHHEH TOUYKE STOI0 MHO-
YKE€CTBA HEMPEPHIBHBIC YaCTHBIE TPOU3BOAHBIE IO BCEM MTEPEMEHHBIM.

Ynpaosicnenue. Ilokazars, uto ¢pynkius CtoyHa

WX X e X ) =04 =3 )% (% =3 )5 .06, =3, ), k; >0 mpu Beex i =1, ...,n  (11)
YIOBIIETBOPSICT TUM YCIIOBHSIM.

Ha peiake cymectByer 1ieHa p; > 0 Ha i-i Bujg ToBapa, | =1,..., N.
[ToTpebuTens, UMest CyMMY JCHET

Q> aypr+agPt ... +aPy, (12)
CTPEMUTCS BIOpATh HA0Op TOBApPOB CTOMMOCTBIO, HE MPEBOCXOAAIIEH ITONH CyM-
MBI 1 HAanOOJIbIIIeH moe3HoCTH. Mimeem 3amady

—u(xX) - min, X;pr+tXopPot... +X,p- Q<0, =% +a <0,...,.~x, +a,<0. (13)
MHo)ecTBO TOUeK [IX =( X, X,,., X,) 1 X =a,i =12,...,n; Xy PrtXo Pot.. X pn QU
SIBJISIETCS 3aMKHYTBHIM M OrpaHUYEHHbIM. DYHKIMS MOJIE3HOCTU SIBISETCA HEmpe-

peiBHO#. [To Teopeme Beliepiirpacca pemenne X B 3aaade (13) cymectByer.
CocraBum QyHkuuio Jlarpanxa:

L) = Al(X) + A xp ~QEF S A(-x +a). (14

U 3anumem YCJIOBH OIITUMAJIBHOCTH.

1) /\02 O, )(12 O, )(22 0,. . -;/\n+12 0,
%) )\1§ X p —ng 0, A (X +a)=0, i=1..n.:
=1

3) —/\0M +A.p —A, =0,i=1,...,n.
0X;
U3 ycnoswmii (9) u (10) caenyer, uro Bce x >a. CiemoBareiabHO, U3 YCAOBUH 2)
nojydumM, uto A+1= 0 mpu Bcex i =1, ..., n.
C y4eToM 3TOT0 3aMevaHus nepenuiieM ycinosus 1) — 3). Byaem umets
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1) /\020, A= 0;
2) Algz X P _QH= 0;
=1 O

3) ‘%%ﬂ\lpi =0,i=1,..., n.

1
HonyctuM, uto A= 0. Torma u3 ycnosus 3) momyuum paBeHCTBO A; = O .
3nauut, HaboOp MHOXuTeneil Jlarpamxka HyneBoil. OgHaKO 3TOr0, MO YCIOBHUIO
TEOpEMBI, He MOXeT ObITh. CliefoBaTeNbHO, uncio Ag> 0.
13 paBeHCTB, CTOSIUX B YCIOBHS 2) U 3), CIeayeT, 4TO MHOXuTenu Jla-
rpaHXka OIpPENEISIOTCS ¢ TOYHOCTBIO /10 OOIIETO MOJOXKUTEIBHOTO MHOMKHUTEIIS.
[TosTOMY MOXKHO MONIOKHUTE Ag= 1. ByieM uMeTh COOTHOILICHHUS:

1) A;=0;
2) Al@ X P _QH= 0;
=) [

3 augf )y

1Py 171, N

[Tokaxewm, uro A; > 0. JJomyctum, uto A; = 0. Torma u3 ycnosus 3) moiy-
Y1M paBEHCTBA

ou(x' ) _

ox

0 pu Bcex i=1,..., n.

CDYHKIII/IH ITOJIC3HOCTH ABJISICTCA BOFHYTOﬁ. HOBTOMy, COIJIaCHO IpCabIay-
_* o
MM paBCHCTBAM, TOYKA X SABJIICTCSI TOYKOU a0COJIFOTHOTO MaKCHUMyMa (bYHKIII/II/I

MOJIE3HOCTH Ha MHOKecTBe X. JIpyrumu cioBamu, U(X ) = U(X) s Bce TOYCK

X
u3 MHOKecTBa X. OJiHaKO IO YCIOBUIO HEHACKIIIIAEMOCTH JIJI JI000ro Habopa X,

y KOTOPOTO BCE X, > X, BBIMOJIHEHO HEpaBeHCTBO U(X) > u(X ).
Takxum 0Opa3oM, OKOHYATEIIBHO KMEEM CJICAYIOIINE YCIIOBUS:

iXT P =Q, (15)
M=Apn i=1....n (16)

0X;
A> 0. (17)

Touka X Ha3bIBaeTCA Moukou cnpoca. Kakve MOKHO cieaTh BHIBOIBI?
1. B Touke cripoca moTpedbutens pacxoayeT BCe CBOU JEHBIH.
2. PaBenctna (17) mpuOIM3UTEIIEHO MOYKHO 3aITHCATh B CIICIYIOIIEM BH/IE:

* * * * * *
U(Xg e Xi F X ey X ) = UK 5oy X ey Xy ) <)
P A,
B uucnurene I[p06I/I, CTOHH.I@ﬁ CJICBA B 3TOM PABCHCTBEC, CTOUT IPHUPAIICHUC I10-
JIC3HOCTH, a4 B 3HAMCHATCJIC — LICHA ITPHUPAIICHHOTO KOJIMYCCTBA TOBApa.

(18)
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Taxum 06pa3zom, A0 TPUPALICHHON TOJE3HOCTH, MPUXOAAIICH Ha €NUHUILY
JCHEXHBIX 3aTpaT, B TOUKE CIIPOca OJIMHAKOBA 110 BCEM BUAaM TOBAPOB.
3. Paccmotpum HaGop X° 0 X , KOTOpBIl MMEET Ty e IOJIE3HOCTh, YTO M TOYKA
cinpoca. OueHuM ero crouMocTb. OyHKIMA
¢ (X)= U(X)-A (XPr+ ...+ XPn— Q)
KaK CyMMa BOTHYTBIX (YHKIWH siBisieTcss BOrHyToi. M3 paBenctB (16) cnemyer,
4To

0¢p(X ) _ ou(X )‘)‘pi 0.
0X; 0X;
DTH YCIIOBUS SBISIOTCS YCIOBUSMH TNI00ATBHOTO MAaKCUMyMa BOTHYTOM (YHKIIMN
¢ (X) Ha maoxectBe X. CeoBarensro, ¢ (X) < ¢ (X') mpu Bcex X X. 3naumnr,
U(X?) =A (P, +..+30p, Q) € U(X) =A (X4 Prt .. +% Po Q) ©
A (P, + 4 X0P, Q) S = A (X Prt X Pr —Q) =0 =
XPP; +o +X0P, 2Q= Xy Pyt Xy Py

TakuMm 00pa3oM, CTOMMOCTD JIFOOOTO Habopa TOBapOB TOM K€ IMOJIC3HOCTH,
9TO M B TOYKE CIPOCA, UMEET OOJIBIIYI0 CTOMMOCTh. JIpyruMu ClI0BaMH, WH]IUBH-
AYyyMy HE BBITOJIHO M3MEHATH CTPYKTYPY HOTPEOJICHUS, ITOCKOIBKY BCSIKOE TaKOE

U3MEHEeHHE YXyAIaeT ero OiarococrosiHue (6mopoi 3axon I'occena).
Haiinem Touky cpoca anst ¢pyHkiuu noiessoctu CToyHa.

n n
Z(Xj —a,;)p; :Q_zajpjv (19)
=1 j=1
ki(x —a ). (X —a)st.(x, -a,)=Ap, i=1,....,.n,  (20)
A>0.
YMHO)UM Kaxaoe paBeHcTBo (20) Ha X: — @, U IIpocyMMHpyeM ux. byneM nmern
u(i*)ik =A(Q ié\p )X —a = K ux)
= -Yap).x -a=— _
=8 g P, A
OTC}OI[a IMOJIYyYHM BHI TOYKH CIIpOCa
n
yi( Q- Z ap;)
X? =g+ = ,Tae Y, = L (21)

Pi z K,
j=1

Hpyrumu cioBamu, NoTpeOUTENb B HaUalle MpUoOpeTaeT HEOOXOIUMOE KOJIUYECT-
n

BO @; KaXaoro i-ro Bujaa ToBapa. 3 ocraBiueiics cymmbl geHer Q — Z a;p; oH
=1

153



BBIJICJISICT HA JIOMOJHUTEIbHOE TPUOOPETEHHUE 1-T0 BUIa TOBapa CYMMY, PaBHYIO

n
yi(Q-3 a;p;). Ha oty cymmy o uene p; oH u nprodperaeT AOHONHUTEIBHOS
=

KOJIUYECTBO
M((Q__E;ajpj)
J:
Pi
I-ro BHJIa TOBapa.
Tema 29
INPOOEPEHIINAJIBHBIE YPABHEHMUS
IHEPBOI'O IIOPSIKA
JuddepeHnnanbsHbIM ypaBHEHHEM Ha3bIBACTCS YPABHCHHE
F(%, Y09, Y(¥).,.-.y"(x)=0, (1)

KyJla BXOJAHUT Heu3BecTHas GyHKIuMs Y(X) ¥ ee IPOU3BOTHBIC.
Pewenuem ypasnenus (1) nazsiBaerca N pa3 auddepermupyemas QyHKIUS
y(X), mpu moJicTaHOBKE KOTOPOH B ypaBHeHUE (1) MOIYyIHM TOKIACCTBO.
HawuBpiciuii mopsiiok Mpou3BOAHOM (YKMCIIO N) HEU3BECTHOM (YHKIIUHU, BXO-
TSITIEH B YPAaBHEHHE HA3bIBAETCS TIOPSIKOM YPABHEHUS.
3ameuanue. O6b1uHO B ypasueruu (1) BMecto Y(X), y'(X) ...y (X) mumryt

y’ y' ’---1y(n) -

YpaBHeHne
Fxy, y)=0
SIBJISIETCSL YPABHEHHUEM NIEPBOTO MOPSJKA. Y PABHEHHUE
y =f(xy) (2)

HA3bIBACTCS YPAGHEHUEM NePB8020 NOPAOKA, PA3PEULEHHbIM OMHOCUMENbHO NPOU3-
BOOHOLI.
ITpumep (3a0aua o pexniame). PeknamupyeTcst ToBap, UMEIOLIUI HEKOTOPOE KOJIH-
YECTBO NOTEHIIMAJIBHBIX MMOKynareie. B HavyanbHbIA MOMEHT BpeMeHU X=0 B
CpelcTBaX MaccoBOM MH(poOpMalMM Mpolia pekiama o0 3tom ToBape. Ilocie-
nyrorniast uHopmaIus 0 ToBape pacHpoCTpPaHsIETCs CPeau MOKYyIaTeaeil mocpen-
CTBOM OOIIIEHUS IPYT C IPYTOM U CKOPOCTh M3MEHEHUS Yrciia HHOOPMUPOBAHHBIX
0 TOBape MOKyMHaTesled MpOoMmoplIHOHAIbHA KaK YUCITY TPOUMH(POPMUPOBAHHBIX O
TOBape MOKYINAaTeIen, TAK U YHACILy ITIOKYNaTeNIe, O HEM €IIE HE CIBIIIABIINX.
O0o03HaunM 4epe3 Y(X) 1010 MOKymareneld, mpornH(GOPMUPOBAHHBIX O TOBape B
MoMeHT BpeMenu X. Torma Oynem umets auddepeHimaibHoe ypaBHEHHE TTEPBOTO
MOpsIKA:

y (x) = ky(x)(1-y(x)), k= const > 0. 3)
ITpumep (cnpoc u npeonooicenue). IlycTh Ha phIHKE B MOMEHT BPEMEHHU X HMEETCSI
HEKOTOpPOTo ToBapa B KojudecTBe Q eMHUII, a CIPOC Ha 3TOT TOBap cocTasisieT P
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¢JIMHUII, TPUYeM 1ieHa paBHa Y(X).IIpon3BoaHas 1eHBI 110 BpeMeHHU Y' (x) XapakTe-
pusyeT TeHaeHIuo GhopMmupoBanus 1eHbl. [Ipemnoxenne Q u cnpoc P sBistroTcs
GYHKIHUSIMH TIEHbI U TeHACHIMH (OPMHPOBAHUS IIEHBI. byjaeM cuuTaTh, 4TO ITH
3aBUCHMOCTH SIBJISIFOTCS IMHEHHBIMHA (DYHKIIASIMUA

Q=A(X) y+B(X) y+F(X); P=D(x)y +E(X)y+K(x).
JIJist TOrO 9TOOBI BCE BPEMsI CIIPOC PABHSIICS MPEIIOKCHUIO HYXHO, YTOOBI IIeHa
Y(X) ynosnerBopsuta auddepeHnmnaIbHOMy ypaBHEHHIO

y'=a(x)y +b(x), (4)
rue
a(x) = EX=BX iy = KOO=F(X)
A(X) - D(Xx) A(X) = D(x)

Ypaeuenua c pazoenarowpumuca nepemennvimu. Takumuy Ha3bIBAIOTCS ypaBHE-
HUS BUA

y =9(x) f(y)- (5)
3neck ¢yHkIusa g(X) omnpeaencHa U HEMpPEpbIBHA Ha HHTepBaje (a,b), a hyHKImsa
f(y) onpenenena u HenpepriBHA Ha HHTEpBae (A,B).
3ameuanue. YpaBuernue (3) B 3amaue o pekiname umeeT Bun (5) ¢ g(X) = K u
f(y) =y (1-y).

PaccmoTpum anrebpandeckoe ypaBHEHHE

f(y)=0 (6)

A<y1 <yz..<yn<B. (7)
Torna nmocrosiHabie GyHKIMA Y, (X) = Vi, 1=1,...,N SBISAIOTCS PEHICHUSIMU ypaBHE-

Y HAJEM €r0 KOPHU

HUA (5) ¥ uX rpadyuKaMu SIBJSIOTCS TIPSMBIE JTMHUH.

y

|
Yin I TT ‘/i
|
|
|
|
|
|
|
|
|
|

Yi

a b X

Haiinem Tenepp penieHus, KOTOPbIE YJIOBIECTBOPSIOT YCJIOBUIO Y, <Y(X)<Y,,, TO
€CTh UX rpaduku Jexart B nojioce TT. s Hux

f(y(x)) # 0.
[TosTomMy u3 ypaBHEeHHS (5) MOITYYUM, YTO
y'(X)
——=9(Xx)
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[IpounTterpupyem 3To paBeHcTBO. byjem umersb

y (x)
_[ dx = Ig(x) dx -
fF(y(x))
B nepBom uHTEerpane cuemnaem 3aMmeHy rnepemeHHon. Ilomyunm

F(y(x))=G(x)+ C.

31eckr 0003HAYEHO

dy
F(y) = I—f(y) . 6(x) = [ g(x)d.

Anzopumm pewenusn ougpepenyuanvrnozo ypasuenus

C Pa30enaouuUMUCA nepemeHHbIMU

1. Haiitu kopan A<y; < y,..<Y,<B anredpamueckoro ypasaenus f(y)=0 u 3a-
nycath MOCTOSHHBIC pemenus Y, (X)=y,,1 =1, ..., n.

2. Pa3nenuth B ypaBHEHUHU (5) IepeMeHHbIE, TO €CTh 3aIIUCaTh €ro B BUJIE

i =g(x)dx.

3. BpruaucauTh HHTErpAIBI

dy
—_=F(y), dx = G(x).
[0y = FO) [o09ax=6(x
4. 3anucaTh ypaBHEHHE

Fy)=G(¥) + C
1 otcrona Haiitu pemrenus Y(X). OHO 3aBHCHT OT MMPOU3BOJILHONM TocTOsTHHOMN C.
Ilpumep. Pemium ypaBHenue (3).

1. VYpasuenue Y(1-y)=0 umeer aBa permenus y=0 u y=1. CiaemoBaTebHO, IMEEM
nBa pemeHus quddepenmansaoro ypasaenus Y, (x) =0, y,(x) =1.

2. Paznenum nepeMeHHBIC

kx=_ N
y(1-vy)

3. Bbruuciaum uHTErpasbl

_ _ _c Oy _ 1y
G(x) = [kdx = kx, F(y) _Iy(l— v |n‘m .

4. W3 ypaBHEHHUS

n-—2 4 k& c O [ |=eCe
1-y 1-y
HonquM,qToli=Bekx,B=ieC.
-y

CrienoBaTeibHO,
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Y(X):m- (8)

OtMetuM, 4To unciio B npunumaer Bce 3HaueHus1, kpome Hymst. Onnako mpu B=0
u3 hopmyisl (8) moydaeM ynkimio Y(x)=0, KoTopas TaKKe SIBISCTCSA PCIICHUEM.
Taxum 00pa3om, pelieHus ypaBHeHus (3) UMEIOT BUJT

— 1 __ B
Y(X)—]-,Y(X)—mﬂ BUR. 9)

@) >

B sxonomuueckoit nureparype ¢opmyiy (9) oObIMHO HA3BIBAIOT ypasHeHUEM
nocucmudeckol kpusou. Ha 3ToM pucyHKe cXeMaTHuecKu H300pakeH rpaduk Jio-
TUCTUYECKOU KPUBOU.

Juneiitnoe ougpgpepenyuanvnoe ypasnenue nepeozo nopaoka ¢ nepemeHHbvIMu
Koappuyuenmomu. Takum Ha3bIBACTCS yPABHEHHE

y =a(x)y + b(x) . (10)
Oyuknun a(X) u b(X) sBisroTcst HenpepbIBHBIMU Ha WHTEpBaie (d, ).
Eciu b(X)=0, To ypaBHenwue (10) mpuHUMAET BH]

y =a(xy (11)

Y OHO Ha3bIBAETCA 00HOpOOHbIM. OTHOPOTHOE YPABHEHUE SIBJISIETCS YPABHEHUEM C
pa3IeIIAIOIUMUCS TIEPEMEHHBIMA U UMeeT ofHo u3 pemienuid Y(X) = 0. Haiiném
ocTalbHbIe pemenus. Mimeem

dy
— = a(x)dx O InM = Ia(x)dx +Cy, Cg const O
y

y = Ce[a(x)dx | = ieCl | (12)
IIpu C =0 dopmyna (12) naet HyneBoe pemeHue. Takum oOpazoM, OO BUT
pelieHusi OAHOPOIHOTO ypaBHEHUs 3ajaaercs Gopmysoit (12), rne C npousBosib-
HOE YHCIIO.

Memoo eapuayuu nocmoaunnoi. VlieMm penieHne HEONHOPOAHOTO YpPABHEHMS
(10) B Bune dpopmyusr (12), B3sB B Helt Mmecto C=const ¢ynkmuro C(X), TO ecTh

y = C(x)e/2M% (13)

[Ipomuddepenumpyem 3Ty QPyHKIHIO U pe3ynbTar mojactaBuM B ypaBHeHue (10).
[Tonyunm
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c(x)e 2% cioa)e 2% 2 acocixe 20 4 pix).

CrnenoBartebpHO,

C(x) = b(x)e LTI (14)

HuTerpupys 310 paBeHcTBO, HaxoauM ¢yHkiuio C(X). [ToacraBus ee B hopmyiny
(13) , naiiném obmmii Bua pemeHus ypasaenus (10).
Ilpumep. Ilycts B 3a1a4€ 0 CIIPOCE U NPEAJIOKECHUN
Q=2y -y+25P=y +2y-23.
Torna ypasuenue (4) npumet Buny' =2y —48.CaenoBarensHo, dhopmyisl (13) u
(14) npumyT BuJ
y(X)=C(x)e**,C'(xy 48ef1 C(x3 24e®% C, 0 y(x)=24+Ce*.

Tema 30
YPABHEHMUS B ITUOPEPEHIINAJIAX

CymectByet 3amuch auddepeHImanbHOr0 ypaBHEHUSI TIEPBOTO MOPSAKA B
CUMMETPUYHOU (popme

M(x,y) dx + N(x,y) dy =0 1)
3nmece M(X,y) u N(X,y) 3agannabie GyHKIUU IBYX HepeMeHHBIX. B ypaBHenue (1)
nepeMeHHble X MU Y BXOASAT paBHOmpaBHO. [loaToMy mnpumem crenyroiiee
omnpeesieHue pemeHus ypapaenus (1).
Onpeoenenue. Pemenuem ypaBHeHus (1) HaszwpiBaeTca nuddepeHurpyemas
bynkius Y(X) (nau X(Y)) Takasi, YTO BBIIOIHICTCS PABEHCTBO

M(x,y(x)) + N(x,y(x) y' () =0,

(M(x(y).y) x (y) + N(x(y).y) = 0). (2)

[Mpennonoxum, urto cymectByeT muddepenupyemas pyakiust U(X,y), Takas 9To
U (x, U (x,

D) —mxy). D = n(xy), ©

B stom ciiyyae ypaBHenue (1) umeeT BUn
oU (X, ) oU (X, y)
dx + d

0X ay

Bripaxkenue, cTosiiee B JIeBOM 4acTH ypaBHeHUs (4), sBiserca auddepeHunaiom
dyskun U(X,y). YpaBHeHue (4) MOXKHO 3amKcaTh B CICAYIONIEM BHIC:
d U(x,y) =0. 5)
VYpaBHenne (1) B 3TOM ciy4ae Ha3bIBA€TCsl YpAGHEHUEM 6 NOJIHbIX
ougppepenyuanax.

y=0, (@)
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Haxootcoenue peuwienusn ypasnenus 6 ROJAHBIX Ougppepenyuanax. 3anuiiem
PaBEHCTBO

U(xy)=C, C=const. (6)
[Tycte quddepennmpyemas Gyuknus Y(X) yaIoBIeTBOPSIET paBeHCTBY (6), TO eCTh
U(x,y (X)) = C . [IpuMeHHB TeOpeMy O IPOU3BOIHON CIOXKHOU (DYHKIIUH, TOTYIHM

oU (X, y(x)) . oU (X, y(x)) y

0X ay

CrnenoBaresnbHo, GyHKIUS Y(X) yIOBJIECTBOPSAET PaBEHCTBY (2), 3alHMCaHHOMY C
y4eToM paBeHCTB (3).

HaoGopor, ecin guddepeHuupyemas ¢yukuus Y(X) yIOBICTBOPSCT
paBeHCTBY (7), TO

=0 ©

oU (x, y(x)) . oU (x, y(x))

0X ay

Cnenoatenbro, U(X,y(X))=C=const.

Amnanornuno nposepsiercs i Gyukiuu X(y). Takum oOpa3oM, pemiasi ypaBHECHHE
(6 ), nHaxoaum perierus Y(X) uiau X(Y).

Ycnoeusa nonnozo ougpgpepenyuana. Boznukaet BOIpoc 0 TOM, Kak YCTaHOBHT,
SBJISIETCA JIM ypaBHeHue (1) ypaBHEHHEM B MOJHBIX AuddepeHiuanax?
[Tpenmonoxkum, uto ¢yHkius U(X,y) nMeeT HempephIBHbIC CMEIIAHHBIC YACTHBIC
npou3BoAHBIC. Toraa u3 ux paBeHCTBa

U'(x, y(x)) = y'(x) =0

62U(x, y) _ aZU(x, y)

dyox oxoy
M0JIy4YaeM YCIIOBUE

OM(x,y) ON(xy)

. 8
oy X (8)
MosxHO MoKa3aTh, 4YTO paBeHCTBO (§) ABJIAETCA U JTOCTATOYHBIM JJISl TOTO, YTOOBI
ypaBHeHue (1) ObU10 ypaBHEHUEM B MOJHBIX U depeHIranax.

Haxoorcoenue  @ynxyuu  U(Xy). Ilyctb  BbIMOMHEHO  paBeHCTBO ().
[Ipounrterpupyem no x nepoe ypaBuenue B (3). [lomyunm

U(xy) = [M(x y)dx + b(y) .

[loxcraBuM 3Ty QYHKIMIO BO BTOpoe ypaBHeHue B (3). Ycnosus (8) rapaHnTUpyroT
HaxoxjaeHue pyHkiuu b(y).
Ilpumep. Pemits ypaBHEHUE

7 +y)dx+ (x+yT)dy = 0.
3nece o # -1. Torma

M(x,y) = X0 +y,N(xy) = x+y"
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CrienoBaTeiibHO,
oM (X, y) ON(X,Y)
—_— =] — =1

t

ay 0Xx
3Ha4YUT, paBeHCTBO (5) BBINOJHEHO. 3anuiieM ypaBHeHus (3)

EBU (X’ y) a

[]
@EEU;X,Y) . ya.
y

WNuterpupys nepBoe U3 3TUX YPaBHEHUM, MOTYyUUM

Xa+1
a
U(x,y) =J(x +y)dx +b(y) = + yx + b(y).
a+1
[ToxcraBuM 3Ty QYHKIIMIO BO BTOpOE ypaBHeHuE. bynem umersb
a+l
. a y
x+b'(y):x+ya, b'(y)=y < b(y) = _
a+1
Takum 06pazom,
a+l a+l
X y
U(xy) = +yx +
a+1 a+1
3anuiieM paBeHCTBO
a+l a+l
X y
+ yxX + = C.
a+1l a+l

W3 vero naxommm pemrenus x (Y) mu6o y(x).

3ameuanue. VHOTHA MCXOAHOE YpAaBHEHHE HE SIBIISICTCS YPABHEHHEM B TOJIHBIX
muddepenimanax. OIHAKO MOCIIC YMHOXKEHHUS €r0 Ha HEKOTOPYHO (YHKIHIO V(X)
MOJIy4aeTCsl ypaBHEHHE B MONHBIX guddepeHnuanax. Ita ¢GyHKus V(X)
HA3BIBACTCS UHMESPUPYIOUWUM MHONCUMENEM.

Ilpumep. PaccMoTpuM 3a7jady O BBIYHCIEHUM KPHUBBIX PABHOM IIOJIE3HOCTH B
MPOCTPAHCTBE JBYX TOBApOB , KOJHMYECTBA KOTOPHIX OyJE€M , COOTBETCTBCHHO,
ob6o3Hauath X u Y. Cumraem, uro X = a, Y= b. Bynem cumrath, 4TOo mpHupocT
MOJIC3HOCTH JIMHEHMHO 3aBUCUT OT MPOIEHTHBIX MPHUPOCTOB TOTOJHUTEIHHBIX
MPUPOCTOB TOBAPOB, TO €CThH

dx d
du( x,y) =k +m y , k>0,m>0.
x—a y-b
Torma kpuBasg, B KaXJOM TOYKE KOTOPOW MOJIE3HOCTh OJMHAKOBA, 3aJaeTCs
dx d
ypaBHEHHUEM Kk +m-Y_ =,
X—a y—-b
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YcnoBus monHOro auddepeHnrana B 3TOM ypaBHEHHWW BBIMOJTHEHBI. 3amuIeM
ypaBHeHus (3)

[ Pu(x, y) __k
E‘ 0Xx X—a
[]

[Puxy) _ m

E oy y-b

W3 nepBoro ypaBHenus HaxoauM, uto U(XY) = Kk In( x-a) +b(y). IToactaBum Bo
BTOPOE ypaBHEHHE MOJYUYHBINEECS BeIpakeHue. [Toayunm

b'(y)=—"-0 b(y)=min(y~-b).
y—-b

Takum 00pa3om, KpUBbIE PABHOM MOJIE3HOCTHU 3a/1al0TCSl YPABHEHUSIMU
k In( x-a) +min(y-b) = C=const.
OyHKIMS TTOJIE3HOCTHU ABJISAETCS JTOTapU(PMUUECKOM:
u(x,y) = kIn( x-a) + min(y-b).
OyHKIMS TOJIE3HOCTU
v(xy)=e Y = (x-a)(y )™
apisieTcst pyHkuuen CtoyHa.

Tema 31
JUHEWHOE JU®PEPEHIIUAJIBHOE YPABHEHUE
BTOPOT'O MNOPAIKA U CUCTEMA
U3 JIBYX JIUHEWHBIX YPABHEHUN
C IOCTOSITHHBIMHU KOP®PUITUEHTAMU

Ilpumep. PaccmotpuM 3aauy o CIpoce W NpejiokeHud. B peanbHbIX yCIOBHSX
cupoc P u npennoxxenne Q B JaHHBII MOMEHT BPEMEHHU X 3aBUCST OT TEKyLIEH

1ieHbl Y(X) Ha ToBap, OT IieHooOpa3oBaHus Y' (X) U OT TEMIIOB M3MEHEHUS IEHBI

y' (%)
PaccmoTtpum cinydait TMHEMHON 3aBUCUMOCTH
Q=Ly"+Ay +By+F, P=My'+Dy +Ey+K.
Tpebyercst ycTaHOBUTBH 3aBUCUMOCTb LIEHBI OT BPEMEHU B YCIIOBUSIX PABHOBECHOTO
COCTOSIHUSI PBIHKA, KOTOpoe Xxapakrtepusyercs paBeHCcTBoM Q = P. Orcrona
[OJIy4YHMM, YTO
QY tary +ay = f(X). 1)

3nech ap= L—-M,a;= A-D,a=B-E, f(X) = K-F.

bynem paccmatpuBaTth ypaBHeHue (1), y KoTOoporo Bce KO3((UIUEHTHI &
SIBISIFOTCSL  ICHCTBUTENBHBIMH YucCIamMK, mnpuueM 820, a ¢ynkmus — f(X)
onpeJeseHa U HenpepbrlBHA Ha 3aJaHHOM HHTEpBAJIE.
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3ameuanue. Ypasuenue (1) MOKHO paccMaTpHUBaTh U B CiIydae, KOTa BCE €ro Ko-
3¢ (OUIMEHTHI SABISIOTCS KOMIUIEKCHBIMU YHCIIAMHU.
Kak u B cimydyae KBaJlpaTHOTO ypaBHEHHsI TIEpelIeM K KOMIUIEKCHBIM YHCIIaM
u Oy/ieM paccMaTpuBaTh KOMIUIEKCHO3HAYHBIC (DYHKITUU
Z(X) = u(x) +1i v(X) . (2
[Tpu 5TOM cumTaeM, 4to K-st mporu3BOHASI OT KOMIUIEKCHO3HAYHOW (DYHKIIMU  OI-
penensiercst popMyIioit
ZM 00 = u () +ivi(x) . (3)
[Tpu uccnenoBanuu ypaBHeHus (1) CyIlecTBEHHYIO POJIb UTpaeT ¢popmyna Diiepa,
C MOMONIBIO KOTOPOU JIJIsi KOMITJIEKCHOTO uuciia A= g+ |  omnpenensercss GyHK-
st

eM =e%*(cos wx+i sin wx). (4)
JuddepeHnmpys AeHCTBUTEILHYIO U MHUMYIO YaCTH 3TOU (DYHKIIMH, IIOJIydaeM
™) =2e™. (5)

B camowm nene,
(™)' = (e™cosax) +i(e™sinax)’ =
=(ae™coswx — we™sinux) + i(ae™sinax + we*cosuwx)=
=(0+i ) €™ (cosux + i Sinax).
Brauane paccmorpum ypaBaenue (1), Korja B HEM B IPaBOM 4aCTH CTOUT HOJIb, TO
€CThb

ay +ary +ay = 0. (6)
OHO Ha3bIBaeTCA 00HOPOOHLIM YypasHeHuem. ViieM ero pereHue B BUJE
y=¢". (7)
Yucio A noanexut onpenenenuto. [logcraBum Gopmyiisl
y=¢&*, y=x", y' = %™

B ypaBHenue (6). [Tonyunm paBeHCTBO

(aA° + A + &) €° = 0.
Tak kax € # 0, TO U3 STOro PaBeHCTBA cleayer, 4To GyHKuus (7) SBISETCS pe-
meHueM ypaBHeHHs (6) Toraa ¥ TOJIBKO TOT/A, KOTJIAa YMCIO A SIBJISICTCS KOPHEM
ypaBHEHUS

aA’ + aud + a, = 0. (8)
DTO ypaBHEHHE HA3bIBACTCS XAPAKMEPUCMUUECKUM VPAGHEHUEM.
Cayuai 1. TlycTh XapakTepucTHUECKOE ypaBHEHHE (8) MMeeT nBa pa3IUyuHBIX JICH-
CTBUTEJIBHBIX KOPHS A1 Z A, Torma oOmimii Bun pemienus: ypasuenus (6) ciemyro-
115050

y(x) = c,e™ +c,e’.

31ech ¢; U ¢, — IPOU3BOJIbHBIC ICHCTBUTEIILHBIC YHCIIA.

Cayuai 2. TlycTh XapaKkTepUCTHUECKOE ypaBHEHHE (8) UMEeT OJUH JCHCTBUTEIIb-
HBII KOpeHb A. B aTOM ciiydae o0muii By perieHus ypaBHeHus (6) cieTyrommii
y(X) = (cix + Cp) e™.

371ech ¢, U ¢, — IPOU3BOJIbHBIE JEHCTBUTENBHBIC YHUCIIA.
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Cayuain 3. [lycth XxapakTepucTuieckoe ypaBHeHue (8) umeer KOMIUIEKCHBbIE KOp-
HU A= + 1w, Ay =0 — i@ Torna oOmumii By pemeHus ypaBHeHus (6) ciemyro-
10105050
y(X) = €™ (c,c0suX + CoSiNaX). (9)
31ech Cp, C; — MPOU3BOJIbHBIC ICHCTBUTEIBHBIC YKCIIA.
3ameuanue. Iosicaum nocnennuii ciydaii. B atom cinydae ypaBHenue (6) Oymer
UMETh KOMIUICKCHOE PEIICHHE
™ = ™ (cosux + i Sinax).
[IpencraBum ero B Buje (2), rue
u(x) == €™ cosax, V(X) =e™ sinax.
[ToacTaBUB 3TO KOMIUIEKCHOE peliicHre B ypaBHeHue (6), moaydum
(agu” +ayu' +axu) +i(agv' +av +ayv) = 0.
[TpupaBHMBas K HYJIIO ACHCTBUTEIBHYIO U MHMMYIO YacTH JAHHOTO ypaBHEHHS,
nony4ynm, 4to Gynkuu U(X) u V(X) sBisiroTcs pemenneM ypaBHenus (6). Ux mu-
HeitHas komOuHarws (9) Takke ABISETCSA PEHICHUEM 3TOTO YpaBHEHHUS.

Ilpumep. IlycTb TENO Maccoi M HAXOAUTCS HA TJIAKOU IIOCKOCTH.

Y . OHO NpUKPEIUIEHO YNPYroll MNpYyKHUHOW K CTEHE.

O6o3naunm uepe3 X(t) paccTossHHE B MOMEHT Bpe-

MeHn t oT Tema no creHsl. Ilo BTOpomy 3akoHy

Hprorona

AN F mx' =F.

X ITo 3akony I'yka ynpyras cuina F = -kx. ITomyunm
YpaBHEHHE

X' +afx=0, «f= kim.

3nmecy Hew3BecTHOW (yHkmmen sBisercs x(t). 3amuimeM XapaKTepUCTHUSCKOE

ypaBHCHHE
N+ of=0.
D10 ypaBHEHHE MMeeT KOpHU A; = | @ Ay = -1 . 3HAYUT OOIIKI BUI PEIICHUS
3TOr0 YPABHEHUS CIIECIYIOIIUH :
X(t) = cpcoswt + cSinad . (10)

YroObl HAWTH YHCIICHHBIC 3HAUCHHS TOCTOSHHBIX, HY)KHO 33J1aTh HA4aJIbHOE I10-
noxenue tena X(0)=L u HauanbHyto ckopocth X (0) = V. Torna
cicosalD+ csinekD=L O ¢ = L.
[Mpomuddepenmmpyem pynkuuto (10) u monoxum t=0. [Tomyuum
-ac;Sinal + cwcosad = V [
X(t) = Lecosat + (V/ @) sinad.
Teno coBepiraet KoyiebaTeNIbHbBIC IBMKEHUS ¢ TTeprooM T = (27) /w.

Bepuémcs k HeomgHopoaHoMmy ypaBHeHuo (1). ITociie Toro kak pemieHoO 0j-
HOpOJHOE ypaBHeHUE (6), HY)KHO HAHTH KaKkoe-HUOYIb YaCTHOE PEIICHUE YpaBHE-
Hus (1) v 3anucath OOIIME BUT PEIICHUS

yHeodﬂop(x) =) OOHOp(x)+ Yy Ltacm(x)'
Ilpumep. PaccMOTpUM NpEABIAYIIMT TPUMED, KOTAA HA TEJIO €1IE AEUCTBYET CUJIA,
3aBHCSINAs THHCHHO OT BpeMeHH. byieM nMeTh ypaBHEHHE
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X'+ afx= At+ B. (11)
Nem yacTHOE pelieHre B BUIE MHOTOWICHA IIEPBOU CTEIICHU

Xuaem(t) = Dt + P.
UYucna D u P moanmexat onpenenenuto. [logacraBum 31y (PyHKIHMIO B ypaBHEHHE
(11). TTomyuamnm

X waem(®) = D, X' aem(t) = 0=> s (Dt + P) = At+ B=>D = Alf, P=Bldf .
[Tonyuum oO1uii BUA pelieHus
X(t) = cicosat + csinat + (Aad)t + Blof.

3ameuanue. Ecu ynkuwms f(X) siBisieTrcss MHOTOWISHOM, TO CTOUT
MOTBITATHCSI KCKATh YaCTHOE PEIICHHWE B BUJIE MHOTOYJICHA TOW K€ CaMOU CTerie-
uu. Ecou f(X) = €, To cieyer ueKaTh pereHue B BUAE X wen (X) = DE™, re unc-
70 D noasiexxuT onpeaeneHuro.

Cucmema nuneiinplx ouggepenyuanbHvlx ypasHeHuil ¢ NOCMOAHHBIMU KO-
IpPpuyuenmamu. Taxol Ha3bIBACTCA

Elyll = ailyl + a12y2
Y. =ayY; Hay,Y,

3nechy @ U RaABusAOTCA 3aJaHHBIMU YHCIIAMU.,

Pewenuem nasviearomes nuddepeHnupyembie  GyHKIUU y1(x) ¥ yo(x), mpu mox-
CTaHOBKE KOTOpbIX B cuctemy (11) momydnm TokaecTsa.

WiieMm perieHre B CICAYIONIEM BUJIC:

yi(x) = €y, ya(x) = iy, (13)
Yucna A, n, Yh nopiexat onpeaenenuto. IpoauddepenuupyeM 3T QyHKIUU U
nojctaBuM B cuctemy (12). Bynem umets
A ey = ane™h + ape™ Y,
A ¥ = an€™ Yy + ane™ i
CoxpaTum 3T ypaBHerus Ha €. Tlomydnm
anh + aph = A
A + anlh = A,
Takum oOpa3oM, YUCIIO A ABISETCS COOCTBCHHBIM 3HAYCHHEM MaTPHUIIbI

A:gj an%
.

_ 1
a BCKTOP v = %2 ﬁHBHHeTCH ee COOCTBECHHBIM BCKTOPOM, OTBCHAIOIIUM 3TOMY

(12)

cOOCTBEHHOMY 3HaueHHto. [I1si HaxOoXXIeHUsi COOCTBEHHOIO 3HAYEHUS HMEEM
ypaBHEHUE

a1-A A
8y1 Ay ~A

_2 _
det =12 ey vaz ) +agag, —apay =0
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DTO ypaBHEHHE HA3bIBAECTCS XAPAKMEPUCHUYECKUM YPABHEHUEM.

Cnyuaii 1. Ilycth XxapakTepuCTHUECKOE YpaBHEHUE UMEET JiBa PA3JIMYHBIX ACHCT-
BUTEIBHBIX KOPHsI. Torna KopHsIM A1 M A, COOTBETCTBYIOT COOCTBEHHBIC BEKTOpA

_Hu _ P2
1 22
OOmuii By perennii cuctemsl (13) B 3TOM citydae ciieTyroIHii:

yi(X) = C_LeAlX(»Ull + CzeAZX 21
Yo(X) = CleAlxl»UQ + CzeAZX 22+

3nech Ci U C, — NPOU3BOJIBHBIE ACHCTBUTENIBHBIE YHCIA.
Crayuan 2. Ilycth XapakTEepUCTHUECKOE YPABHEHUE UMEET OJMH JCHUCTBUTEIIbHBIN
KOPEHB A.

Crnyuati 2.1. COOCTBEHHOMY 3HAUYE€HHUIO COOTBETCTBYIOT JBA JTUHEHHO HE3aBU-
CUMBIX COOCTBEHHBIX BEKTOpa

_Fu _H¥a
12 2
OOmwuii By periennii cuctemsl (13) B 3TOM citydae CiieTyroIHiA:

yi(X) = e (Cy, +Cpy)
Y2(X) = e (C, +C ),

rie Ci ¥ Cp, — MPOU3BOJIbHBIC ICHCTBUTEILHBIC YUCIIA.
Crnyuati 2.2. CoOOCTBEHHOMY 3HAYEHHUIO COOTBETCTBYIOT OJIUH JIMHEHHO HE3a-

BHUCHUMBIN COOCTBEHHBIN BEKTOP
&
2
Wiem pemieHue B BUjIE
yi(X) =(xy +¢)e™, y,(X) =(x, + ¢, )e™.
[ToxcraBum B cuctemy (12). ITomyunm
Wy A, +A¢,)e™ =a, (X, +¢,)e™ +a,(x@, +¢, )e™
W, +AX , + A, )e™ = ay (X, +¢; )e™ +an(xy, +,)e™.

Cokpaliias 3Td paBEHCTBa Ha e™ u pHUpaBHUBAs MEKIY co00H KOd(DHUIIMEHTHI
IIPH COOTBETCTBYIOIIMX CTETICHSIX X, IIOJTYYHM

AP+ P = Yh + AP,

andr + axnd, = b + AP,
Pemaewm 3Ty cuctemy oTHOCHTENBHO urcen ¢ OONwi BUJ PEIICHUS B 3TOM CITy-
4yae CIEIYOUIUN:

Yi(X) =(XCy +clp; +Co0y )e/\X1Y2(X) =(Xcp, +elp, +C0, )™, O c,c UR
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Cnyuai 3. IlycTh XapaKTEpUCTHUUECKOE YpPaBHEHUWE MMEET KOMIUIEKCHBIE KOPHU
A=a+ iw Ay =a —iw OOuwmit BUA PEIIeHUs B ’TOM CIIyJae CJCTYIOIIHIA:

yi(X) = Ae™cos(aX+Vy), Y,(X)=Ae™sin(#x y)d A 0] yOR.
ITpumep. Matematuueckasi MOJICIIb TOHKH BOOpYKeHus (Modenb Puuapocona) .
HmeroTcst 1Be MpOTHBOOOPCTBYOIIKE CTOPOHBI . [TycTh y1(X) — KomM4ecTBO eau-
HUI[ BOOPY)KCHHS TIEPBOH CTOPOHBI B MOMEHT BPEMEHH X, a Y(Xx) — KOJIMYIECTBO
€UHUL] BOOPYEHHUSI BTOPO CTOPOHBI B 3TOT MOMEHT BpeMEHHU X. CKOPOCTh MpHU-
pOCTa KOJIMYECTBA €IUHUI] BOOPYKEHHUS y MEPBOM CTOPOHBI MPOMOPIHOHAIBHA
HAKOIUICHHOMY KOJIMYECTBY €IWHHUI[ BOOPYKEHHS BTOPOU CTOpPOHOU (uyscmeo
cmpaxa) ¥ yMEHBIIIAeTCs MPONOPIMOHATILHO HAKOIUICHHOMY KOJIMYECTBY €IHMHMII
BOOPY)KCHHUSI CaMOU MEPBOM CTOPOHOU (ycmanocms 9KOHOMUKU). AHAIOTHIHO
JUTst ipyroit ctoponsl. UMeem cuctemy auddepeHmaibHbIX ypaBHEHUH

[yq' (%) = =811 ¥1(X) + 815 Y5 (X)
5'(X) = =851 ¥1(X) —ay5y5(X)
3anuireM XxapakTepUCTHICCKUH MHOTOWICH
“ap A A
a1 Tagp A
Y HAJEM €T0 KOPHU

Bce §;>0.

2
=A" +(agq +ayy)A +a1985 ~ 38y

2
) —(agq tay)* \/(( ajq tagy) ~4ajjay, +4ajpas )
12 = =
2

2
—(agg +ay)+* \/(( aj] ~ay) ) +4aay

2
CrnenoBatenbHO, OOIINIA BUJ PEUICHHS CIEAYOLIUI:

yi(X) = CleAlX(»Un + Cze/\zx 21
Alx }\Zx
Y2(X) = &€ © Wy +Cpe T Wy,
OpnHo 3HaveHue A orpunatenbHo. Haiiném, koraa BTopoe 3HaYeHHE A TOKE OTPH-
narenbHo. FimeeM HEpaBeHCTBO

~(371 +agy) +J<<a11 ~ay))” +dayp85) <0 =

(ayy ~ap)” +dappag <(agg +az)° = appag <ajjaz.
Ecmu BeImoHEeHO mocienHee HepaBeHCTBO, TO A1<0 u A<0. ITosTomy pereHus
Oyayt ynoBaeTBopATh ycioBui0 Yi(X) — O u Yo(X) - O mpu x — +oo . D10 03HA-
YaeT, YTO B OTOM CjIy4ae FOHKH BOOPYKECHHs HE OyJeT, TaK KaK YHCIIO €IHHHMIL
BOOPY)KCHHUS y 00CHX CTOPOH CTPEMUTCS K HYJIr0. TakuM 00pa3oMm, eCii Mpou3Be-
neHre Ko3(pHUIMEHTOB cTpaxa (aj; M dp1) CTOPOH MEHBIIE MPOM3BEACHUS KO-
(UIMEHTOB yCTaNOCTH (@12 U dp1) KX IKOHOMHK, TO TOHKHA BOOPY)KCHHUS HE OY/ICT.
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